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ABSTRACT. Fixed effects in network data are central to many economic applications, yet
most existing methods assume conditional independence of networked observations—an
assumption whose plausibility is often application-dependent. This paper studies fixed-
effect regressions on network data under a conditional dependence structure in which er-
rors arise from both node- and edge-level shocks that are not fully captured by the fixed
effects. We show that the least-squares estimator of the fixed effects can be inconsistent
due to a persistent noise term induced by the dependence structure. By leveraging infor-
mation from the regression residuals, we propose new inference methods for fixed effects
that explicitly account for dependence. We also introduce a bias-correction procedure
for variance estimation under dependence. An empirical application using worker—firm
matched data demonstrates the practical relevance of our methods and highlights the

substantial impact of dependence on inference and variance estimation.
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1. INTRODUCTION

Network data—describing interactions among economic agents—have become increasingly
prevalent in applied economics, providing additional dimensions that are not available in
individual-level data. One important application of network data, given this extra dimen-
sionality, is the identification and estimation of agent-level fixed effects to capture unob-
served heterogeneity that is crucial for understanding economic phenomena. For example,
Card et al.| (2013)) estimate the contribution of firm-level heterogeneity to wage inequality
by leveraging worker mobility, which creates a network connecting firms and generates
wage differences, from which firm-level fixed effects can be extracted[] Such network
structures naturally induce cross-sectional dependence in outcomes, such as firm-to-firm
wage differences, because agent-level shocks are shared across networked observations.
This paper examines how dependence in network data affects the estimation and infer-
ence of fixed effects and proposes a novel inference method that explicitly accounts for
the dependence structure.

Despite the networked structure of the data, most state-of-the-art econometric methods
for fixed-effects estimation rely on the assumption that outcomes are independent, or at
most weakly dependent, conditional on fixed effects. For example, Engbom and Moser
(2022) estimate changes in workers” and firms’ contributions to wage determination using
the methodology of Kline et al.| (2020), which assumes conditional independence of wages.
However, the plausibility of this assumption is application-dependent. For example, in
worker-firm matched data, the wage a worker receives from firm j may be correlated with
the wage received by another worker at the same firm, perhaps due to a firm-level shock
such as the introduction of new technology that is not fully captured by time-invariant
firm fixed effects. Such shocks can induce correlation in wage differences between firm j
and other firms, which is ruled out by the conventional independence assumption. The
presence of network dependence can alter the behavior of fixed-effect estimators and
invalidate current econometric approaches.

In this paper, we study fixed-effect regressions on network data with dependent errors.
The data are represented by a graph whose nodes correspond to economic agents and

whose edges represent interactions; the unit of observation is an edge, and each edge has

'Other examples include studies in labor: |Abowd et al.| (1999); [Engbom and Moser| (2022); Bonhomme
et al.| (2023), education: [Jackson| (2013);[Bacher-Hicks and Koedel| (2023)), health: [Finkelstein et al.[ (2016
2021)), and trade: Bernard et al.| (2022)).



an associated scalar outcome. We consider a linear model in which an edge outcome is
driven by the difference between the incident nodes’ fixed effects, edge-level covariates,
and an edge-level error term that may be correlated across edges. For example, in labor
economics applications, the graph’s nodes are firms and an edge links a pair of firms
when a worker moves between them; the edge outcome is the wage change for that mover,
determined in part by the difference in the two firms’ fixed effects.

In this high-dimensional setting, the dependence across outcomes poses significant chal-
lenges for inference on fixed effects. To deal with these challenges and for analytical
tractability, we assume that errors are generated by both node-level and edge-level shocks,
which are not controlled by the fixed effects, introducing conditional dependence among
the errors. This dependence structure allows for independence as a special case.

When evaluating the least-squares estimator for fixed effects, we highlight the funda-
mental trade-off between the connectivity of the graph and the dependence structure.
The underlying graph must be well-connected to consistently estimate the fixed effects,
as otherwise, there is insufficient information to identify fixed effects. This issue, termed
“limited mobility” (e.g., Andrews et al., |2008; Bonhomme et al., 2023)), is well known in
the literature. However, by allowing for dependence, we find a new countervailing effect.
If the graph is too densely connected, the resulting dependence may become too strong.
This, in turn, hinders precise estimation of the fixed effects.

Our main results are as follows. First, we derive a first-order approximation for the
fixed-effect estimator that features a persistent noise term stemming from the depen-
dence structure and hindering consistent estimation. We also show that the distribution
of this noise term can be identified and consistently estimated by exploiting information
contained in residuals from the regression. Using this result, we propose a non-standard
inference method for each fixed effect @ la |Conley and Taber| (2011)), who provide an infer-
ence method for treatment effects under small treatment group asymptotics. Specifically,
we propose confidence intervals for each fixed effect and a hypothesis test for homogeneity
of fixed effects across nodes within a specific group. We show that these procedures are
asymptotically valid. Our simulation exercises show that our inference methods perform
well in finite samples provided that the graph is relatively well-connected.

Second, we introduce a new bias-correction method for moment estimation of fixed

effects under the dependence structure. Focusing specifically on the variance of fixed



effects, we characterize the bias inherent in the plug-in estimator and propose a bias-
correction method that is consistent under the dependence structure. Additionally, we
show that the bias stemming from network dependence can dominate the bias addressed
by existing methods, which typically assume independence in errors (e.g., |Andrews et al.,
2008; Kline et al., 2020; Bonhomme et al., 2023]).

In our empirical application, we implement our inference and bias-correction methods
using worker-firm matched data from the Veneto Worker History (VWH) file. For in-
ference, we construct a novel confidence interval for the fixed effect of the most central
firm in the mobility network. For bias correction, we show that our method substantially
reduces the bias in the plug-in estimator of the variance of firm fixed effects. Our results
highlight that compared to conventional methods that assume independence, account-
ing for dependence can significantly affect both inference for fixed effects and variance
estimation.

Our paper contributes to the literature on fixed-effects estimation in network data
(Abowd et al., |1999; |Andrews et al., 2008, Graham), 2017; Jochmans and Weidner, 2019;
Kline et al.| 2020; |Bonhomme et al., 2023)). This body of work generally assumes condi-
tional independence of outcomes. The most closely related work is|Jochmans and Weidner
(2019), which develops finite-sample theory and establishes asymptotic normality for fixed
effects estimators under the assumption of conditional independence. |Jochmans and Wei-
dner| (2019)) also covers first-order approximations under a weak dependence structure. In
contrast, our paper introduces a strong dependence structure and provides a finite-sample
theory and inference method for fixed effects under this dependence structure.

The estimation of moments of fixed effects is also a key topic in this literature. [Andrews
et al. (2008)) provide a bias-correction approach for the estimation of variance components
under independence and homoskedasticity. |[Kline et al.| (2020) extend this method to ac-
commodate heteroskedasticity, maintaining the independence assumption or allowing at
most weak cluster dependence. Our paper is the first to introduce a bias-correction ap-
proach for variance components estimation under the strong dependence structure, show-
ing that the bias stemming from network dependence is non-negligible and can dominate
the bias addressed by the existing methods.

We are also connected to the literature on two-way/dyadic cluster-robust inference
(Cameron et al., |2011; Cameron and Miller, |2014; Tabord-Meehan)| [2019; |Verdier, 2020;
Davezies et al., 2021; Menzel, 2021; Chiang et al., [2024). While our dependence structure



shares elements with these papers, our focus differs by centering on estimating fixed effects,
which are typically treated as nuisance parameters. We show that there is a fundamental
difficulty in conducting inference on fixed effects under the dependence structure and
develop new methods to address this issue.

Finally, this paper connects to the literature on inference with few treated units (Conley
and Taber| 2011} [MacKinnon and Webb| 2018 2020)); see |Alvarez et al.| (2025) for a recent
review. We are the first to adapt the approach of (Conley and Taber| (2011) to construct
confidence intervals for fixed effects and joint hypothesis tests for groups of fixed effects
under the network dependence structure considered here. Intuitively, a node together
with its incident edges can be viewed as “few treated units” and the remainder of the
graph as “control units” in the sense of |Conley and Taber (2011)); we exploit this analogy
to estimate the distribution of the persistent noise term in the first-order approximation

to conduct inference.

2. MODEL

In this section, we introduce the data structure and the linear model we consider in this
paper. We then introduce the dependence structure of error terms, along with a useful

decomposition to understand the behavior of the estimator.

2.1. Setup. We consider network data based on a directed multigraph G = (V| E, s,1),
consisting of a node set V', an edge set E, and source and target functions s,¢: £ — V.
The node set V' = {1,...,n} contains n nodes, and the edge set £ = {1,...,m} contains m
edges. We use e to denote a typical edge in E. For each edge e € E, the source function
s(e) specifies its origin node, while the target function ¢(e) specifies its destination node.

Because multiple edges can exist between the same pair of nodes, we define an edge
subset E(; ;) = E(;; C E as the set of edges whose origin or destination is either node 4

or j:
Eij={ec E:s(e)=1i,t(e) =jor s(e) =j,t(e) =i} for each 7,5 € V.

We allow E; jy to be empty when there are no edges between nodes ¢ and j. By convention,
we do not allow self-loops, i.e., E(;;) = 0 for all i € V. Additionally, for each i € V, let
Ef ={e € E: s(e) =1} be the set of edges that originate from node i and E! = {e € E :
t(e) = i} be the set of edges that terminate at node i. Then, E; = Ef U E! is the set of

edges incident to node i. We define the out-degree of node i as df = |E?|, the number of



edges flowing out of node 7, and the in-degree as di = |E!|, the number of edges flowing
into node i. We refer to d; = di + d} as the (total) degree of node i, which is the number
of edges incident to node 1.

To illustrate the notation, consider the directed multigraph G shown in Figure [2.1], with
nodes V' = {1,2,3,4} and edges E = {1,...,7}. Focus on node 1: this node is the source
of edges 1 € E(19 = {1},5,6 € E1,3) = {5,6,7}, and the target of edges 4 € E(; 4) = {4}

and 7 € E(; 3. Consequently, we have

and so B = {1,5,6} and E! = {4,7}. The out-degree of node 1 is d§ = 3, the in-degree
is d} = 2, and thus the degree is d; = df + d} = 5.

FIGURE 2.1. A directed multigraph G with n = 4 nodes and m = 7 edges.

The following matrices associated with graph G are crucial for our analysis. First, the

n X n (symmetric) adjacency matrix A is defined as

for 7,7 € V. Note that A is the adjacency matrix of the undirected graph derived from
the directed graph G by ignoring the direction of edges and counting the number of edges
between each pair of nodes. The degree of node i is also defined as d; = > i Aijo Let
D be the n x n diagonal matrix with degrees d; placed along its diagonal.

Next, define the m x n incidence matrix B as follows:
1if t(e) =i
Bei=q-1ifs(e)=1i

0 otherwise



for e € F and ¢ € V. The incidence matrix B maps a node-level vector to an edge-level
vector of differences. For example, for a vector v € R", the e-th element of Bv equals the
difference vye) — vy(). Finally, these matrices are connected through the graph Laplacian

L, defined as
L=BB=D-A.

As we will see later, the graph Laplacian plays a crucial role in our analysis.

Remark 1. We focus on unweighted directed multigraphs for simplicity, but our analysis
can be extended to weighted graphs as in|Jochmans and Weidnen (2019). In a weighted
graph, each edge e € E is associated with a positive weight w, > 0. The adjacency matrix
A is then defined as A; ; = ZeeE@,j) we fori,j € V, and the incidence matrix B is defined
as Be; = Jwe if t(e) =i, Be; = —/we if s(e) =i, and B.; = 0 otherwise. Focusing on
unweighted graphs simplifies the notation and exposition, and does not affect the generality

of our results when applied to Example |l and our empirical application.

2.2. Linear Model. Suppose that each edge e € F is equipped with a scalar outcome
Y. and a p-dimensional covariate X.. These outcomes and covariates are stacked into the
m-~dimensional vector y = (y.)"; and the m x p matrix X = (X,)",, respectively. We

consider the following linear model:
y = Ba+ X3 + €,

where a = (o), is the n-dimensional vector of node-level fixed effects, B is the p-
dimensional vector of coefficients for the covariates, and € = (e.)”"; is the m-dimensional
vector of edge-level errors. For now, we focus on estimation of a and leave out covariates
or equivalently treat 3 as known and redefine y — X3 as yE| Then, the model can be
simplified to

y = Ba + €, (2.1)

which we refer to as our regression model.

2See Appendix [A] for a discussion on the case where 8 is unknown and needs to be estimated.
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Element-wise, the regression model (2.1)) is written as

Ye = Qg(e) — Qs(e) + €e,

for e € . Thus, each outcome is driven by the difference between the destination node
fixed effect ay() and the origin node effect ay). The following example illustrates how

such differences in fixed effects naturally arise in economic applications.

Example 1. (Two-Period AKM model): An important example of the model (2.1)) arises
from the so-called AKM model (Abowd et al., |1999), which links worker and firm effects
to wages. Leaving out covariates, in this model, worker g is employed by firm J(g,t) at

time t, and the (log) wage of worker g at time t is given by
'lUth = /Bg + OZJ(ng) + U,gﬂg, (22)

where 3, is the worker fived effect, a ) 1s the firm fized effect corresponding to the
worker’s employer at time t, and uy, s the idiosyncratic error. Suppose that the economy
lasts for two periods, as considered in Section 2 of Kline et al,|2020. Then, ‘movers,’ i.e.,
workers g with J(g,1) # J(g,2), form an edge e by transitioning from firm s(e) = J(g,1)
to firm t(e) = J(g,2). Then, we can write the wage difference as

Wg2 = Wy, = Qy(g2) = Ay(g1) T Ug2 = Ug1,

' ~~ v~
=Ye :at(e>—a5(e) =€e

which corresponds to the model (2.1)).

Theorem 1 of Jochmans and Weidner| (2019) shows that when the graph G is connected
and the fixed effects o are normalized such that ) ., a;d; = 0, the least-squares estimator

for a is uniquely given by:

(B'B)'B'y = L*B'y, (2.3)

a
where, for any n x n matrix C, C* denotes the pseudo-inverse defined as:
C* = D*l/Q(D71/20D71/2)+D71/2

with ™ representing the Moore-Penrose inverse. Throughout the paper, we maintain such
assumptions on the graph structure and the normalization of fixed effects that validate

the estimator ([2.3)):



Assumption 1. The graph G is connected in the following sense: for any i,j € V', there
exists a path between v and j on the undirected graph derived from G. Furthermore, the

fized effects o are normalized such that ), ., c;d; = 0.

