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Abstract

This dissertation studies econometric methods for network data, with a focus

on estimation and inference under dependence, interference, and endogenous

network formation.

The first chapter studies fixed-effect regressions on network data with de-

pendent observations. Fixed effects are widely used to capture unobserved

heterogeneity in economic applications, yet most existing methods rely on condi-

tional independence assumptions that may fail in network settings. I consider a

framework in which errors arise from both node- and edge-level shocks that are

not fully absorbed by the fixed effects. I show that the least-squares estimator

of the fixed effects can be inconsistent due to a persistent noise component

induced by the dependence structure. To address this issue, I propose inference

methods that leverage regression residuals to explicitly account for dependence,

and I introduce a bias-correction procedure for estimating the sample variance

of the fixed effects.

The second chapter (co-authored with Yuya Shimizu) develops a framework

for linear regression analysis of network experiments. Ordinary least squares

(OLS) estimators are widely used in this context to estimate spillover effects.

We study the causal interpretation of, and inference for, the OLS estimator

under both design-based uncertainty from random treatment assignment and

sampling-based uncertainty in network links. We show that correlations among

regressors capturing exposure to neighbors’ treatments can induce contami-

nation bias, preventing OLS from aggregating heterogeneous spillover effects
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into a parameter with a clear causal interpretation. We derive the asymp-

totic distribution of the OLS estimator and propose a network-robust variance

estimator.

The third chapter develops estimation and inference methods for dyadic re-

gression models with endogenous link formation, which induces sample selection.

Dyadic data often exhibit a large number of zero outcomes. I explicitly model

these zero outcomes as arising from a link formation process jointly determined

with the outcome process. I propose a consistent semiparametric estimator

and show that it exhibits two distinct asymptotic regimes depending on the

underlying dependence structure. I then develop a bias-corrected confidence

interval and a variance estimator that adapt to both regimes.
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Chapter 1

Network Robust Inference for Fixed-Effect

Regressions

1.1 Introduction

Network data have become increasingly prevalent in applied economics, provid-

ing additional dimensions that are not available in individual-level data. One

important application of network data is the identification and estimation of

agent-level fixed effects to capture unobserved heterogeneity that is crucial for

understanding economic phenomena. For example, Card et al. (2013) estimate

the contribution of firm-level heterogeneity to wage inequality using matched

employer-employee data, exploiting job transitions and the corresponding wage

changes to separate firm-specific from worker-specific effects.1 In this setting,

firms are linked through workers’ mobility, forming a network of firms in which

firm-level fixed effects can be estimated from workers’ wage changes between

origin and destination firms. Such network structures naturally induce cross-

sectional dependence in outcomes, as agent-level shocks are shared across linked

observations. This paper examines how dependence in network data affects the

estimation and inference of fixed effects and proposes a novel inference method

that explicitly accounts for the dependence structure.
1Other examples include studies in labor: Abowd et al. (1999); Sorkin (2018); Engbom

and Moser (2022); Bonhomme et al. (2023), education: Jackson (2013); Bacher-Hicks and
Koedel (2023), health: Finkelstein et al. (2016, 2021), trade: Bernard et al. (2022), and
industrial organization: Alviarez et al. (2025).
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Despite the networked structure of the data, most state-of-the-art economet-

ric methods for fixed-effects estimation rely on the assumption that outcomes

are independent, or at most weakly dependent, conditional on fixed effects.

For example, Engbom and Moser (2022) estimate changes in workers’ and

firms’ contributions to wage determination using the methodology of Kline

et al. (2020), which assumes conditional independence of wages. However,

the plausibility of this assumption is application-dependent. For example, in

matched employer-employee data, the wage a worker receives from firm j may

be correlated with the wage received by another worker at the same firm due to

a firm-level shock (e.g., a change in management style) that is not fully captured

by time-invariant firm fixed effects. Such shocks can induce correlation in wage

differences between firm j and other firms, violating the conventional indepen-

dence assumption. The presence of network dependence can alter the behavior

of fixed-effect estimators and invalidate current econometric approaches.

In this paper, we study fixed-effect regressions on network data with depen-

dent errors. The data is associated with a graph whose nodes correspond to

economic agents and whose edges represent interactions; the unit of observation

is an edge, and each edge has an associated scalar outcome. We consider a

cross-sectional linear model in which an edge outcome is driven by the difference

between the incident nodes’ fixed effects, edge-level covariates, and an edge-level

error term that may be correlated across edges. Our parameters of interest

are the node-level fixed effects, which capture unobserved heterogeneity at the

node level. For example, in labor economics applications, the graph’s nodes

are firms and an edge links a pair of firms when a worker moves between them;

the edge outcome is the wage change for that mover, determined in part by
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the difference in the two firms’ fixed effects, which capture firm-level wage

premiums and underlying productivity differences.

In this high-dimensional setting, the dependence across outcomes poses

significant challenges for inference on fixed effects. To deal with these challenges

and for analytical tractability, we assume that errors are generated by both

node-level and edge-level shocks, which are not controlled for by the fixed effects,

introducing conditional dependence among the errors. This model allows for

dependence between two edges that share at least one node, capturing for

example the correlation in movers’ wage changes sharing the same origin or

destination firm due to exposure to firm-level shocks. Although higher-order

dependence between two edges that do not directly share a node is ruled out,

this dependence structure allows for independence as a special case.

In this setting, we find that both the connectivity of the graph and the

strength of the dependence structure jointly determine the behavior of the least-

squares estimator of fixed effects. The underlying graph must be sufficiently

well-connected to consistently estimate the fixed effects; otherwise, there is

insufficient information to identify them. This issue, known as “limited mobility”

(e.g., Andrews et al., 2008; Bonhomme et al., 2023), is well documented in the

literature. However, when allowing for dependence, a new challenge emerges: if

the graph is too densely connected, the resulting dependence can become too

strong, which in turn hinders precise estimation of the fixed effects. As a result,

strategies aimed at improving only connectivity by removing bottlenecks or

grouping fixed effects (as in Andrews et al., 2008; Bonhomme et al., 2019) may

not be effective in this context because they can increase graph density and

further strengthen dependence.
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Our main results are as follows. First, we derive a first-order approximation

for the least-squares estimator of fixed effects, showing that the estimator

can be inconsistent due to a persistent noise term arising from node-level

shocks that induce dependence and fail to average out. This inconsistency

poses a fundamental challenge for inference, as the usual asymptotic normal

approximation does not hold and conventional adjustments to standard errors

for dependence do not restore validity. To address this issue, we propose a

non-standard inference method à la Conley and Taber (2011), which exploits

information in the regression residuals to estimate the distribution of the

persistent noise term. We show that this estimated distribution is uniformly

consistent for the true one. Based on this result, we construct confidence

intervals for individual fixed effects and joint hypothesis tests for groups of

fixed effects, and we prove that these procedures are asymptotically valid.

Simulation exercises confirm that our inference methods perform well in finite

samples when connectivity and dependence are sufficiently balanced.

Second, we introduce a new bias-correction method for estimating moments

of fixed effects under the dependence structure. Rather than focusing on

each fixed effect individually, it is often of interest to estimate distributional

features of the fixed effects, such as their variance, which captures the extent

of unobserved heterogeneity. However, the plug-in estimator for these distri-

butional features can be substantially biased due to the nonlinearity of the

transformation and the presence of estimation error. Focusing specifically on

the variance of fixed effects, we characterize the bias inherent in the plug-in

estimator and decompose it into two components: one due to estimation error

under independence, or the “limited mobility bias,” and the other due to the



5

dependence structure. We show that the latter component can dominate the

former when both limited mobility and dependence are moderate. We then

develop a new bias-corrected estimator that primarily addresses the network-

dependence bias and prove its consistency. Simulation results demonstrate that

our bias-corrected estimator outperforms the plug-in estimator and existing

bias-correction methods that adjust only for limited mobility bias.

We demonstrate the usefulness of our results in the context of the Veneto

Worker History (VWH) file, a comprehensive matched employer-employee

dataset from the Veneto region in Italy. We construct a mobility network of

firms based on workers’ job transitions between 1999 and 2001 and estimate firm

fixed effects from workers’ wage changes between origin and destination firms

in a two-period AKM framework (Abowd et al., 1999). We then implement our

inference and bias-correction procedures. For inference, we construct a novel

confidence interval for the fixed effect of the most central firm in the mobility

network and find that this firm does not exhibit a significantly larger effect

than the average firm, reversing the conclusion obtained under conventional

confidence intervals that assume independence. This result aligns with recent

arguments that non-wage amenities play a significant role in attracting workers

(Sorkin, 2018; Mas, 2025) and highlights the importance of accounting for

dependence. For variance estimation, our bias-corrected estimator of the

variance of firm effects is about 30% smaller than the plug-in estimator and

marginally smaller than the bias-corrected estimator of Andrews et al. (2008),

which assumes independence. These findings suggest that the plug-in estimator

substantially overestimates dispersion in firm effects due to network dependence

and that accommodating dependence is crucial for accurate estimation of the
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variance.

Our paper contributes to the literature on fixed-effects estimation in network

data (Abowd et al., 1999; Andrews et al., 2008; Graham, 2017; Jochmans and

Weidner, 2019; Bonhomme et al., 2019; Kline et al., 2020; Bonhomme et al.,

2023). This body of work generally assumes conditional independence of

outcomes. The most closely related work is Jochmans and Weidner (2019),

which establishes a first-order approximation for the least-squares estimator

of fixed effects under at most weak dependence, and its asymptotic normality

under independence. In contrast, our paper introduces a strong dependence

structure and provides a first-order approximation of the estimator, along with

alternative inference methods that explicitly account for dependence. Relatedly,

Bonhomme et al. (2019) propose grouping fixed effects to make mobility

networks denser and improve estimation, allowing for network dependence

across groups. Unlike their approach, we do not require grouping of fixed effects

and instead develop inference methods that can potentially test the validity of

such grouping strategies.

The estimation of moments of fixed effects is also a key topic in this

literature. Andrews et al. (2008) provide a bias-correction approach for the

estimation of variance components under independence and homoskedasticity.

Kline et al. (2020) extend this method to accommodate heteroskedasticity,

maintaining the independence assumption or allowing at most weak cluster

dependence. Our paper is the first to introduce a bias-correction approach

for variance components estimation under the strong dependence structure,

showing that the bias stemming from network dependence is non-negligible

and can dominate the bias addressed by the existing methods. Although our
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current focus is on the sample variance of fixed effects, our approach can be

extended to other distributional features such as covariance between worker

and firm effects.

We also relate to the literature on two-way/dyadic cluster-robust inference

(Cameron et al., 2011; Cameron and Miller, 2014; Tabord-Meehan, 2019; Verdier,

2020; Davezies et al., 2021; Menzel, 2021; Chiang et al., 2024). While our

dependence structure shares features with these papers, our focus differs: we

center the analysis on inference of fixed effects, which this literature typically

treats as nuisance parameters. For example, Verdier (2020) studies inference for

common regression coefficients in matched employer-employee/student-teacher

data, allowing outcomes to be correlated if they share a firm/teacher, similarly

to our dependence structure. In that setting, they establish the asymptotic

normality for the estimator of common coefficients and propose a standard

error that is robust to both the dependence structure and to high-dimensional

fixed effects. By contrast, under our dependence structure, inference on fixed

effects themselves faces a fundamental difficulty: the least-squares estimator is

inconsistent and its asymptotic distribution is non-normal. We develop valid

inference procedures that address these challenges.

1.2 Model

In this section, we introduce the data structure and the linear model we consider

in this paper. We then introduce the dependence structure of error terms,

along with a useful decomposition to understand the behavior of the estimator.
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1.2.1 Setup

We consider network data based on a directed multigraph G = (V,E, s, t),

consisting of a node set V , an edge set E, and source and target functions

s, t : E → V . The node set V = {1, ..., n} contains n nodes, and the edge set

E = {1, ...,m} contains m edges. We use e to denote a typical edge in E. For

each edge e ∈ E, the source function s(e) specifies its origin node, while the

target function t(e) specifies its destination node.

Because multiple edges can exist between the same pair of nodes, we define

an edge subset E(i,j) = E(j,i) ⊂ E as the set of edges whose two endpoints are

nodes i and j:

E(i,j) = {e ∈ E : s(e) = i, t(e) = j or s(e) = j, t(e) = i} for each i, j ∈ V.

We allow E(i,j) to be empty when there are no edges between nodes i and j. By

convention, we do not allow self-loops, i.e., E(i,i) = ∅ for all i ∈ V . Additionally,

for each i ∈ V , let Es
i = {e ∈ E : s(e) = i} be the set of edges that originate

from node i and Et
i = {e ∈ E : t(e) = i} be the set of edges that terminate at

node i. Then, Ei = Es
i ∪ Et

i is the set of edges incident to node i. We define

the out-degree of node i as dsi = |Es
i |, the number of edges flowing out of node

i, and the in-degree as dti = |Et
i |, the number of edges flowing into node i. We

refer to di = dsi + dti as the degree of node i, which is the number of edges

incident to node i.

To illustrate the notation, consider the directed multigraph G shown in

Figure 1.1, with nodes V = {1, 2, 3, 4} and edges E = {1, ..., 7}. Focus on node

1: this node is the source of edges 1 ∈ E(1,2) = {1}, 5, 6 ∈ E(1,3) = {5, 6, 7},
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and the target of edges 4 ∈ E(1,4) = {4} and 7 ∈ E(1,3). Consequently, we have

s(1) = s(5) = s(6) = t(4) = t(7) = 1,

and so Es
1 = {1, 5, 6} and Et

1 = {4, 7}. The out-degree of node 1 is ds1 = 3, the

in-degree is dt1 = 2, and thus the degree is d1 = ds1 + dt1 = 5.

Figure 1.1: A directed multigraph G with n = 4 nodes and m = 7 edges.

1

2

3

4

1 2

34

5

6

7

Note: Arrows indicate the direction of edges. For example, edge 1 originates from node 1
and terminates at node 2.

The following matrices associated with graph G are crucial for our analysis.

First, the n× n (symmetric) adjacency matrix A is defined as

Ai,j = |E(i,j)|,

for i, j ∈ V . Note that A is the adjacency matrix of the undirected graph

derived from the directed graph G by ignoring the direction of edges and

counting the number of edges between each pair of nodes. The degree of node

i is also defined as di =
∑

j ̸=iAi,j . Let D be the n× n diagonal matrix with

degrees di placed along its diagonal.
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Next, define the m× n incidence matrix B as follows:

Be,i =


1 if t(e) = i

−1 if s(e) = i

0 otherwise

for e ∈ E and i ∈ V . The incidence matrix B maps a node-level vector to an

edge-level vector of differences. For example, for a vector v ∈ Rn, the e-th

element of Bv equals the difference vt(e) − vs(e). Finally, these matrices are

connected through the graph Laplacian L, defined as

L = B′B = D−A.

As we will see later, the graph Laplacian plays a crucial role in our analysis.

Remark 1.1. We focus on unweighted directed multigraphs for simplicity, but

our analysis can be extended to weighted graphs as in Jochmans and Weidner

(2019). In a weighted graph, each edge e ∈ E is associated with a positive

weight we > 0. The adjacency matrix A is then defined as Ai,j =
∑

e∈E(i,j)
we

for i, j ∈ V , and the incidence matrix B is defined as Be,i =
√
we if t(e) = i,

Be,i = −√
we if s(e) = i, and Be,i = 0 otherwise. Focusing on unweighted

graphs simplifies the notation and exposition, and does not affect the generality

of our results when applied to Example 1.1 and our empirical application where

each edge corresponds to a single worker transition.



11

1.2.2 Linear Model

Suppose that each edge e ∈ E is associated with a scalar outcome ye and a

p-dimensional covariate Xe. These outcomes and covariates are stacked into

the m-dimensional vector y = (ye)
m
e=1 and the m × p matrix X = (Xe)

m
e=1,

respectively. We consider the following linear model:

y = Bα+Xβ + ϵ,

where α = (αi)
n
i=1 is the n-dimensional vector of node-level fixed effects, β is

the p-dimensional vector of coefficients for the covariates, and ϵ = (ϵe)
m
e=1 is

the m-dimensional vector of edge-level errors. For now, we focus on estimation

of α and leave out covariates or equivalently treat β as known and redefine

y −Xβ as y.2 Then, the model can be simplified to

y = Bα+ ϵ, (1.1)

which we refer to as our regression model.

Element-wise, the regression model (1.1) is written as

ye = αt(e) − αs(e) + ϵe,

for e ∈ E. Thus, each outcome is driven by the difference between the

destination node fixed effect αt(e) and the origin node effect αs(e). The following

example illustrates how such differences in fixed effects naturally arise in
2Appendix A.1 provides formal results on the case where β is unknown and needs to be

estimated.
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economic applications.

Example 1.1. (Two-Period AKM model): An important example of the model

(1.1) arises from the so-called AKM model (Abowd et al., 1999), which links

worker and firm effects to wages. Leaving out covariates, in this model, worker

g is employed by firm J(g, t) at time t, and the (log) wage of worker g at time

t is given by

wg,t = ϕg + αJ(g,t) + ug,t, (1.2)

where ϕg is the worker fixed effect, αJ(g,t) is the firm fixed effect corresponding

to the worker’s employer at time t, and ug,t is the idiosyncratic error. Suppose

that the economy lasts for two periods, as considered in Section 2 of Kline et al.

(2020). Then, ‘movers,’ i.e., workers g with J(g, 1) ̸= J(g, 2), form an edge e

by transitioning from firm s(e) = J(g, 1) to firm t(e) = J(g, 2). Then, we can

write the wage difference as

wg,2 − wg,1︸ ︷︷ ︸
≡ye

= αJ(g,2) − αJ(g,1)︸ ︷︷ ︸
=αt(e)−αs(e)

+ug,2 − ug,1︸ ︷︷ ︸
≡ϵe

,

which corresponds to the model (1.1).

Theorem 1 of Jochmans and Weidner (2019) shows that when the graph G

is connected and the fixed effects α are normalized such that
∑

i∈V αidi = 0,
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the least-squares estimator for α is uniquely given by:

α̂ = (B′B)∗B′y = L∗B′y, (1.3)

where, for any n× n matrix C, C∗ denotes the pseudo-inverse defined as:

C∗ = D−1/2(D−1/2CD−1/2)+D−1/2

with + representing the Moore-Penrose inverse. Throughout the paper, we

maintain such assumptions on the graph structure and the normalization of

fixed effects that justifies the use of the estimator (1.3):

Assumption 1.1. The graph G is connected in the following sense: for any

i, j ∈ V , there exists a path between i and j on the undirected graph derived from

G. Furthermore, the fixed effects α are normalized such that
∑

i∈V αidi = 0.

If the graph is not connected, the normalization condition must be applied

separately to each connected component of the graph, and the subsequent

analysis can then be applied to each component individually. Therefore, it

will not be possible to compare fixed effects across different components. In

practice, researchers typically focus on the largest connected component if it

constitutes a significant portion of the entire graph (e.g., Engbom and Moser,

2022).

The specific normalization employed in Assumption 1.1 is not crucial for our

analysis, and alternative normalizations can be used to obtain similar results.

For example, we could normalize the fixed effects by imposing
∑

i∈V αi = 0,
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which leads to a least-squares estimator with a different pseudo-inverse:

α̂ = (B′B)+B′y.

Another common normalization is to set αi = 0 for a specific node i ∈ V . In

this case, the least-squares estimator can be written as

α̂−i = (B′
−iB−i)

−1B′
−iy,

where α̂−i is the (n− 1)-dimensional vector and B−i is the m× (n− 1) matrix

obtained by removing the i-th column of B. Although this normalization is

often used in practice, it complicates theoretical analysis by breaking the direct

link to graph-related objects such as the graph Laplacian L. As discussed in

Kline (2024), one can nonetheless relate (B′
−iB−i)

−1 to L∗ using the results

of Bozzo (2013). We leave the exploration of that connection to future work,

focusing here on the normalization in Assumption 1.1.

Remark 1.2. Note that randomness in our setup arises solely from the error

vector ϵ; the fixed effects α and the graph G, and hence the matrices A,B,D,L,

are treated as fixed. Accordingly, all probabilistic statements are understood as

conditional on α and G. This conditional approach is standard in the literature

on fixed-effect estimation with network data (e.g., Jochmans and Weidner, 2019;

Kline et al., 2020; Bonhomme et al., 2023).
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1.2.3 Dependence Structure

Next, we introduce a model of dependence for the edge-level errors ϵe. Previous

literature has typically imposed independence of the error terms across edges,

or at most weak dependence, meaning that the covariance matrix of ϵ is nearly

diagonal. However, since outcomes and errors are defined at the edge level,

more realistic dependence structures would allow for dependence between edges

that share a node, which is ruled out by the independence or weak dependence

assumptions.

Here, we focus on a first-order strong dependence structure: we allow for

sources of dependence including (i) node-level shocks, which induce dependence

between edges sharing a node; and (ii) edge-level shocks, which induce depen-

dence between edges in the same edge subset. These shocks are shared across

edges that either share a node or belong to the same edge subset, respectively,

and can generate strong dependence among the errors at the first order.

Specifically, for each edge e ∈ E, we assume the following structure for ϵe:

ϵe = f(Us(e), Ut(e), Ve); E[ϵe] = 0, (1.4)

where f is a measurable function unknown to the researcher and Us(e), Ut(e)

and Ve are random vectors. Specifically, Us(e) and Ut(e) represent node-level

shocks associated with the source and target nodes of edge e, while Ve is an

edge-level shock associated with edge e. Since our analysis does not depend on

their dimension, in the following, we treat each Ui and Ve as one-dimensional

random variables unless otherwise specified. Importantly, we do not require

prior knowledge of the form of f : it may be additive, interactive, or of any
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other form.

We impose the following structure on (1.4) to facilitate the analysis:

Assumption 1.2. The error term ϵ = (ϵe)
m
e=1 satisfies the following conditions:

(i) For each e ∈ E, ϵe follows (1.4), mine∈E E[ϵ2e] ≥ C1 > 0, and maxe∈E

E[ϵ4e] ≤ C2 <∞ for some absolute constants C1, C2 > 0.

(ii) The node-level shocks Ui, i ∈ V are independently and identically dis-

tributed. The edge-level shocks Ve, e ∈ E satisfy the following independence

structure:

Ve ⊥⊥ Ve′ if {s(e), t(e)} ̸= {s(e′), t(e′)}.

(iii) (Ui)
n
i=1 is independent of (Ve)me=1

Assumption 1.2 imposes a specific dependence structure on the error terms

ϵ. Part (i) ensures that the errors are non-degenerate and possess uniformly

bounded fourth moments. Part (ii) requires that the node-level shocks Ui

be homogeneously distributed across nodes, which is a strong restriction but

simplifies the analysis. In contrast, the edge-level shocks Ve are allowed to have

heterogeneous distributions and may exhibit correlation among them if two

edges belong to the same edge subset E(i,j). For example, one might write the
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covariance structure of Ve as follows:

Cov(Ve, Ve′) =


v2e if e = e′;

ve,e′ if e, e′ ∈ E(i,j) for some i, j ∈ V ;

0 otherwise,

where v2e and ve,e′ can be different across e, e′ ∈ E. Finally, part (iii), the

mutual independence between the node-level shocks (Ui)i∈V and the edge-

level shocks (Ve)e∈E , is a common assumption in the network and two-way

clustering literature (e.g., Graham, 2017; Menzel, 2021; Chiang et al., 2024).

This assumption is not as restrictive as it might seem because the function f

in (1.4) can incorporate both Ui and Ve in a nonlinear fashion, for example, by

allowing them to interact with each other.

An important implication of the dependence structure in (1.4) under As-

sumption 1.2 is that the error terms ϵ are dependent across edges either through

(i) shared node-level shocks Ui when two edges share one common node, or (ii)

correlation induced by edge-level shocks when two edges belong to the same

edge subset E(i,j). Consequently, we can write the covariance structure of ϵ as

Cov(ϵe, ϵe′) =


σ2e if e = e′;

σe,e′ if e ̸= e′ and e, e′ ∈ Ei for some i ∈ V ;

0 otherwise

, (1.5)

for e, e′ ∈ E. Note that we are allowing for heteroskedasticity in the error

terms, as the variance σ2e and covariance σe,e′ can differ across edges due to
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the heterogeneity of the edge-level shocks Ve.

Note that the dependence structure in (1.4) rules out higher-order correla-

tions among edges that are indirectly connected through common neighbors.

While this restriction simplifies the analysis, it is flexible enough to accommo-

date a broad range of first-order correlations, and it subsumes the traditional

assumption of independence as a special case.

We can connect the dependence structure in (1.4) to the AKM model in

Example 1.1:

Example 1.2. (Two-Period AKM model, continued). Consider the setting

described in Example 1.1. Recall that the error term in this model is given by

ϵe = ug,2 − ug,1 for a mover g. This error term can absorb misspecification in

the linear model (1.2), such as time-varying firm effects (Engbom et al., 2023;

Lachowska et al., 2023) and match-specific heterogeneity (Bonhomme et al.,

2019) that depends on both destination and origin firms, as captured in search

models with on-the-job search (e.g., Postel-Vinay and Robin, 2002; Bagger

et al., 2014; Di Addario et al., 2023). For instance, if firm effects vary over

time as αJ(g,t),t = αJ(g,t) + UJ(g,t),t for t = 1, 2, where UJ(g,t),t is a firm-level

shock at time t, then the error term contains UJ(g,2),2 − UJ(g,1),1 and can be

expressed in the form of (1.4) by setting Ui = (Ui,1, Ui,2) for each firm i ∈ V

and Ve = ug,2 − ug,1. Similarly, if there is match-specific heterogeneity that

depends on interactions among the worker, the origin firm, and the destination

firm, we may specify the error term as ϵe = UJ(g,1) ×UJ(g,2) −Ve, where UJ(g,1)

and UJ(g,2) are shocks to firms’ willingness to pay for the position, and Ve is a

mover-specific preference shock; this specification is a special case of (1.4). The
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interaction between UJ(g,1) and UJ(g,2) captures the idea that when both firms’

willingness to pay is high, competition for the worker intensifies, raising the

wage offer.

1.2.4 Decomposition

To isolate the impact of the dependence structure on the fixed-effect estimator α̂,

we propose the following decomposition. For each e ∈ E, define the functions:

τ se (·) ≡ E[ϵe|Us(e) = ·], τ te(·) ≡ E[ϵe|Ut(e) = ·].

These functions capture, respectively, the effects of the origin and destination

node-level shocks Us(e) and Ut(e) on the error term ϵe. Note that they are not

necessarily equal; the function f in (1.4) can be asymmetric in its arguments

Us(e) and Ut(e).

For example, suppose we have

ϵe = Ut(e)Us(e) + Ut(e) − 2Us(e),

and assume that E[Ui] = 1. Then we can show that

τ se (u) = −u+ 1 and τ te(u) = 2u− 2,

for any u ∈ U , the support of Ui. This example illustrates that the influence of

the node-level shocks on the error term can differ depending on whether the

shock comes from the origin or destination node.