If the graph is not connected, the normalization condition must be applied separately
to each connected component of the graph, and the subsequent analysis can then be
applied to each component individually. In practice, researchers typically focus on the
largest connected component if it constitutes a significant portion of the entire graph (e.g.,
Engbom and Moser;, 2022).

The specific normalization employed in Assumption [I] is not crucial for our analysis,
and alternative normalizations can be used to obtain similar results. For example, we
could normalize the fixed effects by imposing ) .., ; = 0, which leads to a least-squares

estimator with a different pseudo-inverse:
a = (B'B)"By.

Another common normalization is to set «; = 0 for a specific node ¢ € V. In this case,

the least-squares estimator can be written as
o= (B/—iB—i)_lB/—iy7

where B_; is the m x (n— 1) matrix obtained by removing the i-th column of B. Although
this normalization is often used in practice, it complicates theoretical analysis by breaking
the direct link to graph-related objects such as the graph Laplacian L. As discussed in
Kline| (2024)), one can nonetheless relate (B’ ;B_;)™'B’ ; to L* using the results of Bozzo
(2013). We leave the exploration of that connection to future work, focusing here on the

normalization in Assumption [I}

Remark 2. Note that randomness in our setup arises solely from the error vector €; the
fized effects o and the graph G, and hence the matrices A, B, D, L, are treated as fized.
Accordingly, all probabilistic statements are understood as conditional on o and G. This
conditional approach is standard in the literature on fived-effect estimation with network

data (e.g., | Jochmans and Weidner, 2019; Kline et al.l |2020; \Bonhomme et al., |2025).

2.3. Dependence Structure. Next, we introduce a model of dependence for the edge-

level errors €.. Previous literature has typically imposed independence of the error terms



across edges, or at most weak dependence, meaning that the covariance matrix of € is
nearly diagonal. However, since outcomes and errors are defined at the edge level, more
realistic dependence structures would allow for dependence between edges that share a
node, which is ruled out by the independence or weak dependence assumptions.

Here, we focus on a first-order strong dependence structure: we allow for sources of de-
pendence including (i) node-level shocks, which induce dependence between edges sharing
a node; and (ii) edge-level shocks, which induce dependence between edges in the same
edge subset. These shocks are shared across edges that either share a node or belong to
the same edge subset, respectively, and can generate strong dependence among the errors
at the first order.

Specifically, for each edge e € E, we assume the following structure for e,:
€ = f(Us(e)s Use), Ve);  Elee] =0, (2.4)

where f is a measurable function unknown to the researcher and Uy, Uy.) and V, are
random vectors. Specifically, Uy and Uy represent node-level shocks associated with
the source and target nodes of edge e, while V, is an edge-level shock associated with edge
e. Since our analysis does not depend on their dimension, in the following, we treat each
U; and V, as one-dimensional random variables unless otherwise specified. Importantly,
we do not require prior knowledge of the form of f: it may be additive, interactive, or of
any other form.

We impose the following structure on (2.4)) to facilitate the analysis:

Assumption 2. The error term € = (e.)7", satisfies the following conditions:

(i) For each e € E, Ele.] = 0 and max.cg E[e!] < C < oo for some absolute constant
C > 0.
(i) The node-level shocks U;,i € V' are independently and identically distributed. The

edge-level shocks V, satisfy the following independence structure:

Ve AL Ve if {s(e), t(e)} # {s(€'), t(e')}.

(1ii) (U;)™, is independent of (Vo)™

Assumption [2] imposes a specific dependence structure on the error terms e. Part

(i) ensures that the errors are centered at zero and possess uniformly bounded fourth
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moments. Part (ii) requires that the node-level shocks U; be homogeneously distributed
across nodes, which is a strong restriction but simplifies the analysis. In contrast, the
edge-level shocks V, are allowed to have heterogeneous distributions and may exhibit
correlation among them if two edges belong to the same edge subset E(; ;). For example,

one might write the covariance structure of V, as follows:

viife=¢,;
Cov(V, Vo) = Ve if €,€ € E(; ;) for some 7,5 € V;

0 otherwise,

where v? and v, can be different across e,e/ € E. Finally, part (iii), the mutual in-
dependence between the node-level shocks (U;);ey and the edge-level shocks (V,)eep, is
a common assumption in the network and two-way clustering literature (e.g., Graham),
2017; Menzel, 2021; Chiang et al., [2024). This assumption is not as restrictive as it might
seem because the function f in can incorporate both U; and V, in a nonlinear fashion,
for example, by allowing them to interact with each other.

An important implication of the dependence structure in under Assumption [2| is
that the error terms € are dependent across edges either through (i) shared node-level
shocks U; when two edges share a common node, or (ii) correlation induced by edge-level
shocks when two edges belong to the same edge subset E; ;. Consequently, we can write

the covariance structure of € as

o?ife=¢
Cov(e, €r) = oee if e# € and e, ¢’ € E; for somei € V; (2.5)

0 otherwise

for e,¢’ € E. Note that we are allowing for heteroskedasticity in the error terms, as the

2

variance o

and covariance o, can differ across edges due to the heterogeneity of the
edge-level shocks V..

Note that the dependence structure in does not capture higher-order correlations
among edges that are indirectly connected through common neighbors. While this re-
striction simplifies the analysis, it is flexible enough to accommodate a broad range of

first-order correlations, and it subsumes the traditional assumption of independence as a

special case.
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We can connect the dependence structure in (2.4) to the AKM model in Example :

Example 2. (Two-Period AKM model, continued). Consider the setting described in
Ezample [1.  Recall that the error term in this model is given by €. = ugy — ug1 for a
mover g. This error term can absorb misspecification in the linear model , such as
time-varying firm effects (Engbom et al.,|2025; |Lachowska et all 2025) and match-specific
heterogeneity (Bonhomme et al., |2019) that depends on both destination and origin firms,
as captured in search models with on-the-job search (e.g., |Postel-Vinay and Robin|, |2002;
Bagger et al., |201/);|\Di Addario et all |2025). For instance, if firm effects vary over time
as g = gty + Usgpe fort = 1,2, where Ujg ¢ ts a firm-level shock at time t,
then the error term contains Ujy2)2 — Ujg 1)1 and can be expressed in the form of
by setting U; = (U;1,U,2) for each firmi € V and V. = ugo — ug 1. Similarly, if there is
match-specific heterogeneity that depends on interactions among the worker, origin firm,
and destination firm, we can express €. in the form of by wewing U; as a vector that
includes private information of firm i affecting bargaining with workers and competition
with other firms, and V. as a vector that includes any worker-specific information that

affects bargaining with firms.

2.4. Decomposition. To isolate the impact of the dependence structure on the fixed-
effect estimator &, we propose the following decomposition. For each e € E, define the

functions:

() = EleclUsy =, 7() = Elee|Uye) = ]

€ €

These functions capture, respectively, the effects of the origin and destination node-level
shocks Uy and Uy on the error term ¢.. Note that they are not necessarily equal; the
function f in (2.4) can be asymmetric in its arguments Uy) and Uy.

For example, suppose we have
€e = Ute)Us(e) T Ute) — 2Us(e) + 1,
and assume that E[U;] = 1. Then we can show that

5(u) = —u+2 and 7' (u) = 2u — 1,

12



for any u € U, the support of U;. This example illustrates that the influence of the node-
level shocks on the error term can differ depending on whether the shock comes from the
origin or destination node.

To reduce dimensionality, we impose the following homogeneity on these functions:

Assumption 3. For any e, ¢’ € E, we have

This assumption ensures that 7¢ and 7¥ do not depend on the particular edge e. In
practice, under Assumption [2] this condition is satisfied in a broad class of models where
there is a certain separability between the node-level shocks U; and the edge-level shocks
V..

A straightforward case is the additive separable model:
€e = Us(e) + Ut(e) + ‘/e;

which implies that 75(u) = 7%(u) = u for any u € U.
We can also allow for interactions between U; and V., provided V, is not nonlinearly

transformed. For instance, if we assume that E[V,.] = 1 and consider the model
€ = (Us(e) + Ut(e)) X (1 - ‘/e> + ‘/52 - U??

then it follows that 75(u) = 7(u) = u for any u € U.
In contrast, Assumption [3]is violated when V, is nonlinearly transformed in the inter-

action. For example, if we have
€e = (Us(e) + Ut(e))‘/f

then
E[66|Us(e) = u] = E[ﬁelUt(e) = u] = Uf,

even though E[e.] = 0 when E[U;] = 0.

Notice that we can decompose the error term ¢, as follows:

€e = Ts(Us(e)> + Tt(Ut(e)) T+ €e — TS<U5(€)> - Tt(Ut(e)>’

13



This decomposition is useful because it expresses the error term e, as a sum of two
orthogonal components: the first component is the sum of the node-level shocks 7°(Us())
and 7(Uy)), while the second component is the residual error term e, —7°(Us(e)) —7" (Uy(e) )-

In matrix form, we can write this decomposition as:
e=F71"+F'r'+ (e - F°7° - F'7'),
where F* and F! are the m x n matrices defined as:
Lif s(e) =i 1if t(e) =i

0 otherwise 0 otherwise

and 7° = (75(U;))iev and 78 = (78(U;))sev are the n-dimensional vectors of node-level
origin and destination shocks, respectively.

Now we can decompose & as follows:E]
a=L'By=a+ LB (F7°+F1")+ LB (e - F*r° — F'1"). (2.6)
The first term in (2.6) represents the true fixed effects, the second term is the bias term

stemming from the dependence structure, and the third term is the remaining noise term.

2.5. Variance Bound. Since the second term and third term in (2.6) are orthogonal to

each other, i.e., uncorrelated element-wise, the variance of & is given by:
Var(a) = L'B'Q;BL* + L*B'Q,BL*, (2.7)
where
Q= E[r* (U F°(F°) + E[r*(U)r (0] (F*(EYY + F(F*)') + Efr! (U, JF' (")
Q, = Var(e — Fé1r° — Firt).

The first term in (2.7 captures the variance of the bias term, while the second term
captures the variance of the remaining noise term. Up to some constant, the first term is

bounded by

L*B'Q?,BL* X L*B'FF'BL",

3Note that L*La = e as L*L works as a projection matrix on the null space of d and e is in the null
space of d: d’a = 0 under Assumption

14



where F = abs(B) is the signless incidence matrix, and = indicates that the right-hand
side multiplied by some constant upper bounds the left-hand side in the positive semidef-

inite ordering. The matrix €25 in the second term is block-diagonal:

2
Uek O-ek €l

2, = Q) v Qugy = |0 L |~ (E[TS<U1')2 + Tt(Ui)z])L\Eu,j)\LTE(@M’

€]

for each (i,7) such that E; ;) # 0. If the number of multiple edges between each pair of
nodes is bounded, then the second term in ([2.7)) is also bounded by

L*B'Q,BL* X L*B'BL* = L*.
Hence, the upper bound on the variance of the fixed-effect estimator is proportional to
Var(a) 2 L'B'FFBL* + L*.

The second term is proportional to the variance in the absence of the dependence structure
and is analyzed in |Jochmans and Weidner| (2019)): it is inversely proportional to the
connectivity of the graph. On the other hand, the additional variance in the first term is

proportional to the density of the line graph represented by
H=FF -21,,

which is the adjacency matrix of the line graph derived from G: H has a non-zero entry if
two edges share a common node. Thus, the decomposition highlights a fundamen-
tal trade-off: while a well-connected graph provides sufficient information for accurately
estimating node-level effects, the strong dependence resulting from dense connections
hampers consistent estimation.

To measure the connectivity, as in Jochmans and Weidner| (2019), let A 1, be the second

smallest eigenvalue of the normalized Laplacian
D '’LD /2,

Additionally, for each i € V, define

15



which is a harmonic mean of the degrees of the neighbors of node i. These two objects re-
flect the graph’s connectivity: \g 1 captures the global connectivity, while h; characterizes
the local connectivity around node <.

For the dependence structure, let A\, p be the largest eigenvalue of
FF =H +2I,,,

which quantifies the density of the graph by summarizing how edges are connected to
each other through common nodes.

Finally, let 02 = MaXee{s,t} E[r°(U;)?] and

52 =max A, ; max (o2 — E[r5(U;)* + 7(U;)?)]),
i, EEE@J)

which essentially bounds the largest eigenvalue of €25 in the second term of (2.7)).

The following proposition provides a worst-case variance bound for the fixed-effect

estimator &;:

Proposition 1. Under Assumptions[I{3, the variance of each fixed-effect estimator &; is

bounded as follows:

. . 1 1 2

Proposition [I] highlights that the worst-case variance of the fixed-effect estimator de-

pends critically on the interplay between graph connectivity (as captured by Ay ) and
the density of the line graph (as measured by A, ). In particular, when the node-level
shocks U; are degenerate (i.e., E[72(U;)] = 0), this bound recovers the variance bound
found in \Jochmans and Weidner| (2019) if we further assume that V, is independently and
identically distributed across edges.
It is well known in the spectral graph literature that (Cvetkovi¢ et al., 2007)
2¥€Iéixr/1dk < Ar < Q?Ga‘icdk,

Thus, the upper bound in Proposition [I] is of order

OMnr/di + Mor/(didaLhi)),

16



which is O(1) if d; o< A, r and Ay ph; is bounded away from zero. This implies that
even when the graph is well-connected, the consistency of the fixed-effect estimator is not

guaranteed in the worst-case scenario.

3. AsymMPTOTIC THEORY

The variance decomposition in and the finite-sample variance bound in Propo-
sition [I] help clarify the behavior of the fixed-effect estimator under the dependence
structure. Notably, the estimator can be inconsistent even when the graph is well-
connected—contrasting with the consistency results under independence (see |Jochmans
and Weidner, [2019). However, the finite-sample theory above provides only a worst-case
bound and does not sharply characterize the estimator’s behavior. Therefore, in this
section, we develop a first-order approximation for the fixed-effect estimator and propose
a new inference method for fixed effects under an asymptotic framework, where the se-
quence of graphs Gy, Gy, ... grows both locally around each node of interest and globally

in terms of the number of nodes and edges.

3.1. First-Order Approximation. We begin with the following first-order approxima-

tion for the fixed-effect estimator. The idea is to decompose the estimator as follows:

a—a=D"'"Be+D'A(a—a).
T
This decomposition is algebraically derived by leveraging the restriction d’'a = OEI The
remainder term r aggregates the deviation of the fixed-effect estimator from the true
effects, and it will be shown to be negligible, depending on both the connectivity of the
graph and the dependence structure as seen in the variance bound in Proposition [I]

Element-wise, the first term of the decomposition for node i is given by

i Z Be,iee-

v e€FE;

Thus, each fixed-effect estimator &; is locally driven by the average of the error terms e,
over the set E; of edges incident to node 1.