To reduce dimensionality, we impose the following homogeneity assumption



20

on these functions:

Assumption 1.3. For any e, e′ ∈ E, we have

τ se = τ se′ ≡ τ s, τ te = τ te′ ≡ τ t.

This assumption ensures that τ te and τ se do not depend on the particular

edge e. In practice, under Assumption 1.2, this condition is satisfied if Ve

is identically distributed across edges. More generally, it is satisfied in a

broad class of models where there is a certain separability between the node-

level shocks Ui and the edge-level shocks Ve even when Ve is heterogeneously

distributed across edges.

A straightforward case is the additively separable model:

ϵe = Us(e) + Ut(e) + Ve,

which implies that τ s(u) = τ t(u) = u for any u ∈ U . We can also allow for

interactions between Ui and Ve, provided Ve is not transformed nonlinearly.

For instance, if we assume that E[Ui] = 0,E[Ve] = 1 and consider the model

ϵe = (Us(e) + Ut(e))× Ve,

then it follows that τ s(u) = τ t(u) = u for any u ∈ U .

In contrast, Assumption 1.3 is violated when heteroskedastic Ve is nonlin-
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early transformed in the interaction. For example, if we have

ϵe = (Us(e) + Ut(e))V
2
e

then

E[ϵe|Us(e) = u] = E[ϵe|Ut(e) = u] = u× v2e ,

which depends on the edge e through v2e = E[V 2
e ].

Notice that we can decompose the error term ϵe as follows:

ϵe = τ s(Us(e)) + τ t(Ut(e)) + ϵe − τ s(Us(e))− τ t(Ut(e)).

This decomposition is useful because it expresses the error term ϵe as a sum of

two uncorrelated components: the first component is the sum of the node-level

shocks τ s(Us(e)) and τ t(Ut(e)), while the second component is the residual error

term ϵe − τ s(Us(e))− τ t(Ut(e)), and these two components are uncorrelated:

E[τ o(Uo(e))× (ϵe − τ s(Us(e))− τ t(Ut(e)))]

= E[τ o(Uo(e))ϵe]− E[(τ o(Uo(e)))
2] ∵ E[τ s(Us(e))τ

t(Ut(e))] = 0

= E[τ o(Uo(e))E[ϵe|Uo(e)]]− E[(τ o(Uo(e)))
2]

= 0,

for o ∈ {s, t}.

In matrix form, we can write this decomposition as:

ϵ = Fsτ s + Ftτ t +
(
ϵ− Fsτ s − Ftτ t

)
,
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where Fs and Ft are the m× n matrices defined as:

Fs
e,i =


1 if s(e) = i

0 otherwise
, Ft

e,i =


1 if t(e) = i

0 otherwise
,

and τ s = (τ s(Ui))i∈V and τ t = (τ t(Ui))i∈V are the n-dimensional vectors of

node-level origin and destination shocks, respectively.

Now we can decompose α̂ as follows:3

α̂ = L∗B′y = α+ L∗B′(Fsτ s + Ftτ t) + L∗B′(ϵ− Fsτ s − Ftτ t). (1.6)

The first term in (1.6) represents the true fixed effects, the second term captures

the stochastic shock arising from the node-level dependence structure, and the

third term is the remaining noise term net of the node-level shocks.

1.2.5 Variance Bound

Since the second term and third term in (1.6) are orthogonal to each other, i.e.,

uncorrelated element-wise, the covariance matrix of α̂ is given by:

Cov(α̂) = L∗B′Ω1BL∗ + L∗B′Ω2BL∗, (1.7)

3Note that L∗Lα = α as L∗L works as a projection matrix on the null space of d and α
is in the null space of d: d′α = 0 under Assumption 1.1
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where

Ω1 = E[τ s(Ui)
2]Fs(Fs)′

+ E[τ s(Ui)τ
t(Ui)](F

s(Ft)′ + Ft(Fs)′) + E[τ t(Ui)
2]Ft(Ft)′,

Ω2 = Cov(ϵ− Fsτ s − Ftτ t).

The matrix Ω1 in the first term can be bounded as follows:

Ω1 ≾ σ2τ × FF′ ≾ σ2τ × λn,F × Im,

where σ2τ = maxo∈{s,t} E[τ o(Ui)
2], F = Fs + Ft = abs(B) is the signless

incidence matrix, λn,F is the largest eigenvalue of FF′, and ≾ indicates that the

right-hand side multiplied by some constant upper bounds the left-hand side in

the positive semidefinite ordering. Thus, the first term in (1.7) is bounded by

L∗B′Ω1BL∗ ≾ σ2τ × λn,F × L∗.

This λn,F captures the strength of the dependence structure induced by

the node-level shocks Ui as FF′ is the version of the adjacency matrix of the

line graph derived from G: non-diagonal entries of edge-edge matrix FF′ are

non-zero if two edges share at least one common node. Thus, if many edges

share nodes in common and dependence is strong, λn,F will be large and vice

versa.

The matrix Ω2 in the second term is block-diagonal because of the cluster-
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like dependence structure induced by Ve in Assumption 1.2 (ii):

Ω2 =


. . .

Ω(i,j)

. . .

 ,

Ω(i,j) =


σ2ek σek,el · · ·

σek,el σ2el · · ·
...

...
. . .

− (E[τ s(Ui)
2 + τ t(Ui)

2])ι|E(i,j)|ι
′
|E(i,j)|,

for each (i, j) such that E(i,j) ̸= ∅. Since the largest eigenvalue of Ω2 is the

maximum of the largest eigenvalues of each block Ω(i,j), we have

Ω2 ≾ σ̃2n × Im,

where σ̃2n ≡ maxi,j Ai,j maxe∈E(i,j)
(σ2e −E[τ s(Ui)

2+ τ t(Ui)
2]). Thus, the second

term in (1.7) is bounded by

L∗B′Ω2BL∗ ≾ σ̃2n × L∗.

Hence, the upper bound on the variance of the fixed-effect estimator is

proportional to

Cov(α̂) ≾ (σ2τ × λn,F + σ̃2n)× L∗.

Note that L∗ is proportional to the covariance matrix in the absence of the

dependence structure and is analyzed in Jochmans and Weidner (2019): it is
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inversely proportional to the connectivity of the graph. Thus, the covariance of

the estimator is amplified by the strong dependence structure, as captured by

σ2τ × λn,F , in addition to the weak dependence structure, as captured by σ̃2n.

To measure the connectivity, as in Jochmans and Weidner (2019), let λ2,L

be the second smallest eigenvalue of the normalized Laplacian

D−1/2LD−1/2.

Additionally, for each i ∈ V , define

hi =

 1

di

∑
j ̸=i

A2
i,j

dj

−1

,

which is a harmonic mean of the degrees of the neighbors of node i. These two

objects reflect the graph’s connectivity: λ2,L captures the global connectivity,

while hi characterizes the local connectivity around node i.

The following proposition provides a finite-sample upper bound on each

diagonal element of Cov(α̂).

Proposition 1.1. Under Assumptions 1.1-1.3, the variance of each fixed-effect

estimator α̂i is bounded as follows:

Var(α̂i) ≤
(
σ̃2n + λn,Fσ

2
τ

)
×

{
1

di

(
1 +

1

λ2,Lhi

)
− 2∑

j∈V dj

}
.

Proposition 1.1 highlights that the worst-case variance of the fixed-effect

estimator depends critically on the interplay between graph connectivity (as

captured by λ2,L) and the density of the line graph (as measured by λn,F ). In
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particular, when the node-level shocks Ui are degenerate (i.e., σ2τ = 0), this

bound recovers the variance bound found in Jochmans and Weidner (2019) if

we further assume that Ve is independently distributed across edges with same

variance (i.e., σ̃2n = σ2):

Var(α̂i) ≤ σ2 ×

{
1

di

(
1 +

1

λ2,Lhi

)
− 2∑

j∈V dj

}
,

found in Theorem 2 of Jochmans and Weidner (2019).

It is well known in the spectral graph literature that (Cvetković et al., 2007)

2min
k∈V

dk ≤ λn,F ≤ 2max
k∈V

dk,

Thus, the upper bound in Proposition 1.1 is of order

O(λn,F /di + λn,F /(diλ2,Lhi)),

which is O(1) if di ∝ λn,F and λ2,Lhi is bounded away from zero. This implies

that even when the graph is well-connected, the consistency of the fixed-effect

estimator is not guaranteed in the worst-case scenario. In the following example,

λn,F is proportional to di and the bound in Proposition 1.1 is shown to be tight

up to a constant factor.

Example 1.3. Consider a star graph with one central node (node i) connected

to n− 1 peripheral nodes, each of which is connected only to the central node.

Suppose there are no multiple edges and s(e) = i for all edges e ∈ E. Suppose

further that τ t = τ s = τ . In this case, if Ve is i.i.d. across edges, we can
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directly compute the variance of α̂i as follows:

Var(α̂i) =
(n− 1)E[ϵ2e]

n2
+

(n− 1)(n− 2)E[τ(Ui)
2]

n2
,

which is O(1) and bounded away from zero as n→ ∞ if and only if E[τ(Ui)
2] >

0. Also, in this case, we have λn,F = n, λ2,L = 1,
∑

j∈V dj = 2(n − 1), and

hi = 1. Thus, the upper bound in Proposition 1.1 is given by

Boundstar ≡
E[ϵ2e]
n− 1

+
(n− 2)E[τ(Ui)

2]

n− 1
,

and a straightforward calculation shows that

Boundstar

4
≤ Var(α̂i) ≤ Boundstar.

Therefore, the variance bound in Proposition 1.1 is tight up to a constant factor

in this example.

Remark 1.3. Note that λn,F and λ2,L can vary independently. For instance, in

Figure 1.2, panel (a) illustrates a star graph with λn,F /n = 1 and λ2,L = 1 ≫ 0,

whereas panel (b) depicts two highly connected clusters linked by a single edge,

yielding λn,F /n ≈ 1 and λ2,L ≈ 0. Thus, a high λ2,L does not imply a low

λn,F , and vice versa. There can, however, be a trade-off in some cases. For

example, aggregating low-degree nodes (e.g., firms with fewer than 15 movers)

into a single supernode to improve connectivity, as in Andrews et al. (2008) and

Alviarez et al. (2025), tends to raise λ2,L, but it also raises λn,F because the

supernode connects to many other nodes, thereby strengthening the dependence
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structure. Similarly, grouping fixed effects into fewer classes (e.g., Bonhomme

et al., 2019) can increase both λn,F and λ2,L. Consequently, these aggregation

strategies need not reduce the variance of the fixed-effect estimator: they may

simultaneously improve connectivity while amplifying dependence.

Figure 1.2: Comparison of λn,F and λ2,L

(a) High λn,F and high λ2,L (b) High λn,F and low λ2,L

1.3 Asymptotic Theory

The variance decomposition in (1.7) and the finite-sample variance bound in

Proposition 1.1 help clarify the behavior of the fixed-effect estimator under

the assumed dependence structure. Notably, the estimator can be inconsistent

even when the graph is well-connected, contrasting with the consistency results

under independence (see Jochmans and Weidner, 2019). However, the finite-

sample theory above provides only a worst-case bound and does not sharply

characterize the estimator’s behavior, except for specific graph structures like

Example 1.3. Therefore, in this section, we develop a first-order approximation
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for the fixed-effect estimator and propose a new inference method for fixed

effects under an asymptotic framework, where the sequence of graphs G1,G2, . . .

grows both locally around each node of interest and globally in terms of the

number of nodes and edges.

1.3.1 First-Order Approximation

We begin with the following first-order approximation for the fixed-effect

estimator. The idea is to decompose the estimator as follows:

α̂−α = D−1B′ϵ+D−1A(α̂−α)︸ ︷︷ ︸
≡r

.

The remainder term r aggregates the deviation of the fixed-effect estimator

from the true effects, and it will be shown to be negligible, depending on both

the connectivity of the graph and the dependence structure as seen in the

variance bound in Proposition 1.1.

Element-wise, the first term of the decomposition for node i is given by

1

di

∑
e∈Ei

Be,iϵe.

Thus, each fixed-effect estimator α̂i is locally driven by the average of the error

terms ϵel over the set Ei of edges incident to node i.

We can further decompose the estimator as follows:

α̂−α = D−1B′(Fsτ s + Ftτ t) +D−1B′(ϵ− Fsτ s − Ftτ t) + r. (1.8)
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The first term on the right-hand side of (1.8) can be expressed as

dti
di
τ t(Ui)−

dsi
di
τ s(Ui)−

1

di

∑
e∈Es

i

τ t(Ut(e)) +
1

di

∑
e∈Et

i

τ s(Us(e))


i∈V

.

Note that the term

dti
di
τ t(Ui)−

dsi
di
τ s(Ui)

is generally persistent as di increases as at least one of dti/di or dsi/di converges to

a non-zero constant. On the other hand, since τ s(Uj) and τ t(Uj) are mean-zero

random variables for any j ∈ V , the averages

1

di

∑
e∈Es

i

τ t(Ut(e)),
1

di

∑
e∈Et

i

τ s(Us(e))

are of smaller order than the persistent term. Furthermore, the second and

third terms in (1.8) are also of smaller order than the persistent term if the

graph is well-connected. The following assumption ensures that the remaining

terms are negligible and simplifies the asymptotic analysis:

Assumption 1.4. The number of edges between each pair of nodes is ab-

solutely bounded, i.e., there exists an absolute constant C > 0 such that

maxi,j∈V |E(i,j)| ≤ C for all n ∈ N.

Assumption 1.4 can be relaxed to allow for a growing number of edges

between each pair of nodes, provided that the growth is sufficiently slow. For

example, if node i is of interest and di → ∞, we can allow for maxi,j∈V |E(i,j)| →
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∞ as long as the growth rate is slower than di. Also, we can force this

assumption to hold by randomly removing a subset of multiple edges between

each pair of nodes such that the number of remaining edges is bounded.

The following result summarizes the above discussion and provides a first-

order approximation for the fixed-effect estimator α̂:

Theorem 1.1. Under Assumptions 1.1-1.4, for each i ∈ V , we have

α̂i − αi =
dti
di
τ t(Ui)−

dsi
di
τ s(Ui) +Op

(√
λn,F

diλ2,Lhi

)
,

as di → ∞.

Theorem 1.1 shows that the fixed-effect estimator is approximated by the

true fixed effect plus a mean-zero noise term, expressed as a weighted difference

in the origin and destination effects, τ s(Ui) and τ t(Ui). Thus, the estimator

is unbiased but inconsistent. The inconsistency arises because the fixed-effect

estimator is, approximately, a local average of the error terms in which the

node-level random effects are not fully averaged out. That is why the noise

term is closely related to the proportions of edges where node i appears as an

origin (dsi/di) versus as a destination (dti/di). Since the noise does not vanish,

this result is consistent with the intuition that the fixed-effect estimator is

potentially inconsistent even in a well-connected graph due to the dependence

structure.

Also note that Theorem 1.1 extends Theorem 4 in Jochmans and Weidner

(2019), which establishes the first-order approximation of α̂i under a weak

dependence structure. In Jochmans and Weidner (2019), this weak dependence
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structure is characterized by requiring that the largest eigenvalue of E[ϵϵ′]

remains bounded by a positive absolute constant. In our framework, however,

the dependence structure is sufficiently strong that the largest eigenvalue of

E[ϵϵ′] can diverge with di. This divergence leads directly to the inconsistency

of the fixed-effect estimator in our setting.

The remainder term is negligible if the graph is well-connected, such that

λ2,L does not decay too quickly and λ2,Lhi → ∞, and the graph itself grows

sufficiently slowly relative to di, ensuring that λn,F /di does not grow too rapidly

as di increases. In that case, we have

α̂i − αi =
dti
di
τ t(Ui)−

dsi
di
τ s(Ui) + op(1),

so that the fixed-effect estimator converges to

αi +
dti
di
τ t(Ui)−

dsi
di
τ s(Ui).

A sufficient condition for this is that

λn,F /(diλ2,Lhi) → 0.

This condition is satisfied in the following examples:4

Example 1.4. Suppose that G is a complete graph. Then, di = n−1, hi = n−1

for each i ∈ V and λn,F = 2(n − 1), λ2,L = 1. Thus, λn,F /(diλ2,Lhi) =

4The dependence measure λn,F can be conservative in highly heterogeneous graphs where
a few nodes have a large number of links. Improving this bound will be an important direction
for future work.
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2/(n− 1) → 0 as n→ ∞.

Example 1.5. Suppose that G is an Erdős–Rényi random graph with edge

probability pn = clog(n)/n for some constant c > 1. Then, di/ log(n) →

c, hi/ log(n) → c for each i ∈ V and λn,F / log(n) → c, λ2,L → 1 almost surely

as n→ ∞. Thus, λn,F /(diλ2,Lhi) ≈ 1/ log(n) → 0 almost surely as n→ ∞.

A counterexample that violates the condition λn,F /(diλ2,Lhi) → 0 is given

below:

Example 1.6. Suppose that G is a stochastic-block random graph composed of

two blocks of size n/2. Let the intra-block edge probability be pn = p0 log(n)/n

for some constant p0 > 2, and let the inter-block edge probability be qn = q0/n

for some constant q0 < p0. Then, for each i ∈ V , di/ log(n) → p0/2 and

hi/ log(n) → p0/2, and λn,F / log(n) → p0/2, λ2,L × log(n) = O(1) almost

surely as n → ∞. Thus, we have λn,F /(diλ2,Lhi) = O(1) almost surely as

n→ ∞.5

In Example 1.6, the graph is not well-connected: the connections between

the two blocks are sparse, making it easier for the graph to break into two

disconnected components as n increases. In contrast, within each block, the

graph is densely connected, and the dependence structure remains non-negligible.

Consequently, the first-order approximation in Theorem 1.1 may fail under such

conditions.6 Indeed, without the dependence structure, λn,F would be replaced
5This result is based on Deng et al. (2021), who characterized the asymptotic behavior of

λ2,L in the stochastic-block random graphs
6Note that this condition is a sufficient but not necessary condition for the negligibility
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by 1, so even with the stochastic-block structure, the fixed-effect estimator

would be consistent for αi as 1/(diλ2,Lhi) → 0 as di → ∞.

Remark 1.4. Attempting to improve connectivity by aggregating nodes into

supernodes or grouping fixed effects into fewer classes, as discussed in Remark

1.3, may help achieve the negligibility of the remainder term in Theorem 1.1.

For instance, when grouping fixed effects into K classes as in Bonhomme et al.

(2019), the mobility network likely becomes closer to a complete graph, as

in Example 1.4, with λ2,L bounded away from zero and λn,F /di close to one,

especially when K is small and mobility across classes is dense (e.g., K = 10).

As long as these aggregation strategies are aligned with the data generating

process, Theorem 1.1 can provide a useful approximation for the fixed-effect

estimator in such cases after aggregation.

1.3.2 Inference

The first-order approximation in Theorem 1.1 suggests a potential approach

for performing inference on the fixed effect αi by estimating the distribution of

dti
di
τ t(Ui)−

dsi
di
τ s(Ui).

However, the challenge is that we must either directly estimate the differences

across nodes or estimate each τ s(Ui) and τ t(Ui) separately. This is in general

not feasible without additional assumptions as αi is unknown and only the sum

τ t(Ui) + τ s(Ui) can be consistently estimated.

of the remainder term. Thus, even if λn,F /(diλ2,Lhi) ↛ 0, the remainder term may still be
negligible depending on the specific graph structure and dependence structure.
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To illustrate this point, consider the residual ϵ̂ defined as

ϵ̂ ≡ y −Bα̂ = MBy,

where MB = Im − BL∗B′ projects onto the orthogonal complement of the

column space of B. For each i ∈ V , let ci be defined as

ci =
1

di
f ′
iMBf i,

where f i is the i-th column of F. Note that ci ∈ [0, 1] because f ′
if i = di and

MB is a projection matrix. Intuitively, ci is a measure of balance between the

inflow and outflow of edges incident to node i: if dti − dsi is close to zero, then

ci is close to one, while if |dti − dsi | is close to di, then ci is close to zero. In fact,

we can show that

ci ≈ 1−
(
dti − dsi
di

)2

,

when the graph is well-connected with large λ2,Lhi.

By locally averaging the residuals, we can obtain the following:

Proposition 1.2. Under Assumptions 1.1-1.4, for each i ∈ V , we have

1

di

∑
e∈Ei

ϵ̂e = ci ×
τ t(Ui) + τ s(Ui)

2
+Op

(√
1

di

)
,

as di → ∞.

Proposition 1.2 shows that if node i has sufficient balance between its inflow

and outflow of edges, the local average of the residuals ϵ̂e for edges incident to
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node i contains information about the average (τ t(Ui) + τ s(Ui))/2. Specifically,

if ci > 0, we have

τ̂i ≡
1

dici

∑
e∈Ei

ϵ̂e =
τ t(Ui) + τ s(Ui)

2
+Op

(√
1

c2i di

)
. (1.9)

Thus, as long as the balance measure ci does not converge to zero quickly, we

can consistently estimate the average (τ t(Ui) + τ s(Ui))/2. An extreme case

would be when ci = 0, which occurs when dti = 0 or dsi = 0. In this case,

the local average of the residuals is exactly zero and uninformative about the

average (τ t(Ui) + τ s(Ui))/2.

Remark 1.5. The convergence rate of τ̂i in (1.9) is notable because it does not

depend on λn,F or λ2,Lhi. In other words, the convergence rate is determined

solely by the balance and the number of edges incident to node i, regardless of the

overall connectivity of the graph or the strength of the dependence structure. This

implies that even if the graph is not well-connected and the dependence structure

is strong, so the first-order approximation in Theorem 1.1 may not hold, as in

Example 1.6, we can still consistently estimate the average (τ t(Ui) + τ s(Ui))/2

as long as the edges incident to node i are sufficiently balanced.

As argued above, the average (τ t(Ui)+τ
s(Ui))/2 is not sufficient for perform-

ing inference on the fixed effect αi because essentially we have three unknowns
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(αi, τ
t(Ui), τ

s(Ui)) for two equations:

α̂i ≈ αi +
dti
di
τ t(Ui)−

dsi
di
τ s(Ui)

τ̂i ≈
τ t(Ui) + τ s(Ui)

2
.

To facilitate inference, we impose the following additional structure on the τ s(·)

and τ t(·) functions:

Assumption 1.5. For any u ∈ U , we have

τ s(u) = τ t(u) ≡ τ(u).

Assumption 1.5 is satisfied in a broad class of models where the dependence

structure is symmetric in Us(e) and Ut(e), such as the additively separable model

or the interactive model discussed above following Assumption 1.3. Importantly,

this assumption is weaker than requiring symmetry of f in (1.4) with respect

to the origin and destination shocks, i.e., f(u, u′, v) = f(u′, u, v) for all u, u′, v

in their supports. The following example illustrates that Assumption 1.5 can

hold even when f is not symmetric in Us(e) and Ut(e): If

ϵe = f(Us(e), Ut(e), Ve) = Us(e) + Ut(e) + Us(e) ×
(
U2
t(e) −

1

3

)

with Ui ∼ Unif[−1, 1], then

τ s(u) = τ t(u) = u
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for all u ∈ U , even though (Us(e), Ut(e)) = (1, 0) and (0, 1) yield ϵe = 2/3

and 1, respectively, which breaks the symmetry of f . Thus, we can allow for

asymmetric responses of the error term to the origin and destination shocks,

while still satisfying Assumption 1.5.

When Assumption 1.5 is violated, ϵe is necessarily asymmetric in Us(e) and

Ut(e). For example, consider the model where

ϵe = Us(e)Ut(e) + Ut(e) − 2Us(e),

and suppose E[Ui] = 1. In this case, one can verify that

τ s(u) = −u+ 1, τ t(u) = 2u− 2,

so that τ s(u) ̸= τ t(u) for any u ∈ U except for u = 1.

The following example connects Assumption 1.5 to the AKM model dis-

cussed earlier:

Example 1.7. (Two-Period AKM model, revisited). Consider the two-period

AKM model described in Examples 1.1 and 1.2. In the time-varying firm effect

model with αj,t = αj +Uj,t for firm j and period t = 1, 2, the error term can be

specified as

ϵe = Ut(e),2 − Us(e),1 + Ve, E[Uj,t] = E[Ve] = 0.

To reduce the dimension of the shocks, suppose Uj,2 = ρUj,1 for some constant

ρ ∈ R. Then, τ s(u) = −u and τ t(u) = ρu. Thus, Assumption 1.5 holds if
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and only if ρ = −1, i.e., the random component of the firm effect is perfectly

negatively correlated over time. In contrast, in the model with match-specific

heterogeneity, if we specify the error term as

ϵe = Us(e)Ut(e) − Ve, E[Uj ] = E[Ve] = 1,

then we have τ s(u) = τ t(u) = u− 1, so Assumption 1.5 holds.

Remark 1.6. Instead of imposing Assumption 1.5, we may consider alternative

normalizations for the functions τ s(·) and τ t(·), such as setting τ t(·) = 0 or

τ s(·) = 0. In these cases, the nonzero function can be denoted by τ , and

inference can proceed as described below. More generally, if there is a linear

relationship between τ t(·) and τ s(·), we may set τ(·) = τ t(·) and τ s(·) = cτ(·),

or τ(·) = τ s(·) and τ t(·) = cτ(·) for some constant c. The time-varying firm

effect model in Example 1.7 is an instance of this, with τ t(·) = −ρτ s(·). See

Appendix A.3 for inference under such settings.

Under Assumption 1.5, Proposition 1.2 implies that we can consistently

estimate τ(Ui) as follows:

τ̂i ≈ τ(Ui),

if c2i di → ∞ as di → ∞. Moreover, under Assumption 1.5, Theorem 1.1 implies

that

α̂i − αi ≈
dti − dsi
di

τ(Ui),

provided that λn,F /(diλ2,Lhi) → 0 as di → ∞. Thus, we can leverage the
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consistency of τ̂i to estimate the distribution of τ(Ui) and to perform inference

on fixed effects.

Remark 1.7. Since τ̂i is a consistent estimator for τ(Ui), one might consider

correcting the fixed-effect estimator as follows:

α̂i −
dti − dsi
di

τ̂i ≈ αi.

For point estimation, this correction would yield a consistent estimator for αi

if the remainder term in Theorem 1.1 is negligible and i has sufficient balance.

Relatedly, Appendix A.2 discusses an alternative estimator for αi that directly

incorporates this correction. For inference, however, we do not pursue this

approach for two reasons. First, this correction is not feasible for every node

i ∈ V when ci = 0 or close to zero, as τ(Ui) cannot be consistently estimated in

these cases. This issue is particularly relevant when nodes of interest, or a non-

negligible number of nodes, have ci close to zero, as observed in the empirical

application in Section 1.6 and in Figure 1.3. Second, the correction does not

guarantee asymptotic normality, since the remainder term r in (1.8) can be

dominant with order Op(
√
λn,F /(diλ2,Lhi)), and the central limit theorem does

not directly apply to this term. Moreover, estimating the standard error of the

corrected estimator is not straightforward without further assumptions on the

distribution of (Ve)e∈E. These considerations motivate the development of a

new inference method based on the empirical distribution of τ̂i for i ∈ Cn, as

defined below.