We can further decompose the estimator as follows:
& —a=D'B'(Fr° + Fir') + D'B'(e — F*1° — F'7') +r. (3.1)
4See the proof for Theorem 4 in [Jochmans and Weidner] (2019)
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The first term on the right-hand side of (3.1)) can be expressed as

dﬁ df s 1 1 S
L (U) = 0 (U) + = Y Uke) — 7 >, 7 (Use)
d; d; d; d;
ecE? ecE?! eV
Note that the term
dt ds
d—ZTt(Ui) - d—ZZTS(Ul)

is generally persistent as d; increases as at least one of d!/d; or di/d; converges to a
non-zero constant. On the other hand, since 75(U;) and 7%(U;) are mean-zero random
variables for any j € V, the averages

1 t 1 s

@ > (U @ > (Use)

e€E? ecE?!

are of smaller order than the persistent term. Furthermore, the second and third terms
in are also of smaller order than the persistent term if the graph is well-connected.
The following assumption ensures that the remaining terms are negligible and simplifies

the asymptotic analysis:

Assumption 4. The number of edges between each pair of nodes is absolutely bounded,

i.e., there exists an absolute constant C' > 0 such that max; jey |E; ;)| < C for all n € N.

Assumption [4] can be relaxed to allow for a growing number of edges between each pair
of nodes, provided that the growth is sufficiently slow. For example, if node 7 is of interest
and d; — oo, we can allow for max; jev |E(; ;)| — 0o as long as the growth rate is slower
than d;. Also, we can force this assumption to hold by randomly removing a subset of
multiple edges between each pair of nodes such that the number of remaining edges is
bounded.

The following result summarizes the above discussion and provides a first-order approx-

imation for the fixed-effect estimator &

Theorem 1. Under Assumptions[1{f, for each i € V', we have

d s Mok
v —a; =1 (Ui) — 57°(Ui) + O ’ ;
@ @ diT ( ) dZ'T ( )+ P ( di/\Q,Lhi>

as d; — 00.
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Theorem [1|shows that the fixed-effect estimator is approximated by the true fixed effect
plus a mean-zero noise term, expressed as a weighted difference in the origin and desti-
nation effects, 75(U;) and 7¢(U;). Thus, the estimator is unbiased but inconsistent. The
inconsistency arises because the fixed-effect estimator is, approximately, a local average of
the error terms in which the node-level random effects are not fully averaged out. That is
why the noise term is closely related to the proportions of edges where node ¢ appears as
an origin (d5/d;) versus as a destination (d%/d;). Since the noise does not vanish, this result
is consistent with the intuition that the fixed-effect estimator is potentially inconsistent
even in a well-connected graph due to the dependence structure.

Also note that Theorem [1| generalizes Theorem 4 in |Jochmans and Weidner (2019),
which establishes that the fixed-effect estimator is consistent for «; under a weak de-
pendence structure. In Jochmans and Weidner| (2019), this weak dependence structure
is characterized by requiring that the largest eigenvalue of E[e€’] remains bounded by a
positive absolute constant. In our framework, however, the dependence structure is suffi-
ciently strong that the largest eigenvalue of E[e€’] diverges with d;. This divergence leads
directly to the inconsistency of the fixed-effect estimator in our setting.

The remainder term is negligible if the graph is well-connected, such that A, ;, does not
decay too quickly and Ao h; — 0o, and the graph itself grows sufficiently slowly, ensuring

that A, r/d; does not grow too rapidly as d; increases. In that case, we have

: ds
& — oy = =1(U;) — d_l-Ts(Ui) + 0,(1),

t s
a; + Z—jTt(Ui) — Z—ZTS(UZ»).

A sufficient condition for this is that
/\n,F/(di/\2,Lhi) — 0.

This condition is satisfied in the following examples{]

Example 3. Suppose that G is a complete graph. Then, d; =n —1,h; =n — 1 for each
ieVoand \yp =2(n—1), o = 1. Thus, A\, r/(diXorh;)) =1/(n—1) = 0 as n — occ.

5The dependence measure An,F can be conservative in highly heterogeneous graphs where a few nodes
have a large number of links. Improving this bound will be an important direction for future work.
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Example 4. Suppose that G is an Erdds—Rény: random graph with edge probability p, =
clog(n)/n for some constant ¢ > 1. Then, d;/log(n) — ¢, h;/log(n) — ¢ for eachi € V
and A\, r/log(n) — ¢, Ao — 1 almost surely as n — oo. Thus, A\, p/(diXophi) ~

1/log(n) — 0 almost surely as n — oc.
A counterexample that violates the condition A, r/(d;Ag h;) — 0 is given below:

Example 5. Suppose that G is a stochastic-block random graph composed of two blocks
of size n/2. Let the intra-block edge probability be p, = polog(n)/n for some constant
po > 2, and let the inter-block edge probability be q, = qo/n for some constant gy < po.
Then, for each i € V, d;/log(n) — po/2 and h;/log(n) — po/2, and A\, r/log(n) —
Po/2, )\2_1L xlog(n) = O(1) almost surely as n — oco. Thus, we have A\, p/(d;A2.hi) = O(1)

almost surely as n — ool

In Example [f] the graph is not well-connected: the connections between the two blocks
are sparse, making it easier for the graph to break into two disconnected components as n
increases. In contrast, within each block the graph is well-connected, and the dependence
structure remains non-negligible. Consequently, the first-order approximation in Theorem
may fail under such conditions. Indeed, without the dependence structure, A, p would
be replaced by 1, so even with the stochastic-block structure, the fixed-effect estimator

would be consistent for «; as 1/(d; o, phi) — 0 as d; — oo.

3.2. Inference.
The first-order approximation in Theorem [I] suggests a potential approach for performing

inference on the fixed effect a; by estimating the distribution of

¢ s
%Tt(Ui) — Z—ZTS(Ui).

However, the challenge is that we must either directly estimate the differences across
nodes or estimate each 7°(U;) and 7*(U;) separately. This is in general not feasible with-
out additional assumptions as «; is unknown and only the sum 7¢(U;) + 75(U;) can be

consistently estimated.

6This result is based on [Deng et al. (2021), who characterized the asymptotic behavior of A in the
stochastic-block random graphs
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To illustrate this point, consider the residual € defined as

€

y — Ba = Mgy,

where Mg = I,, — BL*B’ projects onto the orthogonal complement of the column space

of B. For each i € V| let ¢; be defined as
L,
Ci = EfiMBfia

where f, is the i-th column of F. Note that ¢; € [0, 1]. Heuristically, ¢; is a measure of
balance between the inflow and outflow of edges incident to node i: if df — d5 is close to

zero, then ¢; is close to one, while if |d} — df] is close to d;, then ¢; is close to zero. In fact,

dt — ds\ 2
ZNl_ - - 3
‘ < d; )

when the graph is well-connected with large Ag ph;.

we can show that

By locally averaging the residuals, we can obtain the following:

Proposition 2. Under Assumptions[1{{], for each i € V', we have

t i s .

2 d;
¢ eck; ¢

as d; — 00.

Proposition [2|shows that if node i has sufficient balance between its inflow and outflow of
edges, the local average of the residuals €, for edges incident to node ¢ contains information

about the average (7/(U;) + 75(U;)) /2. Specifically, if ¢; > 0, we have

N 1 R ™(U;) + 75(U;) 1
.= = — . 2
7 i EEZE €e 5 +0, 2d, (3.2)

Thus, as long as the balance measure ¢; does not converge to zero quickly, we can consis-

tently estimate the average (7'(U;) + 75(U;))/2. An extreme case would be when ¢; = 0,
which occurs when df = 0 or df = 0. In this case, the local average of the residuals is

exactly zero and uninformative about the average (7'(U;) + 75(U;)) /2.

Remark 3. The convergence rate of 7; in (3.2)) is notable because it does not depend on

An,p 0T Ay phi. In other words, the convergence rate is determined solely by the balance
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and the number of edges incident to node i, regardless of the overall connectivity of the
graph or the strength of the dependence structure. This implies that even if the graph is not
well-connected and the dependence structure is strong—so the first-order approximation in
Theorem [1] may not hold, as in Example[5—we can still consistently estimate the average

(T8(U;) + m5(U;)) /2 as long as the edges incident to node i are sufficiently balanced.

As argued above, the average (7/(U;)+7°(U;))/2 is not sufficient for performing inference
on the fixed effect a; because essentially we have three unknowns (o, 7(U;), 75(U;)) for

two equations:

~ di t df s
Q; ~ o+ d_iT (Ul) — d_iT (Ul)
. T 4+ ()
T ™~ .
2

To facilitate inference, we impose the following additional structure on the 7%(-) and 7%(-)

functions:

Assumption 5. For any v € U, we have

Assumption [5] is satisfied in a broad class of models where the dependence structure is
symmetric in Uy and Uy, such as the additive separable model or the interactive model
discussed above following Assumption [3| Importantly, this assumption is weaker than
requiring symmetry of f in with respect to the origin and destination shocks, i.e.,
flu, v, v) = f(u,u,v) for all u,u’,v in their supports. The following example illustrates

that Assumption [5| can hold even when f is not symmetric in Uy) and Uyy: If

€e = f(Use)s Ure), Ve) = USQ(e)Ut(e) - Uf(e) + Usey — 1,
with E[U;] = E[U?] = 1, then

() =1 (u) =u—1

for all u € U, even though (Us(e), Uye)) = (2,0) and (0, 2) yield e, = —5 and 1, respectively,
which breaks the symmetry of f. Thus, we can allow for asymmetric responses of the

error term to the origin and destination shocks, while still satisfying Assumption
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When Assumption [j is violated, €. is necessarily asymmetric in Uge) and Uy). For

example, consider the model where
€e = Us(e)Us(e) + Use) — 2Us(e)

and suppose E[U;] = 1. In this case, one can verify that

so that 75(u) # 7%(u) for any u € U except for u = 0.

Remark 4. Instead of imposing Assumption[d, we may consider alternative normalization
on the 7°(+) and 7'() functions, such as 7'(-) = 0 or 7°(-) = 0. In such cases, the non-
zero function can be denoted by T and inference can proceed similarly as below. More
generally, we can consider the case where there is a linear relationship between 7(-) and
75(+), allowing us to set 7(-) = 7(+) and 7° = c7(-) or 7(-) = 7°(-) and 7" = c7(-) for

some constant ¢ > 0. See Appendiz[( for inference under such a setting.

Under Assumption [5, Proposition [2] implies that we can consistently estimate 7(U;) as

follows:
7A'Z' ~ T(U,‘),

if c?d; — oo as d; — co. Moreover, under Assumption , Theorem |1| implies that

d: — d
d;

T(Ui)v

a; — Oy~

provided that A\, p/(di\2.Lh;) — 0 as d; — oo. Thus, we can leverage the consistency of

7; to estimate the distribution of 7(U;) and to perform inference on fixed effects.

Remark 5. Since 7; is a consistent estimator for 7(U;), one might consider correcting

the fixed-effect estimator as follows:

dt—ds |

T ™~ Q4.
d;

A~

Q;

For point estimation, this correction would yield a consistent estimator for «; if the re-
mainder term in Theorem[1] is negligible and i has sufficient balance. Relatedly, Appendiz

(B discusses an alternative estimator for «; that directly incorporates this correction. For
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inference, however, we do not pursue this approach for two reasons. First, this correction
is not feasible for every nodei € V when ¢; = 0 or close to zero, as 7(U;) cannot be consis-
tently estimated in these cases. This issue is particularly relevant when nodes of interest,
or a non-negligible number of nodes, have c; close to zero, as observed in the empirical
application in Section 6. Second, the correction does not guarantee asymptotic normality,

since the remainder term v in (3.1)) can be dominant with order Op(\/An.r/(diXo,Lhi)),

and the central limit theorem does not directly apply to this term. Moreover, estimating
the standard error of the corrected estimator is not straightforward without further as-
sumptions on the distribution of (V.)ecg. These considerations motivate the development
of a new inference method based on the empirical distribution of 7; for i € C,, as defined

below.
For this purpose, we impose the following assumption on the distribution of 7(U;):
Assumption 6. 7(U;) has a continuous cumulative distribution function.

Assumption [6] ensures that the distribution of 7(U;) is well-behaved. This excludes
degenerate cases and guarantees that the dependence structure remains relevant as the
graph size n increases. Since 7(U;) is mean-zero, degeneracy would imply 7(U;) = 0
almost surely for all © € V', in which case the standard inference results from |[Jochmans
and Weidner| (2019) would apply.

We define the set of nodes useful for estimating 7 as C, = {i € V : ¢; > ¢}, where ¢ > 0
is an absolute constant. Let F} be the cumulative distribution function of 7(U;) and Fn,T
be the empirical distribution function of 7; for i € C,, defined as

=, 21
where [(+) is the indicator function. Also, define the following object to globally control

the estimation errors for |C,,| nodes:

which tends to zero as n — oo provided that nodes in C,, have growing d; on average.

Then, we have the following result:
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Theorem 2. Under Assumptions if |ICn| = o0 and n, — 0 as n — oo, we have
sup |Fy, 1 (t) — Fr(t)] =, 0,
teR

as n — 0Q.

The additional conditions |C,| — oo and 7, — 0 ensure that there are enough infor-
mative nodes to reliably estimate the distribution of 7(U;). These conditions are satisfied
in many graphs with growing degrees, where nodes have sufficient inflow and outflow of
edges. For example, in Examples [Bl5] for each edge, if source and target nodes are as-
signed independently at random with probability ¢ € (0,1) and 1 — ¢, respectively, then
the conditions are likely satisfied when ¢ is an absolute constant.

Theorem [2| is useful for conducting inference on fixed effects in a manner similar to
that of |(Conley and Taber| (2011), who developed a non-standard inference under small

treatment group asymptotics. Noting that

db—ds\ "
( 7 ) (@ — ai) ~ 7(U),

for i € V such that |df — di| > d;c for some absolute constant ¢ > 0, we can construct

a confidence interval for «; by inverting the test based on Fnﬁ. Specifically, for a given

confidence level 1 — a, let ¢,/2 and ¢1_q/2 be the (a/2)-th and (1 — a/2)-th quantiles of

A

F, ;, respectively. Then, the 1 — « confidence interval for «; is given by

~ di—ds\ 4 A di—ds\ 4 . )

or B [ai — < o > Cl—a/2, Q; — < T > Ca/2:| if dt — d§ > 0;
e O A WA 27 S L ot s

a; — @ Ca/2, Qi — @ Cl—q/2 if dz — dz < 0.