For this purpose, we impose the following assumption on the distribution
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of τ(Ui):

Assumption 1.6. τ(Ui) has a continuous cumulative distribution function Fτ .

Assumption 1.6 ensures that the distribution of τ(Ui) is well-behaved. This

excludes degenerate cases and guarantees that the dependence structure remains

relevant as the graph size n increases. Since τ(Ui) is mean-zero, degeneracy

would imply τ(Ui) = 0 almost surely for all i ∈ V , in which case the standard

inference results from Jochmans and Weidner (2019) would apply.

We define the set of nodes useful for estimating τ as Cn ≡ {i ∈ V : ci > c},

where c > 0 is an absolute constant.7 Figure 1.3 illustrates the determination

of Cn using data from the empirical application in Section 1.6. Let F̂n,τ be the

empirical distribution function of τ̂i for i ∈ Cn, defined as

F̂n,τ (t) ≡
1

|Cn|
∑
i∈Cn

I (τ̂i ≤ t) ,

where I(·) is the indicator function. Also, define the following object to globally

control the estimation errors for |Cn| nodes:

ηn ≡ 1

|Cn|
∑
i∈Cn

1

di
,

which tends to zero as n→ ∞ provided that nodes in Cn have growing di on

average.

Then, we have the following result:
7We fix c as an absolute constant for simplicity. At the cost of complicating the proofs,

we can allow c to depend on n and converge to zero sufficiently slowly as n → ∞.
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Figure 1.3: Determination of Cn

Notes: This figure presents the distribution of the balance measure ci using data from the
empirical application in Section 1.6. The orange bins correspond to nodes in the set Cn with
ci > c and the red dash line indicates the threshold c = 0.2.

Theorem 1.2. Under Assumptions 1.1-1.6, if |Cn| → ∞ and ηn → 0 as n→ ∞,

we have

sup
t∈R

|F̂n,τ (t)− Fτ (t)| →p 0,

as n→ ∞.

The additional conditions |Cn| → ∞ and ηn → 0 ensure that there are

enough informative nodes to reliably estimate the distribution of τ(Ui). These

conditions are satisfied in many graphs with growing degrees, where nodes have

sufficient inflow and outflow of edges. For example, in Examples 1.4-1.6, for

each edge, if source and target nodes are assigned independently at random

with probability q ∈ (0, 1) and 1− q, respectively, then the conditions are likely
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satisfied when q is an absolute constant.

Conditioning on Cn does not introduce selection bias because Cn is de-

termined solely by the graph structure Gn, which is treated as fixed and

independent of the error terms (ϵe)e∈E in our analysis. However, if the graph

structure is endogenous to (ϵe)e∈E , conditioning on Cn could distort inference

about the distribution of τ(Ui). Addressing such endogeneity is beyond the

scope of this paper and is left for future research.

Theorem 1.2 is useful for conducting inference on fixed effects in a manner

similar to that of Conley and Taber (2011), who developed a non-standard

inference under small treatment group asymptotics. Noting that

(
dti − dsi
di

)−1

(α̂i − αi) ≈ τ(Ui),

for i ∈ V such that |dti − dsi | > dic for some absolute constant c > 0, we

can construct a confidence interval for αi by inverting the test based on F̂n,τ .

Specifically, for a given confidence level 1−α, let ĉα/2 and ĉ1−α/2 be the (α/2)-

th and (1− α/2)-th quantiles of F̂n,τ , respectively. Then, the 1− α confidence

interval for αi is given by

CIi,1−α ≡


[
α̂i −

(
dti−dsi
di

)
ĉ1−α/2, α̂i −

(
dti−dsi
di

)
ĉα/2

]
if dti − dsi > 0;[

α̂i −
(
dti−dsi
di

)
ĉα/2, α̂i −

(
dti−dsi
di

)
ĉ1−α/2

]
if dti − dsi < 0.

(1.10)

Another useful application of Theorem 1.2 is joint hypothesis testing for

fixed effects α. For example, consider testing the null hypothesis that a subset
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V0 of nodes share the same fixed effect:

H0 : αi = αj for all i, j ∈ V0 versus H1 : αi ̸= αj for some i, j ∈ V0.

We can test this hypothesis using the following test statistic:

T = α̂′
V0
Mn0α̂V0 (1.11)

where αV0 = (αi)i∈V0 , n0 = |V0|, and Mn0 is the demeaning matrix of size n0.

Under the null hypothesis,

α′
V0
Mn0αV0 = 0,

and the distribution of T can be approximated by simulating α̂V0 as ((dti −

dsi )/di×τ
(m)
i )i∈V0 forM repetitions, where each τ (m)

i is drawn from the empirical

distribution F̂n,τ . Let ĉT1−α denote the (1 − α) quantile of the simulated

distribution of T under the null. The test rejects H0 if T > ĉT1−α.

More generally, we can test linear hypotheses of the form H0 : Rα = 0

for some known q × n matrix R with rank q using a similar approach and

constructing the test statistic as gn(α̂V0) for some known function gn(·) such

that the null distribution can be simulated from F̂n,τ .

The following result establishes the asymptotic validity of the confidence

interval in (1.10) and the test based on the statistic T in (1.11):8

8Our result here only establishes pointwise asymptotic validity. Establishing uniform
asymptotic validity over a class of DGPs and graph sequences is an important direction for
future work.
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Proposition 1.3. Suppose that the conditions of Theorem 1.2 hold. Suppose

also that Fτ is strictly increasing around quantiles of interest. For each i ∈ V

such that (dti − dsi )/di = O(1) and λn,F /(diλ2,Lhi) → 0 as n→ ∞, we have

lim
n→∞

P (αi /∈ CIi,1−α) = α.

Also, if for each i ∈ V0, (dti − dsi )/di → csti , mini∈V0 |csti | > 0, maxi∈V0

λn,F /(diλ2,Lhi) → 0 as n→ ∞, and n0 is fixed, then

lim
n,M→∞

P(T > ĉT1−α) = α,

under the null hypothesis that αi = αj for all i, j ∈ V0.

Remark 1.8. The proposed inference methods rule out the case where nodes of

interest have almost perfect balance between their inflow and outflow of edges,

i.e., dti ≈ dsi . In such cases, we have

α̂i − αi ≈ 0

and little information on τ(Ui) remains in α̂i. The confidence interval in (1.10)

and the distribution of the test statistic T will be degenerate, leading to unreliable

inference. If all nodes of interest have such balance, we can at least acknowledge

that the estimates for these nodes are consistent without correcting as done in

Remark 1.7.
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1.4 Variance Components Estimation

In the previous sections, we have focused on the estimation and inference

of fixed effects α. However, in empirical applications, researchers are often

interested in distributional properties of the fixed effects. For example, Card

et al. (2013) estimate the sample variance of firm fixed effects in the AKM

model to assess the contribution of workplace heterogeneity to rising wage

inequality. In this section, we focus on estimating the sample variance of the

fixed effects α and address the bias in the sample variance estimator that

arises from the dependence structure. See Appendix A.4 for estimation of the

covariance between two sets of fixed effects.

1.4.1 Estimation

Our parameter of interest is the sample variance of α, given by

Vα ≡ 1

n

∑
i∈V

(αi −α)2

=
α′Mnα

n
,

where Mn = In − 1/n× ιnι
′
n is the demeaning matrix, ιn is an n-dimensional

vector of ones, and α = ι′nα/n is the average of α. We can estimate Vα by

plugging in α̂ for α:

V̂α =
α̂′Mnα̂

n
.
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It is well known that V̂α is biased upward due to the estimation error in α̂

even in cases where dependence is ruled out (Andrews et al., 2008). To see

this, from (1.3), we have

E[V̂α] = Vα +
E[ϵ′BL∗MnL

∗B′ϵ]

n

= Vα +
tr(BL∗MnL

∗B′E[ϵϵ′])
n

, (1.12)

where tr(·) denotes the trace of a matrix. Thus, the bias in V̂α is given by the

second term in (1.12).

The bias term in (1.12) is nonzero in general and known as “limited mobility

bias” in the literature. As an illustration, suppose that ϵ is independent and

identically distributed. Then, the bias term simplifies to

E[ϵ2e]×
tr(MnL

∗)

n
,

which is inversely proportional to the connectivity of the graph.

1.4.2 Bias Correction

To correct the bias in V̂α, several bias-correction methods have been proposed

in the literature. When ϵ is independent and identically distributed, the bias

can be estimated by the following formula (Andrews et al., 2008):

σ̂2 × tr(MnL
∗)

n
,

where σ̂2 is an estimator consistent for E[ϵ2e]. Kline et al. (2020) extends this

bias-correction method to accommodate the case where ϵ is independent but
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not identically distributed.

In our setting, however, ϵ is not independent, so the above methods are

not directly applicable. To address this issue, note that we can decompose the

covariance matrix of ϵ as

E[ϵϵ′] = Ω1 +Ω2,

as in (1.7). Thus, under Assumption 1.5, the bias term in (1.12) can be

rewritten as:9

E[τ(Ui)
2]× tr(BL∗MnL

∗B′FF′)

n
+

tr(BL∗MnL
∗B′Ω2)

n
. (1.13)

Here, the first term in (1.13) is the new bias term due to the node-level

dependence structure, while the second term corresponds to the limited mobility

bias in the literature. Note that when there are few multiple edges between

any given pair of nodes, the second term is proportional to tr(MnL
∗)/n.

Heuristically, we can assess relative severity of the new bias term compared

to the second term by comparing

tr(BL∗MnL
∗B′FF′)

n
and

tr(MnL
∗)

n
.

These quantities can be computed from the graph structure. In a well-connected

graph, the latter will be small in comparison to the former, so the bias arising

from the dependence structure will dominate. Conversely, in graphs that are
9Since the distributions of τ t(Ui) and τs(Ui) are not separately identified as shown above,

in this section we focus on the symmetric case and maintain Assumption 1.5. Extensions to
asymmetric cases are possible following the discussion in Appendix A.3.
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not well-connected, both terms will be significant.

Hypothetically, we can estimate the bias term in (1.13) by estimating

E[τ(Ui)
2] and Ω2 separately. In particular, we can estimate E[τ(Ui)

2] via the

following estimator:

σ̂2τ =
1

|Cn|
∑
i∈Cn

 1

dici

∑
e∈Ei

ϵ̂e

2

,

whose consistency is anticipated by Proposition 1.2. However, estimating

Ω2, without imposing additional restrictions on the dependence structure or

heteroskedasticity is challenging as α̂ is not, in general, a consistent estimator

of α, and the correlation structure within each block of Ω2 is too flexible to

estimate.

Instead of estimating Ω2 directly, we propose the following bias-corrected

estimator for Vα by correcting only the first term in (1.13):

V̂ bc
α = V̂α − σ̂2τ ×

tr(BL∗MnL
∗B′FF′)

n
.

We need the following additional regularity conditions to establish the

consistency of V̂ bc
α :

Assumption 1.7. The following conditions hold:

(i) The fixed effects α are uniformly bounded, i.e., supn supi∈V |αi| < C for

some absolute constant C > 0.
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(ii) The following holds as n→ ∞:

λn,F
n

∑
i∈V

1

di
= O(1);

λn,F
n

∑
i∈V

1

di λ2,L hi
= o(1).

Part (i) of Assumption 1.7 excludes the case in which some nodes have

unbounded fixed effects, a relatively mild requirement. Part (ii) consists of

technical conditions that ensure the bias correction leaves a negligible remainder.

These conditions hold, for example, in well-connected, homogeneous graphs

such as the complete graph of Example 1.4 and the Erdős–Rényi random

graph of Example 1.5, but fail if the graph is poorly connected or if edges are

concentrated among only a few node pairs such as the stochastic block model

of Example 1.6.

Then, we have the following consistency result for the bias-corrected esti-

mator:

Theorem 1.3. Under Assumptions 1.1-1.5 and 1.7, if |Cn| → ∞ and ηn → 0

as n→ ∞, we have

V̂ bc
α − Vα →p 0,

as n→ ∞.

Note that although Theorem 1.3 establishes the consistency of the bias-

corrected estimator V̂ bc
α , in finite sample, it is typically still biased upward

as we have not corrected the second term in (1.13). Nonetheless, our finding

suggests that ignoring the bias arising from the dependence structure can be
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more severe than ignoring the second term when the graph is well-connected

and homogeneous.

To account for the finite-sample bias, we propose the following rule-of-thumb

modification to the bias-corrected estimator:

V̂ bc,mod
α = V̂α − σ̂2τ ×

tr(BL∗MnL
∗B′FF′)

n
−max{0, σ̂2 − 2σ̂2τ} ×

tr(MnL
∗)

n
,

where

σ̂2 =
1

m

∑
e∈E

ϵ̂2e.

The second term in V̂ bc,mod
α serves as the bias-correction term for the second

term in (1.13) when the errors are assumed to be homoskedastic and the within-

block correlation is neglected. If the block correlation induces positive bias,

then this modification will be conservative.

Also, note that σ̂2 is not consistent for E[ϵ2e] in general. However, if the

errors are homoskedastic, it can be approximated by

E[σ̂2] ≈ E[τ2(Ui)]×

[
4∑

i∈V d
t
i

∑
i∈V

dtid
s
i

di
− 2

]
+ E[ϵ2e] ≤ E[ϵ2e]

so that σ̂2 is downward biased relative to E[ϵ2e], leading to a conservative

modification of the bias-corrected estimator.

Remark 1.9. The rule-of-thumb modification may result in over-correction,

especially when the errors are heteroskedastic, as observed in the simulation

results in the next section. This is because the approximation of σ̂2 above

assumes homoskedasticity. Using a more robust estimator for σ̂2, such as the
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one proposed by Kline et al. (2020), could potentially improve the performance

of the modified estimator. We leave a detailed investigation of this approach to

future work.

We can compare our bias-corrected estimators with those previously pro-

posed in the literature. The key difference is that our estimator corrects for bias

by targeting the first term in (1.13), which arises from the node-level depen-

dence structure, and it does so without requiring the independence assumption

on the error term ϵ. By contrast, existing bias-corrected estimators, such as

those of Andrews et al. (2008) and Kline et al. (2020), correct only for the

second term in (1.13) and are consistent if ϵ is independent.10

For example, Andrews et al. (2008)’s bias-corrected estimator is given by

V̂ a
α = V̂α − σ̂2 × tr(MnL

∗)

n
.

If the graph is not well-connected and the contribution of the node-level shocks

(i.e., E[τ2(Ui)]) is small relative to E[ϵ2e], this correction may work well as the

first term in (1.13) may be negligible.

However, if the node-level dependence structure is strong with significant

E[τ(Ui)
2] relative to E[ϵ2e], then the bias stemming from this dependence

structure becomes dominant, as shown in Theorem 1.3. In this scenario, the

Andrews et al. (2008)-type bias correction, which ignores this component,

will be inconsistent. Similarly, the bias-correction method proposed by Kline

et al. (2020), which also hinges on the independence of ϵ or weak dependence,
10While Kline et al. (2020) permits weak dependence in their model, their framework does

not accommodate the strong dependence structure we consider here.
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suffers from the same limitation and will generally be inconsistent when the

dependence structure is strong.

Remark 1.10. Relatedly, strategies to alleviate limited mobility bias by aggre-

gating nodes into clusters (e.g., Andrews et al., 2008; Bonhomme et al., 2019),

as discussed in Remark 1.3, are likely to make the bias from the dependence

structure more pronounced, thereby making our bias-correction method more

essential. This is because such strategies improve the connectivity of the graph,

which reduces the limited mobility bias but can increase the dependence measure

λn,F and thus amplify the bias from the dependence structure. Moreover, graphs

resulting from such aggregation are more likely to satisfy the regularity condi-

tions in Assumption 1.7, as in the case of complete graphs, thereby increasing

the applicability of our bias-correction method.

1.5 Simulation

In this section, we conduct a simulation study to illustrate our inference

procedure and the finite-sample properties of the bias-correction method.

1.5.1 Design

We first generate an undirected graph G = (V,E) with |V | = n nodes from the

stochastic block model discussed in Example 1.6. Recall that the stochastic

block model is a random graph model where nodes are partitioned into K blocks,

and edges are formed between nodes in the same block with probability pn and

between nodes in different blocks with probability qn. We set pn = 10 log(n)/n

and qn = 2/(log(n)n) for each n. We then extract the largest connected
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component from the generated graph.11 We vary the number of blocks K = 1, 2

and the number of nodes n = 500, 1000, 2500, and 5000 to compare the

performance of our inference procedure under different graph structures.

Given the connected graph G = (V,E), we generate and fix the true fixed

effects α as follows:

vi ∼ Uniform[−1, 1] for i ∈ V ;

α = v − (v′d/d′d)× d

which ensures that d′α = 0.

We generate the error terms ϵ according to

ϵe = Us(e) + Ut(e) + Ve for e ∈ E,

where Ui ∼ N(0, 1), and

Ve ∼ N(0, 1 + |αs(e)|+ |αt(e)|)

independently. Note that this structure satisfies Assumptions 1.3 and 1.5 with

τ(Ui) = Ui for each i ∈ V and allows for heteroskedasticity in Ve.

Using α, we randomly assign the inflow and outflow of each edge e ∈ E(i,j)

11In our simulation setting, randomly generated graphs are typically connected, and even
if they are not, the largest connected component covers a large proportion of the nodes.
Thus, we do not distinguish the original G from the largest connected component, and we
keep denoting it as G for simplicity.
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as follows:

t(e) = i with probability
|αi|

|αi|+ |αj |
,

independently for each edge e ∈ E(i,j). We can interpret this assignment as

a process where a node with large effect is more likely to attract the inflow

of an edge. Then, with (V,E, s, t), we can construct the incidence matrix B

and generate the outcome vector according to (1.1). For each iteration, we

compute the least-squares estimator α̂ and the empirical distribution of τ(Ui)

using Theorem 1.2, by setting Cn = {i ∈ V : ci > 0.2}.

Table 1.1 reports the degree distribution of the generated graphs. For each n,

the generated graphs exhibit a balanced degree distribution, avoiding extremes

of sparsity and density, regardless of the underlying generating process.

Table 1.2 reports the global measures of the generated graphs. The connec-

tivity measure λ2,L is well bounded away from zero for K = 1, while it converges

to zero for K = 2, reflecting that the latter graph is much easier to partition into

separate components. In both models, the dependence measure λn,F increases

slowly as n increases. Moreover, more than 90% of the nodes are in the set Cn,

suggesting there are enough informative nodes to estimate the distribution of

τ(Ui). The convergence measure ηn approaches zero for both models, indicating

that Theorem 1.2 provides a good approximation of the distribution of τ(Ui)

for large n. The other convergence measure, Hn ≡ λn,Fλ
−1
n,Ln

−1
∑

i∈V d
−1
i h−1

i ,

converges to zero for K = 1 but not for K = 2, reflecting that the stochastic

block model with K = 2 is not well-connected while the dependence structure

remains non-negligible.



56

Table 1.1: Degree Distributions of the Generated Graphs

min Q1 Q3 max mean
Panel A: K = 1

n = 500 87 110 123 148 116.944
n = 1000 100 126 141 174 133.868
n = 2500 120 146 162 199 154.169
n = 5000 124 160 177 217 168.815

Panel B: K = 2

n = 500 41 54 62 76 58.208
n = 1000 44 62 72 92 67.362
n = 2500 43 71 83 108 77.154
n = 5000 56 78 91 124 84.68

Panel A reports the degree distributions when the number of blocks is K = 1 (Erdős–Rényi
model), and Panel B reports the degree distributions when the number of blocks is K = 2.
The first column reports the number of nodes n, and the second to the fifth columns report
the minimum, 25th percentile, 75th percentile, maximum, and mean of the degree.

Table 1.2: Global Measures of the Generated Graphs

λ2,L λn,F |Cn| ηn Hn

Panel A: K = 1

n = 500 0.842 236.914 496 0.009 0.021
n = 1000 0.842 271.302 993 0.008 0.018
n = 2500 0.846 311.924 2486 0.007 0.016
n = 5000 0.849 341.375 4974 0.006 0.014

Panel B: K = 2

n = 500 0.013 119.039 495 0.017 2.852
n = 1000 0.008 138.749 989 0.015 4.088
n = 2500 0.007 158.181 2478 0.013 3.987
n = 5000 0.005 173.399 4938 0.012 4.648

Note: Panel A reports the global measures when the number of blocks is K = 1 (Erdős–Rényi
model), and Panel B reports the global measures when the number of blocks is K = 2. The
first column reports the number of nodes n, the second column reports the connectivity
measure λ2,L, the third column reports the dependence measure λn,F , and the fourth column
reports the number of nodes in Cn = {i ∈ V : ci > 0.2}. The last two columns report the
convergence measures ηn and Hn.
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1.5.2 Results: Inference

In this exercise, we construct 95% confidence intervals for αi based on (1.10)

and evaluate the coverage probability of these confidence intervals. We also

construct 95% confidence intervals for αi based on Theorem 5 in Jochmans

and Weidner (2019), which shows the asymptotic normality of α̂i when ϵ are

independent. Specifically, the standard error of α̂i in the independent case is

given by

√∑
e∈Ei

ϵ̂2e

di
.

This procedure is repeated 2000 times to evaluate the coverage probability.

See Appendix A.5 for additional simulation results, including results for joint

hypothesis tests discussed above.

Table 1.3 summarizes the Monte Carlo simulation results. The confidence

intervals based on (1.10) achieve coverage probabilities close to the nominal 95%

level for both K = 1 and K = 2. While this is expected for K = 1, it is notable

for K = 2, where the graph is not well-connected and H1 = λn,F /(d1λ2,Lh1)

does not converge to zero, so the first-order approximation underlying (1.10) is

not theoretically guaranteed. The strong performance in this case suggests that

the approximation remains accurate in finite samples, even when the graph is

not well-connected.

In contrast, confidence intervals based on the asymptotic normality of α̂i

under independence of ϵ (based on Jochmans and Weidner, 2019) show substan-

tial under-coverage in both K = 1 and K = 2, highlighting the importance of
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accounting for the dependence structure in the error terms. This under-coverage

is more pronounced in a single block (K = 1) than in two blocks (K = 2),

likely because the relative contribution of the independent component of the

error term is smaller in this case than in K = 2.

Table 1.3: Coverage Probability of the Confidence Intervals

α1 d1 (dt1 − ds1)/d1 H1 95% Normal 95%
Panel A: K = 1

n = 500 -0.596 119 -0.697 0.020 0.946 0.440
n = 1000 0.314 143 -0.986 0.016 0.954 0.278
n = 2500 0.281 161 -0.652 0.014 0.948 0.370
n = 5000 0.539 159 -0.635 0.016 0.944 0.403

Panel B: K = 2

n = 500 -0.594 49 -0.878 3.886 0.948 0.516
n = 1000 0.312 67 -1.000 3.966 0.954 0.365
n = 2500 0.278 72 -0.583 4.407 0.944 0.565
n = 5000 0.542 93 -0.613 3.721 0.931 0.508

Note: Panel A reports the results for K = 1 (Erdős–Rényi model), and Panel B reports the
results for K = 2. The first column reports the number of nodes n, the second column reports
the true value of α1, the third and fourth columns report node 1’s degree and the coefficient,
respectively. The fifth column reports the convergence measure H1 = λn,F /(d1λ2,Lh1). The
sixth column reports the coverage probability of the confidence intervals based on (1.10),
and the seventh column reports the coverage probability of the confidence intervals based on
Jochmans and Weidner (2019)’s asymptotic normality.

1.5.3 Results: Variance Components

In this exercise, we evaluate the performance of our proposed bias-correction

method for estimating the sample variance of the fixed effects α. We compare

the true variance Vα with the plug-in estimator V̂α, the bias-corrected estimator

V̂ bc
α , the rule-of-thumb modified bias-corrected estimator V̂ bc,mod

α , and the

Andrews et al. (2008)-type bias-corrected estimator V̂ a
α .12 We simulate each of

12We do not consider the bias-correction method proposed by Kline et al. (2020) here, as
it requires leave-one-out connected graphs, which can be different from the graphs generated
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these variance estimators 2000 times and compute the mean of the estimated

variance.

Table 1.4 summarizes the results and Figures 1.4 and 1.5 present histograms

of the simulated variance estimators for n = 2500. The plug-in estimator

V̂α exhibits substantial upward bias. The bias-corrected estimator V̂ bc
α is

much closer to the true value Vα, demonstrating the effectiveness of our bias

correction. The rule-of-thumb estimator V̂ bc,mod
α performs well for K = 1, but

tends to overcorrect and display downward bias for K = 2, indicating that

more adaptive or refined bias-correction methods may be needed for certain

graph structures. The Andrews et al. (2008)-type bias-corrected estimator V̂ a
α

also reduces bias, but its remaining bias is larger than that of V̂ bc
α and V̂ bc,mod

α

due to unaccounted dependence.

Table 1.4: Variance Estimation

Vα V̂α V̂ bc
α V̂ bc,mod

α V̂ a
α

Panel A: K = 1

n = 500 0.334 0.544 0.359 0.328 0.494
n = 1000 0.340 0.549 0.361 0.333 0.505
n = 2500 0.329 0.530 0.347 0.323 0.492
n = 5000 0.336 0.528 0.353 0.33 0.494

Panel B: K = 2

n = 500 0.334 0.609 0.388 0.32 0.492
n = 1000 0.340 0.602 0.388 0.329 0.504
n = 2500 0.329 0.574 0.356 0.309 0.495
n = 5000 0.336 0.568 0.362 0.319 0.496

Note: Panel A reports the results for K = 1 (Erdős–Rényi model), and Panel B reports
the results for K = 2. The first column reports the number of nodes n, the second column
reports the true variance of α, the third to fifth columns report the mean of V̂α, V̂

bc
α , V̂ bc,mod

α ,
and V̂ a

α , respectively.

in our simulation design. We leave a complete comparison including their method as in
Bonhomme et al. (2023) to future work.



60

Figure 1.4: Histogram of the simulated V̂α: Erdős–Rényi Model

Note: the red line represents the true variance of α. The blue, orange, green, purple bins
represent the simulated V̂α, V̂

bc
α , V̂ bc,mod

α , V̂ a
α , respectively. n = 2500.

1.6 Empirical Application

In this section, we apply our methods to an Italian matched employer-employee

dataset. First, we construct a confidence interval for the fixed effect of a

"central" firm in the mobility network. Next, we estimate the variance of the

firm fixed effects and report the corresponding bias-corrected variance using

our proposed bias-correction method.
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Figure 1.5: Histogram of the simulated V̂α: Stochastic-Block Model

Note: the red line represents the true variance of α. The blue, orange, green, purple bins
represent the simulated V̂α, V̂

bc
α , V̂ bc,mod

α , V̂ a
α , respectively. n = 2500.