Another useful application of Theorem [2]is joint hypothesis testing for fixed effects .

(3.3)

For example, consider testing the null hypothesis that a subset V{, of nodes share the same

fixed effect:
Hy:a; =ajforalli,jeVy versus Hi:oa; # a; for some ¢, 5 € V5.
We can test this hypothesis using the following test statistic:

T = &y, M, vy, (3.4)
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where avy, = (4)ievy, no = |Vo|, and M, is the demeaning matrix of size ng. Under the

null hypothesis,
oy, M, oy, = 0,

and the distribution of T' can be approximated by simulating &y, as ((dt—d)/d; % Ti(m))iEVO
for M repetitions, where each Ti(m) is drawn from the empirical distribution Fn,T. Let ¢
denote the (1 — «) quantile of the simulated distribution of 7" under the null. The test
rejects Hy if T > ¢l .

More generally, we can test linear hypotheses of the form Hj, : Ra = 0 for some known
matrix R using a similar approach and constructing the test statistic as g, (&) for some
known function g,(-) such that the null distribution can be simulated from Fnﬁ.

The following result establishes the asymptotic validity of the confidence interval in

(3.3) and the test based on the statistic 7" in ((3.4)) :|Z|

Proposition 3. Suppose that the conditions of Theorem [q hold. Suppose also that F; is
strictly increasing around quantiles of interest. For each i € V such that (di — d5)/d; =

O(1) and A\, r/(d;Aa,Lhi) — 0 as n — oo, we have

lim ]P)(Ckl ¢ CILl—a) = Q.

n—o0

Also, if for each i € Vo, (di — df)/d; — ¢, miney, |¢ff] > 0, max;evy Anr/(didaLhi) — 0

7 )

as n — 00, and ng s fized, then

lim P(T>¢él ) =a,

n,M—o0 I—a

under the null hypothesis that o; = «; for all i, 5 € V.

Remark 6. The proposed inference methods rule out the case where nodes of interest have
almost perfect balance between their inflow and outflow of edges, i.e., di ~ di. In such

cases, we have
ééi — QG 0

and little information on 7(U;) remains in &;. The confidence interval in (3.3) and the

distribution of the test statistic T will be degenerate, leading to unreliable inference. If

"Our result here only establishes point-wise asymptotic validity. Establishing uniform asymptotic validity
over a class of DGPs and graph sequences is an important direction for future work.
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all nodes of interest have such balance, we can at least acknowledge that the estimates for

these nodes are consistent without correcting as done in Remark [3

4. VARIANCE COMPONENTS ESTIMATION

In the previous sections, we have focused on the estimation and inference of fixed effects
a. However, in empirical applications, researchers are often interested in distributional
properties of the fixed effects. For example, |Card et al. (2013) estimate the sample
variance of firm fixed effects in the AKM model to assess the contribution of workplace
heterogeneity to rising wage inequality. In this section, we focus on estimating the sample
variance of the fixed effects o and address the bias in the sample variance estimator that

arises from the dependence structure.

4.1. Estimation.
Our parameter of interest is the sample variance of a, given by
Vo= =3 (i — &)
o — n A K3
i€V
o M,o

Y

n

where M, =1, — 1/n X ¢,t, is the demeaning matrix, ¢, is an n-dimensional vector of

ones, and & = ¢/, a/n is the average of a. We can estimate V,, by plugging in & for a:

~ a' M, &
Vo= —".

n

It is well known that V,, is biased upward due to the estimation error in & even in cases

where dependence is ruled out (Andrews et al., 2008). To see this, from (2.3)), we have

~ El[¢ BL*M,L*B’
E[V.] = Vi, + i€ ~ J
* * ! !/
v tr(BL l\dn;_; B'E[ee ])7 (4.1)

where tr(-) denotes the trace of a matrix. Thus, the bias in Ve, is given by the second
term in (4.1)).
The bias term in (4.1)) is nonzero in general and known as “limited mobility bias” in the

literature. As an illustration, suppose that € is independent and identically distributed.
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Then, the bias term simplifies to

E[e?] x tr(M,L*) |

¢ n

which is inversely proportional to the connectivity of the graph.

4.2. Bias Correction.

To correct the bias in V,, several bias-correction methods have been proposed in the
literature. When € is independent and identically distributed, the bias can be estimated
by the following formula (Andrews et al., 2008):

tr(M,,L*
6'2 % I'( n )
n

)

2 is an estimator consistent for E[¢?]. [Kline et al| (2020) extends this bias-

where &
correction method to accommodate the case where € is independent but not identically
distributed.

In our setting, however, € is not independent, so the above methods are not directly
applicable. To address this issue, note that we can decompose the covariance matrix of €

as
E[EEI] = Ql + QQ,

as in (2.7). Thus, under Assumption , the bias term in (4.1]) can be rewritten asﬁ

py 5 (BLMLBEF) | x(BLM, LB,
n n ’

E[r(U; (4.2)

Here, the first term in (4.2)) is the new bias term due to the node-level dependence struc-
ture, while the second term corresponds to the limited mobility bias in the literature.
Note that when there are few multiple edges between any given pair of nodes, the second
term is proportional to tr(M,L*).

Heuristically, we can assess relative severity of the new bias term compared to the
second term by comparing

tr(BL'M,L'BFF) . tr(M,L")
and —.

n n

8Since the distributions of 7(U;) and 7°(U;) are not separately identified as shown above, in this section
we focus on the symmetric case and maintain Assumption
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These quantities can be computed from the graph structure. In a well-connected graph,
the latter will be small in comparison to the former, so the bias arising from the depen-
dence structure will dominate. Conversely, in graphs that are not well-connected, both
terms will be significant.

Hypothetically, we can estimate the bias term in by estimating E[7(U;)?] and Q5

separately. In particular, we can estimate E[r%(U;)] via the following estimator:

e (hre)

€ B,
whose consistency is anticipated by Proposition 2] However, estimating €5, without im-
posing additional restrictions on the dependence structure or heteroskedasticity is chal-
lenging as & is not, in general, a consistent estimator of «, and the correlation structure
within each block of €24 is too flexible to estimate.
Instead of estimating €2, directly, we propose the following bias-corrected estimator for

Ve by correcting only the first term in (4.2)):

., tr(BL*M,L*B’FF')

n
We need the following additional regularity conditions to establish the consistency of

J/be.

(o7

Assumption 7. The following conditions hold:

(i) The fized effects a are uniformly bounded, i.e., sup,sup;cy || < C for some
absolute constant C' > 0.

(ii) The following quantities are o(1) as n — oo:

vV \nF nF \/_)\nF nF

i€V

Part (i) of Assumption [7| excludes the case in which some nodes have unbounded fixed
effects, a relatively mild requirement. Parts (ii) consists of technical conditions that ensure
the bias arising from the dependence structure persists (so our bias correction is essential),
while the bias from the remainder of the variance—covariance matrix remains relatively
small. These conditions hold, for example, in well-connected, homogeneous graphs such
as the Erdés—Reényi random graph of Example [d], but fail if the graph is poorly connected

or if edges are concentrated among only a few node pairs.
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Then, we have the following consistency result for the bias-corrected estimator:

Theorem 3. Under Assumptions -@ and@ if |Cn| — 00 and n, — 0 as n — oo, we have
Vi —Vy =, 0,

as n — oQ.

Note that although Theorem [3] establishes the consistency of the bias-corrected esti-
mator ‘A/(i’c, in finite sample, it is typically still biased upward as we have not corrected
the second term in . Nonetheless, our finding suggests that ignoring the bias arising
from the dependence structure can be more severe than ignoring the second term when
the graph is well-connected and homogeneous.

To account for the finite-sample bias, we propose the following rule of thumb modifica-

tion to the bias-corrected estimator:

tr(BL'M,L'BFF) (0,67 — 257} x tr(M, L")

Yhemod _ {7 52
n n

where

The second term in Vabcvm"d serves as the bias-correction term for the second term in
(4.2) when the errors are assumed to be homoskedastic and the within-block correlation
is neglected. If the block correlation induces positive bias, then this modification will be
conservative.

Also, note that 62 is not consistent for E[e?| in general. However, if the errors are

homoskedastic, it can be approximated by

4 d s

t )
ZieV dl =% dl

so that 62 is downward biased relative to E[e?], leading to a conservative modification of

6% ~ E[T*(U;)] x —9

+Ele] <E[¢]

the bias-corrected estimator.

Remark 7. The rule-of-thumb modification may result in over-correction, especially when
the errors are heteroskedastic, as observed in the simulation results in the next section.
This is because the approximation of 62 above assumes homoskedasticity. Using a more

robust estimator for 6%, such as the one proposed by |Kline et al. (2020), could potentially
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improve the performance of the modified estimator. We leave a detailed investigation of

this approach to future work.

We can compare our bias-corrected estimators with those previously proposed in the
literature. The key difference is that our estimator corrects for bias by targeting the
first term in (4.2)), which arises from the node-level dependence structure, and it does so
without requiring the independence assumption on the error term €. By contrast, existing
bias-corrected estimators, such as those of |Andrews et al.| (2008]) and [Kline et al.| (2020)),
correct only for the second term in and are consistent if € is independent.ﬂ

For example, |Andrews et al.| (2008)’s bias-corrected estimator is given by

a1, g2 x HMaLY)
n

Thus, if the graph is not well-connected and the contribution of the node-level shocks
(ie., E[72(U;)]) is small relative to E[e?], this correction may work well as the first term
in (4.2) may be negligible.

However, if the node-level dependence structure is strong with significant E[72(U;)] rel-
ative to E[e?], then the bias stemming from this dependence structure becomes dominant,
as shown in Theorem . In this scenario, the Andrews et al.| (2008)-type bias correction,
which ignores this component, will be inconsistent. Similarly, the bias-correction method
proposed by |Kline et al. (2020)), which also hinges on the independence of € or weak
dependence, suffers from the same limitation and will generally be inconsistent when the

dependence structure is strong.

5. SIMULATION

In this section, we conduct a simulation study to illustrate our inference procedure and

the finite-sample properties of the bias-correction method.

5.1. Design.

We first generate an undirected graph G = (V, F) with |V'| = n nodes from the stochastic
block model discussed in Example 5] Recall that the stochastic block model is a random
graph model where nodes are partitioned into K blocks, and edges are formed between

nodes in the same block with probability p,, and between nodes in different blocks with

9While Kline et al. (2020) permits weak dependence in their model, their framework does not accommo-
date the strong dependence structure we consider here.
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probability ¢,,. We set p,, = 10log(n)/n and g, = 2/(log(n)n) for each n. We then extract
the largest connected component from the generated graphﬂ We vary the number of
blocks K = 1,2 and the number of nodes n = 500, 1000, 2500, and 5000 to compare the
performance of our inference procedure under different graph structures.

Given the connected graph G = (V, E), we generate and fix the true fixed effects a as

follows:

v; ~ U[0,1] for i € V;

a=v-—(vd/dd) xd

which ensures that d’a = 0.

We generate the error terms e according to
€e = Us(e) + Ut(e) +V,foree F,

where Uz ~ N(OJ 1)7 and
‘/e ~ N(O, 1+ |as(8)| + |at(e)|)

independently. Note that this structure satisfies Assumptions [3|and 5| with 7(U;) = U; for
each ¢ € V and allows for heteroskedasticity in V.
Using «, we randomly assign the inflow and outflow of each edge e € E|; ;) as follows:

\Oéz‘\

t(e) = i with probability l + o]’
independently for each edge e € E(; ;). We can interpret this assignment as a process
where a node with large effect is more likely to attract the inflow of an edge. Then, with
(V,E,s,t), we can construct the incidence matrix B and generate the outcome vector
according to . For each iteration, we compute the least-squares estimator & and the
empirical distribution of 7(U;) using Theorem [2] by setting C, = {i € V : ¢; > 0.2}.

Table (1] reports the degree distribution of the generated graphs. For each n, the gen-
erated graphs exhibit a balanced degree distribution, avoiding extremes of sparsity and
density, regardless of the underlying generating process.

Table [2 reports the global measures of the generated graphs. The connectivity measure
Ao,z is well bounded away from zero for K = 1, while it converges to zero for K = 2,
10Ty our simulation setting, randomly generated graphs are typically connected, and even if they are not,

the largest connected component covers a large proportion of the nodes. Thus, we do not distinguish the
original G from the largest connected component, and we keep denoting it as G for simplicity.
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reflecting that the latter graph is much easier to partition into separate components. In
both models, the dependence measure A, r increases slowly as n increases. Moreover, more
than 90% of the nodes are in the set C,,, suggesting there are enough informative nodes to
estimate the distribution of 7(U;). The convergence measure 7, approaches zero for both
models, indicating that Theorem [2| provides a good approximation of the distribution
of 7(U;) for large n. The other convergence measure, H, = X\, pn 'Y,/ d; " Nophi

converges to zero for K = 1 but not for K = 2, reflecting that the stochastic block model

with K = 2 is not well-connected while the dependence structure remains non-negligible.

TABLE 1. Degree Distributions of the Generated Graphs

min Q1 Q3 max mean
Panel A: K =1
n = 500 87 110 123 148 116.944
n=1000 100 126 141 174 133.868
n=2500 120 146 162 199 154.169
n=05000 124 160 177 217 168.815
Panel B: K =2
n = 500 41 54 62 76 58.208
n = 1000 44 62 72 92 67.362
n = 2500 43 71 83 108 77.154
n = 5000 56 78 91 124 84.68
Panel A reports the degree distributions when the number of blocks is K = 1
(Erdés—Rényi model), and Panel B reports the degree distributions when the number of
blocks is K = 2. The first column reports the number of nodes n, and the second to

the fifth columns report the minimum, 25th percentile, 75th percentile, maximum, and
mean of the degree.