1.6.1 Data

The data are drawn from the Veneto Worker History (VWH) file.13 The VWH

file contains annual job spells for all workers employed in the Italian region of

Veneto. For each spell, annual wages and the number of days worked per year

are reported for the period 1975-2001. We follow the same sample selection

strategy as in Kline et al. (2020). Specifically, we focus on periods 1999 and

2001, on workers whose ages are between 18 and 64, and on "dominant jobs"

(i.e., spells) where the worker earned the most in a given year. We also exclude

workers who work in the public sector and whose wages and days worked are
13This dataset was developed by the Economics Department in Università Ca’ Foscari

Venezia under the supervision of Giuseppe Tattara.
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outliers.14

From this sample, we construct mobility network data where nodes represent

firms and edges represent movers between origin and destination firms. The

construction is similar to the procedure we discussed in Example 1.1; our

handling of the data corresponds to the two-period AKM model. We focus

on movers who change firms from i to j between 1999 and 2001. We exclude

firms with fewer than 15 movers, similarly to the procedure in Bonhomme

et al. (2023). The mobility network is then defined by the set of firms and the

movers, and we extract the largest connected component from this network.15

The resulting graph represents our G, and the wage differences constitute the

outcome vector y in our model.

The resulting graph consists of |V | = 4394 firms and |E| = 51,878 movers.

Table 1.5 presents the degree distribution of the firm-firm network, which is

sparse with a mean degree of 18. Table 1.6 provides global measures of the

network. Notably, the connectivity measure λ2,L is very small and close to zero,

indicating that the graph is not well-connected and can be easily separated into

components. The dependence measure λn,F exceeds the maximum degree, and

since λ2,L is small while λn,F is large, the global measure Hn is also large. This

suggests that, on average, the first-order approximation in Theorem 1.1 may

not be valid, and the finite-sample bias in V̂ bc
α is likely to be non-negligible.

14Specifically, "outliers" are defined as workers who (i) report a daily wage less than 5
euros or have zero days worked, (ii) report a log daily wage change one year to the next
greater than 1 in absolute value, (iii) have more than 10 jobs in any year or have missing
gender.

15When extracting the largest connected component, we also discard some movers who
move between firms that are not in the largest connected component. Thus, the final mobility
network contains firms with movers less than 15 as indicated in Table 1.5
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Table 1.5: Degree Distribution for the Firm-Firm Network

min Q1 Q3 max mean
1.0 6.0 17.0 1092.0 18.748

Note: The first and fourth columns report the minimum and maximum degree of the firm-firm
network. The second and third columns report the 25th and 75th percentiles of the degree
distribution. The fifth column reports the average degree of the firm-firm network.

Table 1.6: Global Measures for the Firm-Firm Network

λ2,L λn,F |Cn| ηn Hn

0.006 1779.6 4611.0 0.121 6248.04
Note: The first column reports the second smallest eigenvalue of the normalized Laplacian
matrix. The second column reports the largest eigenvalue of the signless Laplacian matrix.
The third column reports the number of nodes with ci > 0.2. The fourth and fifth columns
report the global measures of convergence.

1.6.2 Results: Inference for Central Firms

First, we identify the most central firm in the firm-firm mobility network

by computing the PageRank centrality for each firm. PageRank centrality

measures the importance of a node based on its connections to other highly

central nodes.16 In the context of the mobility network, a firm with high

PageRank centrality is one that receives many workers from other firms that

themselves attract many movers. We are interested in whether the fixed effect

of this central firm is significantly different from others, as this may indicate

that firm fixed effects play an important role in shaping the mobility network.

As a related contribution, Sorkin (2018) provides a structural interpretation of

PageRank centrality when applied to a mobility network.

Applying the PageRank algorithm to our firm-firm mobility network, we find

that the most central firm is firm 931 in our dataset. Table 1.8 summarizes this
16See Newman (2018) for the precise definition and discussion of PageRank centrality.
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Table 1.7: Distribution of the Firm Fixed Effects

min Q1 Q3 max mean
-1.41 -1.102 0.096 0.868 -0.017

Note: The first column reports the minimum of the firm fixed effects, the second and third
columns report the 25th and 75th percentiles of the firm fixed effects, respectively. The
fourth column reports the maximum of the firm fixed effects, and the last column reports
the mean of the firm fixed effects.

firm’s key characteristics. Its estimated fixed effect α̂931 is in approximately the

top 34% of the distribution of firm fixed effects. As a central firm, it has a larger

number of inflows dt931 than outflows ds931, which is consistent with the idea

that central firms attract more workers. The ratio H931 = λn,F /(d931λ2,Lh931)

is about 2.90, which is much smaller than the average value Hn ≈ 6248 and

comparable to what we observed in the simulation study when the graph is

not well-connected (see Table 1.3). This suggests that our inference procedure

based on the first-order approximation in Theorem 1.1 may be valid for this

central firm, and we can construct a confidence interval for α931.

Table 1.8: Central Firm Information

α̂931 d931 dt931 ds931 H931

0.058 455 309 146 2.90
Note: The first column reports the estimated fixed effect of the central firm, the second to
fourth columns report the firm’s degree, the number of inflows, and the number of outflows,
respectively. The last column reports the convergence measure H931 = λn,F /(d931λ2,Lh931).
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The 95% confidence interval for α931 is:

CI931,0.95 =

 α̂931︸︷︷︸
=0.058

−

dt931 − ds931
d931︸ ︷︷ ︸
=0.358

 ĉ0.975︸ ︷︷ ︸
=0.234

, α̂931 −
(
dt931 − ds931

d931

)
ĉ0.025︸ ︷︷ ︸
=−0.201


= [−0.026, 0.130].

Note that the mean of the firm fixed effects is −0.017 (see Table 1.7), which lies

within this confidence interval. This suggests that the central firm’s fixed effect

is not significantly larger than the average firm in the network. Since a higher

firm fixed effect is typically associated with higher wages, this finding implies

that the central firm does not pay significantly higher wages than the average

firm, despite its central position reflecting its attractiveness to workers. This is

consistent with recent literature suggesting that non-wage amenities—such as

location, working environment, and firm culture—may play a more significant

role in shaping worker mobility than wages alone (see Mas, 2025 for a recent

discussion).

For comparison, we can also construct confidence intervals based on the

asymptotic normality of α̂i under the assumption of independent errors, as

in the simulation section. The 95% confidence interval for α̂931 using this

conventional method is

CINormal
931,0.95 = [0.031, 0.085].

This interval does not include the mean of the firm fixed effects, suggesting that

the central firm’s fixed effect is significantly different from the average firm.
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However, given the under-coverage observed for this method in the simulation

study, it likely overstates the significance of the central firm’s fixed effect

compared to our proposed approach. This highlights the empirical relevance

of dependence in the error terms and the importance of accounting for it in

inference.

This exercise demonstrates the practical applicability of our inferential

method for fixed effects, which is rarely implemented in empirical work. An-

other potential application is hypothesis testing to assess whether the fixed

effects of firms within a particular group (e.g., firms with similar observable

characteristics) are statistically indistinguishable. Such a test could help deter-

mine whether grouping fixed effects, as suggested by Bonhomme et al. (2019),

is appropriate in empirical analyses.

1.6.3 Results: Variance Estimation

We estimate the variance of the firm fixed effects V̂α and several bias-corrected

estimators: V̂ bc
α , V̂ bc,mod

α , and V̂ a
α . Table 1.9 presents the estimated variance of

the firm fixed effects α and the bias-corrected estimators.

Our results show that the bias-corrected estimator V̂ bc
α reduces the plug-in

estimator V̂α by approximately 28%, which is a larger reduction than that

achieved by the Andrews et al. (2008)-type bias-corrected estimator V̂ a
α (about

23%). The modified bias-corrected estimator V̂ bc,mod
α yields an even lower

estimate. These findings indicate that the dependence structure in the data

is substantial and that our proposed bias-correction methods more effectively

account for this dependence, resulting in more accurate estimation of the

variance of the firm fixed effects.
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Table 1.9: Variance Component Estimation on the VWH Data

V̂α V̂ bc
α V̂ bc,mod

α V̂ a
α

0.039 0.028 0.025 0.030
Note: This table reports the estimated variances of the firm fixed effects α via the plug-in
estimator V̂α, the bias-corrected estimator V̂ bc

α , the modified bias-corrected estimator V̂ bc,mod
α ,

and the Andrews et al. (2008)-type bias-corrected estimator V̂ a
α .

If we report the two components of the bias in (1.13) separately, we obtain

σ̂2τ︸︷︷︸
=0.015

× tr(BL∗MnL
∗B′FF′)

n︸ ︷︷ ︸
=0.695

, (σ̂2 − 2σ̂2τ )︸ ︷︷ ︸
=0.022

× tr(MnL
∗)

n︸ ︷︷ ︸
=0.204

.

Note that σ̂2τ , which is an estimator for E[τ(Ui)
2], is about 0.015, which is

roughly one-quarter of σ̂2, the biased estimator for E[ϵ2e]. This disparity

suggests that in our data the dependence structure plays a non-negligible role

in generating the error terms, and this effect is transmitted to the bias in the

variance estimator. Moreover, although there are uncertainties in estimating

E[τ(Ui)
2] and E[ϵ2e], a heuristic comparison of the two quantities characterizing

the graph structure

tr(BL∗MnL
∗B′FF′)

n
and

tr(MnL
∗)

n

indicates that the first term is more than three times larger than the second

term. Thus, even if σ̂2τ were estimated to be smaller than the current estimate,

the bias originating from the dependence structure would remain significant.

This exercise demonstrates that the bias in variance estimation due to

dependence, which has been largely overlooked in the literature, can be sub-

stantial in empirical applications. It also provides evidence that the dependence
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structure in the data is non-negligible, highlighting the practical usefulness

of our bias-correction method. See Appendix A.4 for additional results on

covariance estimation between worker and firm fixed effects.

1.7 Conclusion

This paper proposes a new inference method for fixed effects in network re-

gressions with dependent errors. We derive a first-order approximation to the

fixed-effect estimator and show that, under node- and edge-level dependence,

the estimator can be inconsistent. Building on this approximation, we develop

a non-standard inference procedure that exploits the empirical distribution of

appropriately constructed residual averages to obtain valid confidence intervals

and hypothesis tests for fixed effects.

We also study estimation of distributional moments of the fixed effects. We

characterize the bias of the plug-in variance estimator under the dependence

structure and propose a bias correction that is consistent in the presence of

node-level dependence.

Monte Carlo simulations and an application to Italian matched employer-

employee data illustrate the finite-sample performance of the methods. The

results show that network dependence can substantially distort inference for

fixed effects and is an important source of bias in variance estimation.

Future research could explore formal extensions to models with multiple

types of fixed effects such as worker and firm effects in two-way models, and

develop methods for estimating covariance between different fixed-effect types,

where preliminary results are provided in Appendix A.4. Another avenue is
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to devise inference procedures for variance components that go beyond the

bias-correction proposed here. Finally, it would be useful to extend our methods

to high-dimensional, team-based settings in which nodes may belong to multiple

teams (e.g., Bonhomme, 2021), thereby accounting for dependence within and

across teams.



70

Chapter 2

Design-Based and Network Sampling-Based

Uncertainties in Network Experiments

2.1 Introduction

Network experiments, or randomized controlled trials (RCTs) on networks,

have become increasingly common in applied economics (e.g., Cai et al., 2015a;

Dizon et al., 2020; Carter et al., 2021a; Fernando, 2021; Beaman et al., 2021a).

A central objective of these experiments is to estimate the “spillover effect” of

policy interventions as they propagate through networks. For example, Cai et al.

(2015a) estimate spillover effects from randomly assigned information sessions

on rice farmers’ decisions to purchase a weather insurance product in Chinese

villages. In this paper, we develop a comprehensive theoretical framework for

ordinary least squares (OLS) estimators in network experiments, explicitly

accounting for both design-based uncertainty, arising from randomness in

treatment assignment, and sampling-based uncertainty, arising from randomness

in sampling units and network links. Our theory is motivated by two key gaps

between empirical practice in applied work and existing econometric theory.

The first gap lies in the choice of estimator. In applications, researchers

predominantly use OLS estimators to estimate spillover effects, employing

exposure mappings that summarize treatment status and network structure. In

our survey of 29 papers analyzing network experiments, published in the “top



71

5” economics journals and two leading field journals, all of the studies report

using the OLS estimator, while only two papers use propensity score-based

estimators.1 This pattern stands in contrast to the theoretical literature on

inference in network experiments (e.g., Aronow and Samii, 2017; Leung, 2022a;

Gao and Ding, 2023), which provides inference results for inverse probability

weighting (IPW) estimators that directly estimate average spillover effects.

The other gap is due to ignoring a source of randomness. In many applied

cases, researchers need to collect network information through surveys. This

collection process can introduce an extra layer of uncertainty beyond design-

based uncertainty. Moreover, the collected network may only partially capture

the true network governing the propagation mechanism. By contrast, the theo-

retical literature on causal inference in network experiments typically abstracts

away from sampling-based uncertainty, assuming that the data correspond to

the entire population and that the observed network is complete.

To address these gaps, we make three contributions. First, we develop a

novel framework that jointly incorporates design-based randomness in treatment

assignment and sampling-based randomness in network links. Our framework

considers a finite population of n units, from which units are randomly sampled

and treatments are assigned. We explicitly model the network sampling process,

focusing on two common sampling methods: (i) induced subgraph sampling,
1Specifically, we considered papers published from April 2010 through April 2025 in

the following journals: American Economic Review, Econometrica, Quarterly Journal of
Economics, Journal of Political Economy, Review of Economic Studies, American Economic
Journal: Applied Economics, and Journal of Development Economics. We searched for
articles that listed “networks” and either “field experiments” or “randomized trial” as keywords
on the Web of Science platform. This search resulted in 52 papers, of which 29 conducted
network experiments and are mentioned in the text. These papers are referenced in Appendix
B.5.
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where each sampled unit reports friends within the sample, and (ii) star

sampling, where each sampled unit reports friends from the entire population.