5.2. Results: Inference.

In this exercise, we construct 95% confidence intervals for a; based on (3.3 and evaluate
the coverage probability of these confidence intervals. We also construct 95% confidence
intervals for «; based on Theorem 5 in |Jochmans and Weidner| (2019), which shows the

asymptotic normality of &; when € are independent. Specifically, the standard error of &;

\/ ZEEEZ' gg

d;

in the independent case is given by

This procedure is repeated 2000 times to evaluate the coverage probability. See Appendix
for additional simulation results, including results for joint hypothesis tests discussed

above.
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TABLE 2. Global Measures of the Generated Graphs

)\2,L >\n,F |Cn| M Hn
Panel A: K =1
n =>500 0.842 236.914 496 0.009 0.021
n =1000 0.842 271.302 993 0.008 0.018
n =2500 0.846 311.924 2486 0.007 0.016
n =05000 0.849 341.375 4974 0.006 0.014
Panel B: K =2
n =>500 0.013 119.039 495 0.017 2.852
n = 1000 0.008 138.749 989 0.015 4.088
n = 2500 0.007 158.181 2478 0.013 3.987
n =>5000 0.005 173.399 4938 0.012 4.648
Note: Panel A reports the global measures when the number of blocks is K = 1
(Erdés—Rényi model), and Panel B reports the global measures when the number of
blocks is K = 2. The first column reports the number of nodes n, the second column
reports the connectivity measure Az 1, the third column reports the dependence measure

An.r, and the fourth column reports the number of nodes in C,, = {i € V : ¢; > 0.2}.
The last two columns report the convergence measures 7, and H,,.

Table [Bl summarizes the Monte Carlo simulation results. The confidence intervals based
on achieve coverage probabilities close to the nominal 95% level for both K = 1 and
K = 2. While this is expected for K = 1, it is notable for K = 2, where the graph is
not well-connected and Hy = A, p/(d1X2,.h1) does not converge to zero, so the first-order
approximation underlying is not theoretically guaranteed. The strong performance
in this case suggests that the approximation remains accurate in finite samples, even when
the graph is not well-connected.

In contrast, confidence intervals based on the asymptotic normality of &; under inde-
pendence of € (based on [Jochmans and Weidner, |2019) show substantial under-coverage
in both K =1 and K = 2, highlighting the importance of accounting for the dependence
structure in the error terms. This under-coverage is more pronounced in a single block
(K = 1) than in two blocks (K = 2), likely because the relative contribution of the

independent component of the error term is smaller in this case than in K = 2.

5.3. Results: Variance Components.

In this exercise, we evaluate the performance of our proposed bias-correction method for
estimating the sample variance of the fixed effects a. We compare the true variance V,
with the plug-in estimator Va, the bias-corrected estimator VOI"C, the rule-of-thumb mod-

ified bias-corrected estimator V;’Cvmod, and the |Andrews et al. (2008)-type bias-corrected
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TABLE 3. Coverage Probability of the Confidence Intervals

aq di  (d}—d5)/di Anr/(didaph1) 95% cov Normal 95% cov

Panel A: K =1
n=>500 -0.596 119 -0.697 0.02 0.946 0.440
n =1000 0.314 143 -0.986 0.016 0.954 0.278
n =2500 0.281 161 -0.652 0.014 0.948 0.370
n =>5000 0.539 159 -0.635 0.016 0.944 0.403
Panel B: K =2
n=>500 -0.594 49 -0.878 3.886 0.948 0.516
n =1000 0.312 67 -1.0 3.966 0.954 0.365
n=2500 0.278 72 -0.583 4.407 0.944 0.565
n =>5000 0.542 93 -0.613 3.721 0.931 0.508

Note: Panel A reports the results for K = 1 (Erdés—Rényi model), and Panel B reports
the results for K = 2. The first column reports the number of nodes n, the second
column reports the true value of a1, the third and fourth columns report node 1’s degree
and the coefficient, respectively. The fifth column reports the convergence measure H; =
An,r/(d1A2,Lh1). The sixth column reports the coverage probability of the confidence
intervals based on , and the seventh column reports the coverage probability of the
confidence intervals based on |[Jochmans and Weidner| (2019)’s asymptotic normality.

estimator Vo‘j We simulate each of these variance estimators 2000 times and compute the
mean and standard deviation of the estimated variance.

Table {4 summarizes the results. The plug-in estimator V., exhibits substantial upward
bias. The bias-corrected estimator Vabc is much closer to the true value V,, demonstrating
the effectiveness of our bias correction. The rule-of-thumb estimator V¢4 performs well
for K = 1, but tends to overcorrect and display downward bias for K = 2, indicating
that more adaptive or refined bias-correction methods may be needed for certain graph
structures. The |Andrews et al. (2008)-type bias-corrected estimator Vg also reduces
bias, but its remaining bias is larger than that of f/o’jc and f/o’jc’m‘)d due to unaccounted
dependence. The standard deviations of the variance estimators are generally similar
(except for sd(V2¢) for K = 2,n = 5000), suggesting that our bias-corrected estimator is

preferable in terms of mean squared error.

6. EMPIRICAL APPLICATION

In this section, we apply our methods to an Italian worker-firm matched dataset. First,
we construct a confidence interval for the fixed effect of a "central" firm in the firm-firm
mobility network. Next, we estimate the variance of the firm fixed effects and report the

corresponding bias-corrected variance using our proposed bias-correction method.
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FIGURE 5.1. Histogram of the simulated Va: Erdés—Rényi Model
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Note: the red line represents the true variance of . The blue, orange, green, purple
bins represent the simulated Vg, V2, Vbemod Vo respectively. n = 2500.

FIGURE 5.2. Histogram of the simulated Va: Stochastic-Block Model
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Note: the red line represents the true variance of . The blue, orange, green, purple
bins represent the simulated Vg, V2, Vbemeod ya  respectively. n = 2500.
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TABLE 4. Variance Estimation

Voo Vo Ve Vlemod ya o gq(Vo) sd(VE) sd(VEemed) sd(Ve)
Panel A: K =1
n =500 0.334 0.544 0.359 0.328 0.494 0.0301 0.0282 0.0282 0.0298
n=1000 0.34 0.549 0.361 0.333 0.505 0.0215 0.0201 0.0201 0.0214
n=2500 0.329 0.53 0.347 0.323 0.492 0.0129 0.0122 0.0122 0.0128
n =5000 0.336 0.528 0.353 0.33 0.494 0.009 0.0085 0.0085 0.0089
Panel B: K =2
n =500 0.334 0.609 0.388 0.32 0.492 0.04 0.0391 0.0391 0.0396
n =1000 0.34 0.602 0.388 0.329 0.504 0.0302 0.0293 0.0293 0.03
n =2500 0.329 0.574 0.356 0.309 0.495 0.0165 0.0164 0.0163 0.0163
n =5000 0.336 0.568 0.362 0.319 0.496 0.0106 0.0109 0.0107 0.0105
Note: Panel A reports the results for K = 1 (Erdés—Rényi model), and Panel B reports
the results for K = 2. The first column reports the number of nodes n, the second

column reports the true variance of «, the third to seventh columns report the mean
and standard deviation of Vg, V¢, Viemod and V2, respectively.

6.1. Data.
The data are drawn from the Veneto Worker History (VWH) file[] The VWH file contains
annual job spells for all workers employed in the Italian region of Veneto. For each spell,
annual wages and the number of days worked per year are reported for the period 1975-
2001. We follow the same sample selection strategy as in Kline et al. (2020). Specifically,
we focus on periods 1999 and 2001, on workers whose ages are between 18 and 64, and
on "dominant jobs" (i.e., spells) where the worker earned the most in a given year. We
also exclude workers who work in the public sector and whose wages and days worked are
outliers[™

From this sample, we construct firm-firm network data where nodes represent firms and
edges represent links between firms connected by workers who have moved from one firm
to another. The construction is similar to the procedure we discussed in Example [1} our
handling of the data corresponds to the two-period AKM model. We focus on movers
who change firms from ¢ to j between 1999 and 2001. For each mover, we construct
a firm pair (4,7) and compute the wage difference between the two firms. We exclude
firms with fewer than 15 movers, similarly to the procedure in |Bonhomme et al.| (2023).

The firm—firm network is then defined by the set of firms and the firm pairs connected by

UThis dataset was developed by the Economics Department in Universita Ca’ Foscari Venezia under the
supervision of Giuseppe Tattara.

12Specifically, "outliers" are defined as workers who (i) report a daily wage less than 5 euros or have zero
days worked, (ii) report a log daily wage change one year to the next greater than 1 in absolute value,
(iii) have more than 10 jobs in any year or have missing gender.
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movers, and we extract the largest connected component from this network. The resulting
graph represents our G, and the wage differences constitute the outcome vector y in our
model.

The resulting graph consists of |V| = 7123 firms and |E| = 66,770 links. Table
presents the degree distribution of the firm-firm network, which is sparse with a mean
degree of 18. Table [6] provides global measures of the network. Notably, the connectivity
measure \g 7, is very small and close to zero, indicating that the graph is not well-connected
and can be easily separated into components. The dependence measure A, p exceeds the
maximum degree, and since A, ;, is small while A, ¢ is large, the global measure H,, is also
large. This suggests that, on average, the first-order approximation in Theorem [I] may

not be valid, and the finite-sample bias in Vabc is likely to be non-negligible.

TABLE 5. Degree Distribution for the Firm-Firm Network

min Q1 Q3 max mean
1.0 6.0 17.0 1092.0 18.748

Note: The first and fourth columns report the minimum and maximum degree of the
firm-firm network. The second and third columns report the 25th and 75th percentiles
of the degree distribution. The fifth column reports the average degree of the firm-firm
network.

TABLE 6. Global Measures for the Firm-Firm Network

)\2,L )\n,F ‘Cnl Tin Hn
0.006 1779.6 4611.0 0.121 6248.04

Note: The first column reports the second smallest eigenvalue of the normalized Lapla-
cian matrix. The second column reports the largest eigenvalue of the signless Laplacian
matrix. The third column reports the number of nodes with ¢; > 0.2. The fourth and
fifth columns report the global measures of convergence.

6.2. Results: Inference for Central Firms.

First, we identify the most central firm in the firm-firm mobility network by computing
the PageRank centrality for each firm. PageRank centrality measures the importance of
a node based on its connections to other highly central nodes[™ In the context of the
mobility network, a firm with high PageRank centrality is one that receives many workers
from other firms that themselves attract many movers. We are interested in whether the

fixed effect of this central firm is significantly different from others, as this may indicate

13See Newman| (2018) for the precise definition and discussion of PageRank centrality.
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that firm fixed effects play an important role in shaping the mobility network. As a related
contribution, [Sorkin (2018) provides a structural interpretation of PageRank centrality

when applied to a mobility network.

TABLE 7. Distribution of the Firm Fixed Effects

min Q1 Q3 max mean
-1.41 -1.102 0.096 0.868 -0.017

Note: The first column reports the minimum of the firm fixed effects, the second and
third columns report the 25th and 75th percentiles of the firm fixed effects, respectively.
The fourth column reports the maximum of the firm fixed effects, and the last column
reports the mean of the firm fixed effects.

Applying the PageRank algorithm to our firm-firm mobility network, we find that
the most central firm is firm 931 in our dataset. Table |S| summarizes this firm’s key
characteristics. Its estimated fixed effect dygs; is in approximately the top 34% of the
distribution of firm fixed effects. As a central firm, it has a larger number of inflows
dbs, than outflows dj;,, which is consistent with the idea that central firms attract more
workers. The ratio Hog1 = A\, r/(dosi A2 hos1) is about 2.90, which is much smaller than
the average value H,, ~ 6248 and comparable to what we observed in the simulation study
when the graph is not well-connected (see Table . This suggests that our inference
procedure based on the first-order approximation in Theorem [1| may be valid for this

central firm, and we can construct a confidence interval for dys;.

TABLE &. Central Firm Information

d931 d931 dg?)l dg?;l H931
0.058 455 309 146 2.90
Note: The first column reports the estimated fixed effect of the central firm, the second

to fourth columns report the firm’s degree, the number of inflows, and the number
of outflows, respectively. The last column reports the convergence measure Hg3; =

An,F/(doz1 A2, L hos1).

The 95% confidence interval for dgs; is:

t S t S
Ol N A . d931 d931 N A . d931 d931 N
931,0.95 = | (Y931 — 5 | Cooar5, Q931 — 5 | Co.025
~~~ d931 S~ d931 S~
=0.058 ———— ] =0.234 =—0.201
=0.358
= [—0.026, 0.130].
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Note that the mean of the firm fixed effects is —0.017 (see Table[7]), which lies within this
confidence interval. This suggests that the central firm’s fixed effect is not significantly
different from the average firm. Therefore, we do not find strong evidence that firm fixed
effects ac are a primary driver of mobility network formation in this data.

For comparison, we can also construct confidence intervals based on the asymptotic
normality of &; under the assumption of independent errors, as in the simulation section.

The 95% confidence interval for dgs; using this conventional method is
Clysyeas = [0.031,  0.085).

This interval does not include the mean of the firm fixed effects, suggesting that the
central firm’s fixed effect is significantly different from the average firm. However, given
the under-coverage observed for this method in the simulation study, it likely overstates
the significance of the central firm’s fixed effect compared to our proposed approach. This
highlights the empirical relevance of dependence in the error terms and the importance
of accounting for it in inference.

This exercise demonstrates the practical applicability of our inferential method for fixed
effects, which is rarely implemented in empirical work. Another potential application is
hypothesis testing to assess whether the fixed effects of firms within a particular group
(e.g., firms with similar observable characteristics) are statistically indistinguishable. Such
a test could help determine whether grouping fixed effects, as suggested by [Bonhomme

et al.| (2019), is appropriate in empirical analyses.

6.3. Results: Variance Estimation.

We estimate the variance of the firm fixed effects Va and several bias-corrected estimators:
Vbe ybemod and Vo, Table @ presents the estimated variance of the firm fixed effects o
and the bias-corrected estimators.

Our results show that the bias-corrected estimator ‘A/C’!’C reduces the plug-in estimator
Va by approximately 28%, which is a larger reduction than that achieved by the Andrews
et al. (2008)-type bias-corrected estimator V. (about 23%). The modified bias-corrected
estimator Vabc’m"d yields an even lower estimate. These findings indicate that the depen-
dence structure in the data is substantial and that our proposed bias-correction methods
more effectively account for this dependence, resulting in more accurate estimation of the

variance of the firm fixed effects.
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TABLE 9. Variance Component Estimation on the VWH Data

V ‘A/bc Vquod Va
« o [0 (8]
0.039 0.028  0.025 0.030
Note: This table reports the estimated variances of the firm fixed effects a via the plug-
in estimator V,, the bias-corrected estimator V¢, the modified bias-corrected estimator
Vvbemod “and the Andrews et al.| (2008)-type bias-corrected estimator V2.

If we disaggregate each bias correction, we obtain

tr(BL* M, L*B'FF’ tr(M,L*
52 x U ) (57— 25%) x TMaLY)
~— n L N——— n
=0.015 :(;895 =0.022 —0.204

Note that 62, which is an estimator for E[r(U;)?], is about 0.015, which is roughly one-
quarter of 62, the biased estimator for E[e?]. This disparity suggests that in our data
the dependence structure plays a non-negligible role in generating the error terms, and
this effect is transmitted to the bias in the variance estimator. Moreover, although there
are uncertainties in estimating E[7(U;)?] and E[e?], a heuristic comparison of the two
quantities characterizing the graph structure

tr(BL*M ,,L*B’'FF’ tr(M,,L*
1 ) (ML)
n n

indicates that the first term is more than three times larger than the second term. Thus,
even if 62 were estimated to be smaller than the current estimate, the bias originating
from the dependence structure would remain significant.

This exercise demonstrates that the bias in variance estimation due to dependence,
which has been largely overlooked in the literature, can be substantial in empirical ap-
plications. It also provides evidence that the dependence structure in the data is non-
negligible, highlighting the practical usefulness of our bias-correction method.

What we did not explore in this paper is how the dependence structure affects estimation
of covariance between worker and firm fixed effects, which is of interest in empirical
applications as it indicates sorting effects between workers and firms. We leave this to

future research.

7. CONCLUSION

This paper proposes a new inference method for fixed effects in network regressions

with dependent errors. We derive a first-order approximation to the fixed-effect estimator
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and show that, under node- and edge-level dependence, the estimator can be inconsistent.
Building on this approximation, we develop a non-standard inference procedure that ex-
ploits the empirical distribution of appropriately constructed residual averages to obtain
valid confidence intervals and hypothesis tests for fixed effects.

We also study estimation of distributional moments of the fixed effects. We characterize
the bias of the plug-in variance estimator under the dependence structure and propose a
bias correction that is consistent in the presence of node-level dependence.

Monte Carlo simulations and an application to Italian worker—firm matched data il-
lustrate the finite-sample performance of the methods. The results show that network
dependence can substantially distort inference for fixed effects and is an important source
of bias in variance estimation.

Future research could explore extensions to models with multiple types of fixed ef-
fects—such as worker and firm effects in two-way models, and develop methods for es-
timating covariance between different fixed-effect types. Another avenue is to devise in-
ference procedures for variance components that go beyond the bias-correction proposed
here. Finally, it would be useful to extend our methods to high-dimensional, team-based
settings in which nodes may belong to multiple teams (e.g., Bonhomme, 2021), thereby

accounting for dependence within and across teams.
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APPENDIX A. COVARIATES

Our model with covariates is given by:
y = Ba+ X3 + ¢,

where X is a matrix of covariates. Let Mg = I,, — B(B'B)*B’ and Mx = I,, —
X(X'X)"!X’ be the projection matrices onto the nullspace of B and X, respectively.

Then, the fixed-effect estimators are given by:
& = (B MxB)'B'Mxy, B=(X'MgX) 'X Mgy,

where we assume that rank(X) = p and rank((X,B)) = p+n—1. Our goal is to replicate
the results in Theorem [I] for d;.
Algebraically, we have
a—a=D"'Be+r+7,

where

r=D'Alad—a), 7=-D'BX(3-2).

We already worked out the first term D~'B’e in the proof of Theorem [Il Thus, we need
to show that both r and 7 are negligible.
First, we show that 7 is negligible. Note that E[r] = 0. Observe that

B—B=XMgX)"'X'Mge
with E[8 — 8] = 0. Then,

~ ~

E[(B - B)(B — B)] = (X' MpX) "X MgE[ee|MpX(X' MpX) !
< C(XMpX) 'X'MsgFF MsX'(XMpX)™!

< A pC(XMpX)™
for some absolute constant C' > 0 under Assumption [I} E[e€’] < CFF’. Let

p=(XX) X' MpX) |2,
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where ||+ ||2 is the spectral norm. By the definition of p, we have (X’MgX)™! < p(X'X)~1.

Thus, we have
E[#Y] = ;DB'XE[(3 — B8)(8 — B)|X'BD¢;
< A\ rCeDB'X (X' MpX) ' X'BD ¢,
< A\ rpCe DB'X(X'X) ' X'BD '¢;
A, pC

= Q0 'z,
m

where Z; = XD~ 'e; and Q = X’X/m. Since \, r = O(max;ey d;), as long as max;ey d;/m =
o(1) and p x 22 'x; = O(1), we have 7; = 0,(1).
Second, we show that 7 is negligible. Note that E[r] = 0. Let

p=[[(X'X)' X' MpX]|,.
We have

E[ry] = D 'AE[(& — ) (& — a)]A'D e,
— ¢/ D"'A(B'MxB)*B' MxE[ee|MxB(B'MxB)*A'D ¢,
< MrC x e DTTA(B'MxB)*A'D ¢,
< MrC x e DTA(B'B)*A'D ¢,
+ \rC % p7'DTTA(B'B)*B'X(X'X) "' X'B(B'B)*A'D ¢,
where the last line follows from (S.14) in |Jochmans and Weidner| (2019). Since (B'B)* <
Ay D7t and X(X'X) !X < I, we have

E[r}] <\ rC x eDTTA(B'B)*A'D le; + A\, pC x p 'D'A(B'B)*A'D ¢,

< An,pC(1 4+ p)

N pA2,L

~ ArC(1+p)
pAa,Lhid; '

x e, DTTADTA'D e,

If Ao r/(dida.Lhi) = o(1), r; = 0,(1) as long as p~' = O(1).

In summary, as long as

® 1MaX;cy dl = o(m),

o i xx i 'x; =0(1)
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o pt=0(1),

then Theorem [I| holds for & as well with the same approximation error rates.

APPENDIX B. ALTERNATIVE ESTIMATOR

We can consider an alternative estimator for a based on the following transformation.

B.1. Transformation. Let V! = {i € V : d} > 0 and df > 0} be the set of nodes with
both positive in- and out-degrees. Let V! ={i € V :d; >0} and VS = {i € V : df > 0}
be the sets of nodes with positive in-degree and out-degree, respectively. Redefine 7% and
5 as 7 = ({i € V'} - 78(U;))iev and 75 = (I{i € V*} - 75(U;))iev. Define the following

vectors:

7' = (T'(U))ievst, 75 = (T°(Ui))ieve,

T = (]I{Z € Vt \ Vs} . Tt(UZ‘))Z'Ev, 7° = (H{Z c VS \ Vt} . TS(UZ'))Z‘G\/'.
Let F be the m x |V*| matrix defined by: for each e € E and i € V*,

- 1 if s(e) =1 or t(e) =1,
b o (¢) =i or t(c)

0 otherwise
Finally, let € = € — Ft7t — Fo1°
Note that the model can be rewritten as
y=Ba+e€
=Ba+F'7' + F°1r° + €

t s t s
:B(a+g_g)+FM+g,

where we used the facts that F' = (F + B)/2 and F* = (F — B)/2. For each ¢ € E,

ol <5>J2r ORI E) if s(e), t(e) € V*
(

(F”””ﬂ) .mi%Lw if t(e) € V*, s(e) ¢ V*, s(e) € V*

it i i) if s(e) € Vs t(e) ¢ V5, t(e) € V*

s(e

2

MORAEC] if t(e), s(e) ¢ V', t(e) € V?, s(e) € V*°
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This can be decomposed as

() (5 (05

where
(Tl t (e)“e(e)”s(e) if s(e), t(e) € V!
(F(,;_t +7~_s>> ) Tt’(e)jt(e) if t(e) € V¥, s(e) ¢ V*
2 ") Hatie . .
e () - 20 if s(e) € Vot t(e) ¢ Vo
0 if t(e),s(e) ¢ V*
(¢
o) if t(e) € VE\ V*, s(e) € V*
(B (Ft — ,i_s)) TSZ@ if s(e) e VE\VE t(e) e V*
20 Je | T it i(e), s(e) ¢ VO te) € VY, s(e) € V?
0 if t(e), s(e) € V*
\
Therefore,
(At ~S ~t __ xS
Py o plf£7) g =)
2 2
Substituting this into the model, we obtain
t_i_vt s_i_vs ~~t+~s ~
y:B(a+T2T—T2T)—|—F(T 2T)+e. (B.1)

This is the transformed model where the effects explained by the incidence matrix B are

separated from those not explained by it.

B.2. Alternative Estimator. Let Mg = I, — F(F'F)"F’, which is the projection ma-
trix onto the nullspace of F. Premultiplying both sides of equation (B.I) by Mg, we

have

T+ T T
2

MFy:MFB <a+ — 9 )+MFE.



Tt+.’v_t _ P

We can consider the following alternative estimator for a as if a + == 5

were

the true fixed effects:

& = (B'MiB)'B'Mzy

t =t s =S
— a+ (B'M;B)'B'M;B (T ;T T JQFT ) + (B'M3B)"B'M;e.

An implicit assumption here is that B'M B has rank n — 1 so that (B'MB)* is well-
defined. This requires that rank((B,F)) = n—1+rank(F), which means that the column
spaces of B and F do not overlap except for the intercept. This assumption holds if the
graph contains enough directed cycles so that a column of F cannot be represented as a
linear combination of columns of B. This is likely to hold in practice if the graph is dense

enough and directions of edges are not too concentrated in one direction.

l

B.3. Approximation. We can derive a first-order approximation for & similar to The-

orem [I. Note that

Aalt

(81 o =

A LI
2

t =1 s =S
+ (I, — (B'MzB)*B'M;B) (T ;T T ‘2” )

+ (B'M;B)'B'Mé,

where the first term on the right-hand side is the persistent term, the second term is a
misspecification error, and the last term is a linear combination of €. Each element of the

persistent term can be written as

Tt(Ui);TS(Ui) ifieyst

Tt—i—"i't Ts_i_,i_s
SR = { 7(U) ifieVi\ve

)

—r(U;)  itie VeV

Importantly, in the symmetric case where 7t = 7° = 7, if i € V!, the persistent term is

zero. This means that for nodes with both positive in- and out-degrees, the alternative

estimator o??” can be consistent for a;, unlike the original estimator &;. This is because

the transformation effectively removes the strongly dependent component captured by 7

for these nodes. Also, we can view this result as an automatic correction for the persistent

d;

£l
(3

.. N di—ds . . .. .
term, which is similar to &; — =—=7; in the original estimator.
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For the other two terms, once the difference between (B'MB)* and (B'B)* is char-
acterized, we can follow similar steps as in the proof of Proposition [2| and Theorem [1| to
derive the approximation with different error rates. Noting that € is weakly dependent
and following Appendix [A] we can show that the approximation error rate for the last

two terms is given by

/1 / 1 [P e
O S — ) il
P < pd; * pA2,1hid; - mwz zc)

where p, p, Z;, Q are defined in Appendix |A| with X replaced by F. Since M p eliminates
the strongly dependent component, we do not have A, p in this rate unlike the rate in
Theorem . However, p~! and p may be large depending on the relationship between B
and F, which may make the approximation error rate larger than that in Theorem 1| A
more detailed comparison of the two error rates and the choice between the two estimators

is left for future research.

APPENDIX C. INFERENCE WITH ASYMMETRIC 7¢ AND 7%

In the main text, our analysis with regard to inference and variance estimation focused
on the symmetric case where 7t = 7° is imposed by Assumption [5| In this appendix, we
discuss potential extensions to the asymmetric case where 7¢ # 75,

As argued in the main text, the central problem in the asymmetric case is that 7(U;)

and 7°(U;) are not identified separately from the following two approximations:

dt ds
Q; ~ oy + d—:Tt(Uz) - d_ZiTS(Ui);
Tt(Ui) + TS(UO
i~ 5 ~

In the following, we first discuss possible restrictions on 7¢(U;) and 75(U;) that can help
identify them separately, and then we proceed to show that inference can still be conducted

under such restrictions.

C.1. Restrictions on 7' and 7°. One possible restriction is to assume the linear rela-

tionship between 7' and 7%: for some function 7,
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where c is an absolute constant. Instead, we can also treat 7! as a basis function of 7. Note
also that we do not need to place an intercept restriction on 7* as E[7*(U;)] = E[7*(U;)] = 0
by Assumption . Furthermore, 7t = 7% is a special case of this restriction with ¢ = 1.

Under this restriction, the approximations for &; and 7; become:

dt — ds
ééi ~ O + Cld—lT(UZ),

Write

&i = Oy + QT(UZ) + Tz}l

c+1
T =
2

T(UZ) —+ TZ‘,2,

where r;, and r; are the approximation errors. By the proof of Theorem , Tri2 1S

O,(\/1/d;). For r; 1, it is known that r;; = Op(\/)\n7F/(di)\27Lhi>) by Theorem .

We construct the estimator for ¢ in the following manner. First, we regress &; on 7;

and obtain the following regression coefficient:

1Cnl " Picc, ik
1Cal ™ Dice, 77

By Lemma 3] the denominator converges to ((c+1)/2)?E[r(U;)?]. The convergence of the

b=

numerator is shown as follows:

1 c+1 1 cdt — d
— N a4 = O U;)? C.1
D PR ©
c—|—1 1
1 Z 2
2 |c, |§“ (G2)
c+1 1
5 m Z ri,lT(Uz) (C 3)
nliec,
S (C.4)
’Cn‘ Zec 7/‘1/7205%
1 cdl — df
+WZT”2 —7(Uy) (C.5)
n Gcn 1
+ mg; 73271 (C.6)
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The first term (C.1)) converges to (¢ + 1)/2 x E[7(U;)?] lim, o0 [Co] 7* D,

’LECn

(ed; — df)/d;
and the second term ((C.2)) converges to 0 in probability by the law of large numbers as
E[r2(U;)] < oo, |(cdt — d)/d;| < |e| +1 < oo, and max;ec, |a;| = O(1). The third term
(C.3) converges to 0 in probability since

/ B0 An
’7”1 1T < E z 1 Zi
diAa Lh;

by the Cauchy-Schwarz inequality so that

1 )\n,F o
]E[] - Op (mzezc: diAQ,Lhi) - 0(1)

Thus, (C.3) = 0,(1) by the Markov inequality. By the similar argument, the fourth to sixth
terms (C.4), (C.5)), and (C.6)) also converge to 0 in probability (if 1/|Cp| ) ;ce, /1/di =

0(1)). Therefore, by the continuous mapping theorem, we have

1 c+1
— Y 76 =, ——E[7(U;)?] lim —— Y (ed; —d)/
Thus, writing d* = limy, 0 [Cn| ™' 3¢ di/d; and d® analogously, we have
. 2(cd" — df
671 —p Q

c+1

Therefore, we can construct a consistent estimator for ¢ as follows:
245+ B, 1 M,
b= 2 o (L [ e )
2dt — 3, |Cnl e diNo,Lh;

Hence, by collecting 2(¢,, + 1)7'%; ~ 7(U;), we can construct the consistent estimator

as n — oQ.

for I, and conduct inference on ¢; similar to the symmetric case.

One could also consider a more general case where 7t and 7° are related by a nonlinear
function, such as 7* = g(7%) for some function g. This generalizes the linear case, since
g could be linear, but additional restrictions on the distribution of 7(U;) are needed to
obtain useful moment conditions for identifying g. For example, suppose g is invertible
and its inverse ¢! is odd, and 7(U;) is symmetrically distributed around 0. Then, defining
7 = (g(7(U;)) + 7(U;)) /2, we have

> E {ﬂzml <04z‘ —7(Us) + %C?gl(ﬁ)ﬂ =0

i€Cn
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for each integer m > 1, by ¢! being an odd function and the symmetry of 7; with respect
to 7(U;). Estimation of g can proceed by parameterizing g as an odd polynomial function,
such as g(z) = Yor , apa?**!, and estimating the coefficients a; using the method of
moments up to some finite order K. We do not pursue this direction in this paper, but it

is a potential extension of our method.

C.2. Inference.

Focus on the case where 7% = 7 and 7% = c7 for some constant ¢. We have shown that
¢, consistently estimates c. Write 72'Z =2(é, + 1)_1ﬂ, which is a consistent estimator for
7(U;). Then, the distribution F, can be estimated by the empirical distribution of 7,
denoted by E.:

APIE
Cl €Cn
where I(+) is the indicator function.

The uniform consistency of F. to F. over a compact subset of R follows from modifying

the proof of Theorem [2| First, observe that

- Tn,3, 'n
bntl el My I |C| dAQLh

by the delta method so that

2 c+1
= 7(U3) + ——i
7( )+c+1r’2+ 2

T(U;)Tn3 + 7i27n 3.

We can bound E[|7; — 7(U;)|] by the rates of convergence of ;5 and r, 3. By replacing 7;
with % in the proof of Theorem , we have
sup [F-(t) — Fr(t)] =, 0,
teR
as n — 0o, similarly as before but with slower rates of convergence.
With FT, we can conduct inference on &; in the same manner as in the symmetric case.

For example, a (1 — a)-level confidence interval for «; is given by

~ dtcn d? ~ dtcn d? . t A
[oz,» (T) Cloaj2, Q4 — ( @ ) Ca/2i| , it dié, —di >0,
Clita = dtén—ds dtén—ds
~ iCn—d; ~ ~ i Cn— . t A
|:CYZ' — < 4 > Caj2, Q4G — (d—z) C1— a/2:| , if dicn — df < 0,
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where ¢, is the a-quantile of ..

APPENDIX D. ADDITIONAL SIMULATION

In this Appendix, we present additional simulation results to complement the exercises

in the main text. Unless otherwise specified, we use the same simulation settings as in

Section [l

D.1. Inference with non-normal errors. In Section [ the distribution of 7(U;) was
assumed to be standard normal. Here, we consider the case where 7(U;) follows a standard
logistic distribution, which has heavier tails than the normal distribution, to verify the
validity of the inference procedure to the non-normal case. Specifically, we modify the

simulation settings by setting
U; ~ Logistic(0,1), 7(U;) = U..

The results are reported in Table [I0] As in the normal case, the coverage probabilities
of the confidence intervals based on are close to the nominal level of 95% for both
K =1and K = 2. As before, the normal approximation based on |[Jochmans and Weidner
(2019) is not valid in both cases. This result suggests that our inference procedure is not

sensitive to the distribution of 7(U;) once the regularity conditions are satisfied.

TABLE 10. Coverage Probability of Confidence intervals

(o5} dl (di’r — dl_)/dl /\n,F/(dlAQ,Lh'l) 95% cov Normal 95% Cov

Panel A: K =1
n =500 -0.596 119 -0.697 0.02 0.949 0.333
n = 1000 0.314 143 -0.986 0.016 0.952 0.2015
n = 2500 0.281 161 -0.652 0.014 0.944 0.2905
n = 5000 0.539 159 -0.635 0.016 0.94 0.3145
Panel B: K =2
n =500 -0.594 49 -0.878 3.886 0.942 0.3975
n =1000 0.312 67 -1.0 3.966 0.956 0.3
n =2500 0.278 72 -0.583 4.407 0.944 0.4645
n =5000 0.542 93 -0.613 3.721 0.96 0.418

Panel A reports the results for K = 1 and Panel B reports the results for K = 2. The
first column reports the number of nodes n, the second column reports the true value of
a1, the third and fourth columns report node 1’s degree and the coefficient, respectively.
The fifth column reports the convergence measure Hy = A, p/(d1A2,Lh1). The sixth
column reports the coverage probability of the confidence interval for a; at the 95%
level based on . The last column reports the coverage probability of the confidence
intervals based on |Jochmans and Weidner| (2019)’s asymptotic normality.
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D.2. Testing the joint hypothesis. In the main text, we proposed a Wald-type test
for testing Hy : avy, = @ versus H; : ay, # a, where a is a vector of constants. Here, we
present some preliminary simulation results to check the size and power of the test.

Let Vo = {1,2,...,9,10} and a = (0,0,...,0). We then generate the data as before
except that we set ay,\ 13 = 0 and oy € {0, 1,2, 3}, corresponding to the null hypothesis
and the alternative hypothesis. When computing the test statistic and simulate the
critical value, we drop the nodes in Vj if (df + df)/d; < 0.4 to avoid the cases where the
first-order approximation is not valid. If the threshold is closer to 1, the test is likely to
be less powerful, but the size is more likely to be controlled.

Table 11| reports the rejection rates of the joint hypothesis test at the 95% significance
level. The results show that the size of the test is controlled at the nominal level of 5%
for both K =1 and K = 2. As expected, the power of the test increases as o increases.
The power tends to be higher for K = 1 than for K = 2, likely due to the fact that the
first-order approximation is more accurate for more well-connected networks. However,
there is non-monotonicity in the power of the test as n increases, possibly because the
change in the network structure affects the values of d! and d$, which in turn affects which

nodes are included in the test and its performance.

TABLE 11. Size and Power of the Joint Hypothesis Test

H()IOq:O lealzl H1:a1:2 H12061:3

Panel A: K =1
n = 500 0.049 0.18 0.626 0.947
n = 1000 0.054 0.13 0.429 0.819
n = 2500 0.04 0.161 0.58 0.93
n = 5000 0.048 0.164 0.57 0.903
Panel B: K =2
n = 500 0.051 0.138 0.471 0.852
n = 1000 0.045 0.143 0.429 0.768
n = 2500 0.041 0.161 0.551 0.912
n = 5000 0.04 0.169 0.617 0.945

Note: Panel A reports the results for K = 1 and Panel B reports the results for K = 2.
Each column reports the rejection rate of the joint hypothesis test at the 95% significance
level. In each case, ay;\ {13 = 0 but oy = 0 for the first column, and «; = 1,2,3 for the
second to fourth columns.

APPENDIX E. PROOFS
E.1. Proof of Theorem [1l
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Proof. We bound each term in the right-hand side of ({3.1)):
a—-a=D"'B(Fr°+F7)+D 'Be-Fr°—F'7')+r
We first show the unbiasedness of the fixed-effect estimator:

Lemma 1. Under the stated assumptions, we have

Elaa — a] = 0.

Proof. Observe that

& =L'La+ L'B'e.
Since E[e] = 0, it suffices to show that L*La = a. By the proof of Theorem 2 and S.1 in
Jochmans and Weidner| (2019), we have

L'L=1,—m'¢,d.
Since d'a = 0 by Assumption [1} we have
L'La=L,a —m t,da = a.

This proves the lemma. 0

Another useful lemma is the following:

Lemma 2. Under the stated assumptions, CA, p > 57% for some absolute constant C' > 0.

Proof. Note that FF’ is a non-negative, positive-semidefinite matrix and each block corre-
sponding to edges in E; jy, (FF’)(; ;) is a principal submatrix of FF'. Thus, by Corollary
8.1.20 in [Horn and Johnson (2012)), we have

An,F > Amax«FF/)(iJ))?
for each (i,7) and Apax(+) is the largest eigenvalue of a matrix. Notice that
(FF') i ) =2 x L|E(i,j)‘45(i,j)|
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s0 that Amax((FF');;)) = 2 % |E(; j)|. Therefore,

An,p > 2max |E; ).
(.9

By Assumption [T}, we have

5'121 = r(nax Am’ X [max S E(Z‘J’)O'&GI — E[TS(Ui)Q + Tt(Ui>2]]

J) e,e

< CmaxA;; = Cmax |E |,
) )

for some absolute constant C' > 0. Thus, we have
~2
G, <C/2x 211(0.6\.§<|E(i,j)| < C/2X M.
Z7]

This proves the lemma. O

Next, we bound the variance of the remaining term » = D™ 'A(& — a). Observe that
Var(a) < CA, pL*
for some constant C' > 0 by Lemma [2] Thus, we have

Var(r) =D 'AVar(a)A'D™!
< CA\rD 'AL*AD™?

< Chrp

< x DT'AD'AD!,
A2,

where the second inequality follows from L* < D!/, ;. Thus, for each element, we have

A
Var(r;) = e;Var(r)e; < Conr
A2,1,

 Chur
~ didorh;

x e DTTADPAD ;.

Since E[r;] = 0 by Lemma [l we have
)\n F
P — O : .
e ( d@-AQ,Lhi)
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Third, we bound the other error term o = D™ 'B/(e — Fir! — F*7%). This term is

mean-zero and its variance is given by:
Var(o) = D 'B'Q,BD*
<& xD'B'BD!
Thus, for each element, we have

Var(o;) = e;Var(o)e; = 62 x ¢, D"'B'BD'¢;

< CmaX(z‘j) |E(i,j)|‘

for some constant C' > 0 under Assumption [I} Thus, we have

0i = 0y \/maX(’i;' ) = 0p(1),

)

by Chebyshev’s inequality as d; — oo.
Finally, we work on the main term T' = D'B'(F'r! + F*7%). Observe that

df’/’t(Ul) — dsts(UZ) 1

T = -
d; d;

s 1
T (Us(e)) + E E Tt<Ut(e)) s
e€E! ' ecEs e

as pointed out in the main text. Thus, it suffices to show that

1 s 1
7 > T (Us) = 0p(1), 7 > T (Uie) = 0p(1)
' ecE! ' ecEp
These averages are mean-zero and each variance is given by:
df s 2 df t 2
BT =0(1),  SE[r(U;)7] = o(1),

as 7°(U;)/7'(U;) is i.i.d across j € V;. Thus, the averages converge to zero in probability
by Chebyshev’s inequality.

By the continuous mapping theorem, we have

dtTt(U,L) — d87'8<UZ) )\n F
Vi — o = — : O ’ ;
we d O\ @,
as d; — oo, which completes the proof. 0

E.2. Proof of Theorem [2l.
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Proof. Write 7, = 7(U;) + r; where r; = O,(1/1/d;) by Proposition [2| for i € C,,. Let F,
be the empirical distribution of 7(U;) for ¢ € C,,. Then, observe that

sup | F, () — Fo(z)| < sup|Fp,(x) — Fpr ()| + sup |F,.(z) — Fy(z)] (E.1)

zeR z€R z€R

The second term in ([E.1]) converges to zero in probability by the Glivenko-Cantelli theorem
since 7(U;) is i.i.d across ¢ and |C,| — oc.

For the first term in (E.1IJ), note that for any § > 0,
K7 <o} =Kr(Ui) +ri < o} <K7(Us) < @+ 0} + {|rs] > 6},
for each © € C,, and x € R. Since F; is non-decreasing, we have

Sup|Fn,‘r(x) - TLT( )| = |C ’ ZH{’H’ > 5}+sup\FnT(x+5) nr(x_ 5)| (Ez)

z€R ieC

The second term in (E.2)) is bounded by

sup |Fy - (x 4+ 0) — F - (x — 0)| <sup|Fr(x +0) — Fr.(z — 9)| + 2sup | F,, - (x) — Fr(x)].

zeR z€R z€R

Since F is continuous, the first term is arbitrarily small for sufficiently small §. For the

first term in (E.2)), note that
E||r; 1
EL{|r| > 8}) = B(r > 6) < 20nll _ g ( ) |

Therefore, by Markov’s inequality, for any € > 0, we have

<| C > Kri| > 6} > e> . |ZEH{|7“Z| > 6} = (g) = o(1),

i€Cn i€Cp,

as € and ¢ are arbitrary and 7, — 0 by the assumption.
Combining the above, we have,

sup |FnT(I) — F.(z)|

zeR

< 3sup |y, () — Fy(2) + sup |F) (x +8) — F,(z = 9)

> I|ri| > 6}

z€R z€R ‘C | icC
= 0p(1),
as n — oo. This completes the proof. O

E.3. Proof of Theorem [3l
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Proof. First, we show the consistency of 62

Lemma 3. Under the stated assumptions, we have

52 2
07 —p O

Proof. Observe that

. ecE, ,
Then,
1
ol =—=> T(U) (E.3)
|C”| ieC
2 _
e > (Ui (E.4)
nliec

1
+ cl > . (E.5)

The first term converges to E[72(U;)] by the law of large numbers as 7(U;) is i.i.d
across ¢ € C,, with a finite second moment.

The third term converges to zero in probability. To see this, from the proof of
Proposition [2| observe that

since ¢; > c¢. Thus, we have

E[(E.5)] = O(nn) = o(1),

under the hypothesis that 1, — 0 as n — oo. Then, by Markov’s inequality, (E.5|
converges to zero in probability.

The second term (E.4)) converges to zero in probability by the Cauchy-Schwarz inequal-

ity:




as shown above. This completes the proof of Lemma [3] 0

Observe that

€BL*M ,«

e v, = R (E.6)
+o (e —Fr)BL*M,L*B'Fr (E.7)
(e FT)’BL:;WnL*B/(G —Fr) (E.8)
L (EFPU)] - 62>nx :(BL*M L'B'FF’) (E.9)
N T’F’BL*]\;_LIHL*B’FT _ E[(U)] % tr(BnL*M L'BFE) (E.10)

The first term (E.6]) is mean-zero and its variance is proportional to

'BL*M 1
Var (M> — —_E[¢BL*M,ac’M,L'B'¢]
n

n

1
= < tr(BL"M ,aa’ M ,L*B'E[e€'])
n

< 5 X o'L*a
n
CAn.r 1 — of
n ne — d;
=1
< OxCoxdp 1 —~ 1
- n n)\g,L i1 dz

= o(1),

where the first inequality follows from Lemma [2| for some constant C' > 0, the second
inequality follows from L* < A\;'D~! and o/L*a < Sy /\:—Edi’ and the third inequality
follows from the assumption that max;cy |o;| < C,, for some absolute constant C, > 0.

Thus,

by Chebyshev’s inequality.
The second term ([E.7)) is mean-zero and let @ = BL*M,L*B’. Then, we can write

(e — Fr)QFTt
n

E7) =2
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and its variance is given by

Var((E.7)) = iI['E[(e — Fr)QF71(e — Fr)QFT]

TL2
_ —4E[i2(Ui>]tr(QFF'Q’QQ)
+ % Z Qel,engg,e4cum((€ - FT)€17 (6 - FT)eza (FT)63> (FT)€4)7

e1,e2,€3,e4€E

where
cum(xy, xe, 13, v4) = E[r1292374) — (Elr125] + El2123] + El124]).
The first term on the right-hand side is bounded by

B0, oFFa,) < B0

= - X G2 X Ay X tr(L*)?

2
1
d-tht
n)\2LZ v >
eV

1
< E[r*(U; 52 X A\ — d!
<m0 e S04

eV

= o(1),

where the first inequality follows from Qy < 7,1, FF' < X\21,,,,and tr(QQ’) = tr(L*L*) <
tr(L*)?, the second inequality follows from e/L*e; < 1/d; + 1/(d;\oh;) for each i € V,
and the last equality follows from the hypothesis. The second term on the right-hand side
is bounded by

Y QunQu. xeun((e— Fr)., (e~ Fr)o, (Fr).,, (Fr).,)

€1,€2,€3,e4€L

(o @)
n?

_Ox tr(Q?)

2
< C x tr(L*)?

1 _

%

<

n2

2
1
dtht
n)\27LieZV ! ! )
= o(1),

where the first inequality follows from Assumption [I] with uniformly bounded €., the

equality follows from the fact that the square of the Frobenius norm is equal to the trace
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of the square of the matrix, and the rest is similar to the first term. Thus, we have
Var((E.7)) = o(1),

and by Chebyshev’s inequality, we have (E.7) —, 0.
The third term (E.8)’s mean is given by

tr(BL*M ,L*B'Q2
B(Eg) - MO ML)
52 x tr(L*)
B n

52 | 1
=0 (2; A AQ,Lhidi>

9%

= o(1),

where the second inequality follows from e/L*e; < 1/d;+1/(d; A2 1h;) for each ¢ € V. Since
(E.8) is non-negative (BL* M, L*B is positive semidefininte), this implies that (E.8) —, 0.
The fourth term (E.9) converges to zero in probability by Lemma (3|) and the fact that

tr(BL"M,L'BFF)) _ Ch.r

x tr(L*
. " (L")

Chr 1 1
- n (Z d; * ZEZV )\Z,Lhidi)

iev ¢

=0(1),

where the second inequality follows from e;L*e; < 1/d; + 1/(d;Ao,1h;) for each i € V.
The fifth term (E.10) is mean-zero, and letting Qr = F'BL*M ,L*B'F, its variance is
given by

n

(T’FIBL*MnL*BIFT >
Var

Ry

E[*(U;)]

n

<

x tr(QF),
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where the inequality follows as tr(Qf) > >.cy, QF,;- We bound tr(Q%) as follows:
tr(Qy) = tr(F'BL*M,L*B'FF'BL*M,L*B'F)
< tr(L'B'FF'BL'L*B'FF'BL")
<2tr(D'B'’FFBD 'D 'B'FF'BD )
+2tr(D'AL*B'FF'BL*AD 'D 'AL*B'FF'BL*AD )
<2tr(D'B'’FFBD 'D 'B'FF'BD )

2

2
+ 2l (D 'ADT'AD'D'AD'AD )

2
)‘2,L

A, 2
< 2tr(D'B’FF'BD 'D 'BFFBD ) + 2 ( Ftr(DlADlAD1)>

2,L

2
A 1
—2tr(D'B'’FFBD D 'BFFBD!) 4+ 2 | 22F
i )+ (Auzdh

where the first inequality follows from the fact that ||M, || is bounded by 1, the second
inequality follows from BL* = BD~! + BD !AL* and the Cauchy-Schwarz inequality,
the third inequality follows from L* < Ay inl and FF' < X\, pl,,,, and the last inequality
follows from tr(-?) < tr(-)%. For the first term on the far right-hand side, we have

tr(D'B'’FFBD 'D'B'’FF'BD})

—Z( — &)’ +Zm ”> +Z(Zkevmm>2

eV z;é]
<Cn(l+) d7?)
iev
for some constant C' > 0, where r;; = > . By B.; and the inequality follows from

Z]#z iy < Cadi, > kev TikTik < C?d;. Thus,

(T’F/BL*MHL*B/FT)
Var

n

2
1 1 _ nFl
<Cl-+-) d?|+C
i) e (i)

= o(1),

under the stated assumptions. Thus, by Chebyshev’s inequality, we have (E.10) —, 0.
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Finally, we combine all the results above to conclude that
Vi —V, =, 0.

This completes the proof. O

E.4. Proof of Proposition [1]

Proof. First, observe that
Q < o7FF < 07 M pLn,

where the first inequality holds by F = F! 4+ F$. Then, the first term in the variance
formula (2.7)) is bounded by:

L*B'Q,BL* < o2\, pL*,

where we used the fact that L* is a pseudo-inverse of B’'B.

Next, since €25 < G21,,, the second term in the variance formula is bounded by:
L*B'Q,BL* < 52L*.
Therefore, the variance of the fixed effect is bounded by:
Var(a&) < (62 + o?M\,r) x L*.
Thus, for a unit vector e; with 1 at the i-th position and 0 elsewhere, we have:
Var(&;) = eiVar(a)e; < (62 + 02X\, r) X e;L¥e;.

By the proof of Theorem 2 in |Jochmans and Weidner| (2019)), we have

(3'L*e»<1 1+ ! 2
: b dz )\27Lhi m'

Thus,

1 1 2
Var(q;) < (52 + 0'72_)\,1,]:) X {d_z (1 + )\2,Lhi> — —},

which completes the proof. O

E.5. Proof of Proposition [2|
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Proof. Observe that from the transformed model (B.1)), we can write the residuals as
e=y—Ba=(1,, - B(BB)'B')y = Mgy
= MgF(7'/2 + 7°/2) + Mgé.

Recall that the statistic of interest minus ¢;(7*(U;) + 75(U;))/2 can be written as

1 . Tt(UZ')—FTS(Ui)
e €e — C;
di ecE; 2
1, i
1 n t 7 5 )
1 MR )2+ 7)2) — o ) ; (U (E.12)

ta

where 1; ,,, is the m-dimensional vector with 1,,,. = 1 if e € E; and 0 otherwise.

First, we show that (E.12)) converges to zero in probability. By the definition of €, this

term has mean zero. Its variance is given by

1
Var <Elg7mMBE> =

1

= (1), Mpée€ Mgl;,,]

~

2
B

<

9
7

where the inequality follows from ||[Mg]|| < 1 (since My is idempotent), E[e€'] < 621,
and 1;,.1;,, = d;. Since d; — oo, the variance converges to zero. Thus, by Chebyshev’s

S

inequality,
= Op ( 1 ) )

1 1
—1. Mpgeé=0, | —
di " Be p(\/dz’)

as d; — 00.
Second, we show that (E.11)) converges in probability to zero. For i ¢ V' this term
is exactly zero since either 1,,, = b; or 1,,, = —b;, where b; is the i-th column of B;

as there are no in- or outflows for ¢, 1,,, is orthogonal to Mg and thus the first term

vanishes. Also, note that ¢y = 0 in this case.
For i € V*!, since E[7°(U;)|U;] = 0 for j # i and o € {s,t}, we have

t Uz s Uz
A RRaCaI

1 -
dlilg Mgf,. Note ¢; € [0,1] since Mg is a

where f; is the i-th column of F, and ¢

projection matrix and 17, f
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Since

1 -
ElgﬁmMBF(%t/Q +7°/2)

1 ~
= 57 > (F'U) + (1) - 1, M
b jevst

7

the conditional variance given U; is

Var l12,mMBF<+t/2++5/2>|Ui] - G 2 (1;7mMij>2

d; 4d; A
jAIEV st
E[(r'(Ui) + 7°(U))?]
1 jEVSt

_ maxjeve | By BT (U3 + 7°(U)’)
- 4d;

-of3) -

as d; — 0o, where the first inequality uses |[Mp| < 1 and 1;7m]~°j = |E4 5|, and the last

equality follows by assumption. By the law of total variance and

Var diilé,mMBF(?tﬂ L r2) = e U £ TS(UZ')} =0 (1) = o(1),

Thus, by Chebyshev’s inequality,

- t(ry. s(T7.
TUnMF(r 24 72/2) - o T o, ()=o),

as d; — oo.

Finally, combining the results from the two steps, we have

1 ; 1
- ce — Ci(T(Us) +7°(U3)) /2 = Op | —= | = 0p(1),
2 alr W) 7)) () =)
as d; — oo by the continuous mapping theorem. This completes the proof. U

E.6. Proof of Proposition [3|

Proof. Validity of the confidence interval: First, we show that ¢, —, ¢,, where ¢,
is the a-quantile of F, for any a € (0, 1) such that ¢, < co. This is immediate from the
uniform convergence of Fnﬁ to F, in Theorem : Since FnyT weakly converges to F in
probability (Problem 23.1 in van der Vaart, [1998), ﬁn_i() — inf{z e R: F,.(z) > -}
weakly converges F-'(-) = inf{z € R: F,(x) > -} in probability (Lemma 21.2 in jvan der
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Vaart|, [1998)). Since F, is continuous and strictly increasing around c,, F'(a) = ¢, and

ba = FHa) =, ca.
Next, observe that by Theorem [1|and ((d! — d$)/d;)~! = O(1),

. dt — a5\ !
T = ( ld- z) (dZ—QZ) _>p T(Ui),

as d; — oo. Thus, (T, Caj2, C1—ay2) Weakly converges to (7(U;), Caj2; C1—as2). By Slutsky’s

theorem, we have
P(éa/2 < T < élfa/2> — ]P(Ca/Q <7(U;) < lea/Q) = FT(lea/2) - FT(Ca/2) =1-a

This shows the asymptotic validity of the confidence interval.
Validity of the test: Observe that under the null hypothesis, by Theorem [1| and the
continuous mapping theorem, we have

T= ((T(Ui))ievo)’gn((T(Ui))ievoZJrOp(l)

=gn((7(Ui)ievy ) =T

—a ((T(U1)ieny)) C((T(U))iewy),

-~

=9((r(Us)icvy ) =Too

where C' = Dt M ,,, D} and D§; = lim,, o, D;/y,. Note that the cdf of T is continuous.
Let Ti(m) be m-th random draw from Fnﬁ (with replacement) for m = 1,..., M. Then, the

simulated test statistic is given by

T = (Tz‘(m))ievo)/cn((ﬂ(m))iGVo)7

7/

v~

=gn (7™ )ievy)

C, =D, M, D, and D% = diag((di—d;)/d;,i € Vp). Note that 7™, m = 1,..., M
are independent and identically distributed conditional on Fnﬁ.

Let Ff;o be the distribution of (Ti(l))ievo given Fnﬁ and F®™ be the distribution of
(7(U;))ievy- Since ny is fixed, by the weak convergence of Fn,T to F. in probability, Ffﬁ}“
weakly converges to F2™ in probability (Theorem 2.8 in Billingsley, [1999). As g, and g
are continuous, by the continuous mapping theorem (Theorem 3.27 in [Kallenberg), 2002),
G’n,T weakly converges to G in probability, where Gn,T is the distribution of 7™ given
F,w and G is the distribution of T,,. Since G is continuous, by the same argument

as in the proof of the validity of the confidence interval, we have ¢, —, cq, Where ¢, is

the a-quantile of CAT’H,T and ¢, is the a-quantile of Gp. Thus, (T, ¢,) weakly converges to

69



(T, o). By Slutsky’s theorem, we have
P(T > él—a) — ]P(TOO > Cl—a) =1- GT(Cl—a) = Q,

which shows the asymptotic validity of the test with the known CAJmT.
Finally, we show that the test remains valid when CA;,LT is estimated by the empirical
distribution of 7™ m = 1,..., M. Let Gnm w be the empirical distribution of 7™ m =

1,..., M given Fnﬁ. Let ¢o,ar be the a-quantile of CA}’n,TyM. Observe that, for any ¢ > 0,

UP(T > élfa’M) — ]P)(T > C1,Q)|

~

= [P(Crras(T) > 1 — ) — P(GH(T) > 1 — a)(
<P(Gr(T) =1+ 0] <) + F (Gr(T) ~ Cozn(T)| > ¢)

<P(|Gr(T)—14a|<e)+P (sup Gy (x) — Grar(z)] > e) :

zeR

where the first equality follows from G’mT’ u and G being right-continuous, and the first
inequality follows from the fact that [I(x < a) —T(z < b)| <I(Jz —a| <€) +1(Ja —b| > €)
for any x,a,b € R and € > 0. By the continuous mapping theorem and the Portmanteau
theorem, the first term on the right-hand side converges to P(|Gr(T") — 1+ a| < ¢€), which
can be made arbitrarily small by choosing ¢ small enough. For the second term on the
right-hand side, observe that

sup |Gr(z) — Gurn(z)| < sup |Gr(z) — Gur(@)| + sup |Gur(z) — Grra (7))

zeR zeR zeR
Since G is continuous, the first term on the right-hand side converges to zero in prob-
ability (Problem 23.1 in van der Vaart], |1998]). The second term on the right-hand side
converges to zero almost surely by the Glivenko-Cantelli theorem as M — oo conditionally

on [, . Thus,

P (SUP |Gr(x) — G ()] > 6) — 0,
zeR
as n, M — oo. Since € > 0 is arbitrary, we have

]P)(T > él—a,M) — P(T > Cl—a) = q,

as n, M — oco. This completes the proof. O
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