In this setup, unlike in non-network experiments, sampling-based uncertainty

arises from two sources: (i) which units are sampled, and (ii) which links are

observed. We consider potential outcomes that depend on the entire treatment

vector, thus violating the Stable Unit Treatment Value Assumption (SUTVA).

To address the resulting dimensionality problem, we assume that the potential

outcomes are linear in an exposure mapping, a set of user-specified sufficient

statistics summarizing treatment status and network structure. For example, a

common exposure mapping includes the fraction of one’s friends who are treated.

Importantly, we do not assume that the user-specified exposure mapping is

correctly specified; it may differ from the true exposure mapping in both

functional form and dimension. This flexibility also allows us to incorporate

censored network links in a unified way.

As our second contribution, we investigate whether the estimands associated

with the OLS estimator can be interpreted as causal spillover effects. We

distinguish between two causal targets: a population-level estimand and a

sample-level estimand. The population-level estimand is defined as the weighted

average of the treatment effect vector across the entire population, including

those who are not sampled, with complete network information. On the

other hand, the sample-level estimand is defined as the sample average of the

treatment effect vector across the sampled units, with the sampled network

information. We show that both types of estimands can be contaminated:

each element of the multi-dimensional estimands may reflect causal effects

from other elements of the exposure mapping vector. With heterogeneous
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treatment effects, correlations among elements in the exposure mapping vector

(e.g., the proportion of treated friends and the proportion of friends’ treated

friends) blur the distinction between the true causal effects in one element

and those in another. Although the population-level causal estimand can be

free from contamination if the exposure mapping is defined such that there

is no correlation among its elements, the sample-level causal estimand can

still be subject to contamination, and thus lacks causal interpretability due to

network sampling. Missing links can create undesirable correlations between

the observed and true exposure mapping across different elements. As a result,

the two estimands can remain distinct even in large samples unless the exposure

mapping is correctly specified and the network links for the neighborhood are

completely sampled.

In our third contribution, we derive asymptotic theory for the OLS estimator

and find conditions under which the OLS estimator approximates the estimands.

We show that the OLS estimator is consistent for the sample-level causal esti-

mand, conditionally or unconditionally on the sampling uncertainty. However,

because the sample-level causal estimand generally lacks causal interpretability,

results from OLS estimation should be interpreted with caution. If the exposure

mapping is correctly specified and there is no potential correlation between

the true and observed exposure mappings, the sample-level causal estimand is

consistent for the population-level causal estimand; thus, we can guarantee a

clear interpretation of the OLS estimator. We further derive the estimator’s

asymptotic distribution and provide a conservative network heteroskedasticity

and autocorrelation consistent (HAC) variance estimator.

This paper contributes to the literature on design-based inference in network
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experiments (Aronow and Samii, 2017; Leung, 2022a; Gao and Ding, 2023;

Hoshino and Yanagi, 2024). Previous works have primarily focused on design-

based uncertainty, where treatment assignment is the only source of randomness

and complete network information is assumed to be available without sampling

uncertainty. Additionally, these works have mainly considered IPW estimators,

which allow for direct estimation of causal spillover effects, while the OLS

estimator has received less attention. To focus on IPW estimators, these works

typically assume that the exposure mapping takes discrete values, such as an

indicator of whether a unit has at least one treated friend.2 In contrast, this

paper considers both design-based and sampling-based uncertainties with an

explicit network collection process, and focuses on the OLS estimator with

exposure mappings as regressors, which is widely used in empirical applications

and allows for continuous exposure mappings.

This paper also relates to the literature on simultaneous design-based and

sampling-based inference (see Abadie et al., 2020; Xu and Wooldridge, 2022;

Abadie et al., 2023; Viviano, 2024). Our framework extends the approach of

Abadie et al. (2020) to the network setting by allowing for both design-based

and sampling-based uncertainties in network experiments, and by focusing

on both population-level and sample-level estimands. We differ from Abadie

et al. (2020) in several important respects. First, we explicitly model network

sampling, where the observed network may be only partially observed. Second,

we study the OLS estimator with exposure mappings as regressors, which

induces dependence among outcomes and between regressors and sampling
2Gao and Ding (2023) discuss the potential application of IPW-based estimators to

continuous exposure mappings.
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indicators, features not present in their analysis. Third, we provide an element-

wise causal interpretation of the estimands and the OLS estimator, which is

not addressed in their work. Relatedly, Viviano (2024) also considers both

design-based and sampling-based uncertainties, including uncertainty arising

from network sampling. However, while his approach assumes that all relevant

network information for computing the true exposure mapping is observed, our

framework allows for the possibility that some relevant network information is

unobserved due to sampling uncertainty. Additionally, while Viviano (2024)

focuses on a sample-level estimand that maximizes a welfare measure, our study

is concerned with inference for both population-level and sample-level causal

estimands, emphasizing the potential divergence between the two.

This paper is also related to the literature studying the impact of network

data collection on parameters of interest (Chandrasekhar and Lewis, 2016;

Griffith, 2022; Lewbel et al., 2023; Hsieh et al., 2024). While these papers

share a similar motivation in that the network sampling process can affect the

estimation of spillover effects, they primarily focus on the potential bias of

estimators with respect to homogeneous parameters due to network sampling. In

contrast, this paper focuses on the causal interpretability of the OLS estimator

with heterogeneous spillover effects. This distinction is important because

attenuation bias, as highlighted for example in Chandrasekhar and Lewis (2016),

does not necessarily hinder learning about spillover effects if the estimator

preserves the sign of the underlying effects. However, we show that the OLS

estimator with exposure mappings may not preserve the sign of the true spillover

effects due to contamination bias, potentially leading to misleading conclusions.

More broadly, this paper contributes to the literature on the causal inter-
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pretability of estimators in linear regressions with heterogeneous treatment

effects (Angrist, 1998; Goldsmith-Pinkham et al., 2022; Borusyak and Hull,

2024). In particular, Goldsmith-Pinkham et al. (2022) show that the OLS

estimator with multi-dimensional treatment indicators can be contaminated in

the presence of heterogeneous treatment effects, which aligns with our findings

in Corollary 2.1. There are two important differences. First, we consider a

finite population model, whereas Goldsmith-Pinkham et al. (2022) focus on

an infinite population model, making it nontrivial to extend their results to

our setting. Second, we allow for general exposure mappings as regressors,

while Goldsmith-Pinkham et al. (2022) restrict attention to mutually exclusive

multi-dimensional treatment indicators. In our context, contamination bias

arises from overlaps in the treatment status across elements of the exposure

mapping, whereas such overlaps are not possible in the non-network setup of

Goldsmith-Pinkham et al. (2022).

The remainder of this paper is organized as follows. Section 2.2 introduces

the framework for network sampling, the model, and assumptions. Section 2.3

presents the main results, including a causal interpretation and asymptotic

theory. Section 2.4 proposes a network heteroskedasticity and autocorrelation

consistent (HAC) estimator for the standard errors. Section 2.5 provides a

simulation study to illustrate the finite sample properties of the proposed

estimator. Section 2.6 applies the proposed method to a real-world dataset.

Section 2.7 concludes the paper and provides a flowchart (Figure 2.3) outlining

recommended steps for conducting inference in network experiments using

the OLS estimator. Appendix B.1 discusses how to estimate the nuisance

parameters consistently, Appendix B.2 contains technical lemmas, Appendix
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B.3 contains proofs, Appendix B.4 presents additional simulation results, and

Appendix B.5 lists the papers included in the survey of network experiment

research presented in the Introduction.

2.2 Model

In this section, we first outline our framework for modeling network experiments.

We then introduce the estimands of interest, which are defined both for the

entire population and for the sampled group, as well as the OLS estimator used

to estimate these estimands.

2.2.1 Population

As in Abadie et al. (2020), we consider a sequence of finite populations. There

are finitely many units (n <∞) in the population, denoted by Nn = {1, ..., n}.

These units are connected through the network represented by an adjacency

matrix An = [An,i,j ]i,j∈Nn ∈ {0, 1}n×n. We define An,i,j = 1 if there is a

network link between units i and j, and An,i,j = 0 otherwise. We assume that

the network is undirected (An,i,j = An,j,i) and has no self-loops (An,i,i = 0).

Each unit i is characterized by a vector of covariates Zn,i ∈ Zn ⊂ RdZ , potential

outcomes Y ∗
n,i(·) ∈ Yn ⊂ R that depend on the entire vector of binary treatments

Dn = [Dn,i]i∈Nn ∈ {0, 1}n. We consider the setup where the researcher assigns

treatments only to the sampled units, but spillovers to non-sampled units are

allowed. The covariates Zn,i include both network information (e.g., number of

i’s neighbors, degree: degn,i =
∑

j ̸=iAn,i,j) and individual information (e.g.,

i’s age). Also, the potential outcomes may violate the Stable Unit Treatment
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Value Assumption (SUTVA) by allowing for others’ treatment status as inputs.

2.2.2 Sampling

From a finite population of n units, we draw a sample of N =
∑n

i=1Rn,i

units (hence n ≥ N), where Rn,i ∈ {0, 1} is the sampling indicator for the

i-th unit: Rn,i = 1 if i is in the sample and otherwise Rn,i = 0. Given the

sampling indicator vector Rn, partial elements of the true network An are

sampled. We denote the sampled network, given the sampling indicator vector

Rn, as Ãn(Rn). When the dependence on Rn is clear from context, we simply

write Ãn. The sampled adjacency matrix Ãn = [Ãn,i,j ]i,j∈Nn ∈ {0, 1}n×n has

(i, j)-element Ãn,i,j , which equals one if there is a true network link between

units i and j and the link is sampled, and zero otherwise.

In this paper, we focus on two canonical network sampling methods: (i)

induced subgraph sampling, and (ii) star sampling. In the induced subgraph

sampling case, we sample Ãn = RnR
′
n⊙An where ⊙ is the element-wise product

and the (i, j)-element of Ãn, Ãn,i,j = Rn,iRn,jAn,i,j represents a network link

between the units i and j, which is sampled if both units are sampled. In

the star sampling case, we sample Ãn = (1n1
′
n − (1n −Rn)(1n −Rn)

′)⊙An,

where Ãn,i,j = max{Rn,i, Rn,j}An,i,j represents a network link between the

units i and j, which is sampled if at least one of the two units is sampled.

Sampled networks under induced subgraph and star sampling are illustrated in

Figure 2.1. In the figure, the sampled units are in blue, and the non-sampled

units are in light gray. The sampled links are shown as solid black lines, and

the non-sampled links as dashed gray lines. In practice, if the researcher asks

the sampled units to list their friends from the list of sampled units, the induced
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subgraph sampling network is sampled (e.g., Conley and Udry, 2010; Dizon

et al., 2020; Carter et al., 2021a). If the researcher asks the sampled units to

list their friends from the population, the star sampling network is sampled

(e.g., Banerjee et al., 2013; Cai et al., 2015a; Beaman et al., 2021a). See Section

5.3 of Kolaczyk and Csárdi (2014) for further examples of network sampling.

Figure 2.1: Comparison of induced subgraph sampling (left) and star sampling
(right).

(a) Induced subgraph sampling (b) Star sampling

Note: Blue nodes indicate sampled units, while light gray nodes denote non-sampled units.
Solid black links are observable to the researcher; dashed gray links are unobserved.

We denote the observed covariates by Z̃n,i, which may differ from Zn,i due

to network sampling. For example, if Zn,i includes i’s degree, then Z̃n,i contains

i’s degree computed from the sampled network Ãn: d̃egn,i =
∑

j ̸=i Ãn,i,j . Note

that we allow both Zn,i and Z̃n,i to depend on Rn.

Throughout the paper, we maintain the following assumption regarding the

sampling process and the assignment mechanism.
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Assumption 2.1. (i) Random sampling:

Rn,i ∼ Bernoulli(ρn) i.i.d.,

where ρn ∈ (0, 1] is a sequence of sampling probabilities such that ρn → ρ ∈

(0, 1].

(ii) Network sampling: Given a fixed entire network sequence An, the (i, j)-

element of sampled network Ãn is generated by the induced subgraph sampling

Ãn,i,j = Rn,iRn,jAn,i,j or the star sampling Ãn,i,j = max{Rn,i, Rn,j} ×An,i,j.

(iii) Treatment assignment mechanism: Let Rn,−i denote the vector Rn

excluding the i-th element, Rn,i. The assignment mechanism Dn,i is independent

of Rn,−i and drawn independently (but not necessarily identically) from a known

distribution. The distribution of Dn,i is degenerate at 0 if and only if Rn,i = 0.

Assumption 2.1 (iii) implies Dn,i = 0 if Rn,i = 0, which means we treat

only the sampled units. The simplest example is

Dn,i ∼ Bernoulli(Rn,ipn,i) independently. (2.1)

While we use the Bernoulli assignment in (2.1) for all illustrations in the paper,

our theoretical results accommodate more general assignment mechanisms,

as specified in Assumption 2.1 (iii). Since Assumption 2.1 (iii) does not re-

quire the identical draws, pn,i could depend on An, Zn,i or other observed

characteristics of unit i. We can equivalently write Assumption 2.1 (iii) as

Dn,i = Rn,iD
∗
n,i, where D∗

n,i is defined as the latent treatment indicator gen-

erated by D∗
n,i ∼ Bernoulli(pn,i) (or more general distribution satisfying the
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assumption) independently. Note also that the treatment assignment mecha-

nism is known to the researcher, which is satisfied in a randomized controlled

trial and commonly assumed in the design-based inference literature.

Remark 2.1. Assumption 2.1 (i) rules out cluster sampling and multi-wave

network sampling, because in such designs Rn,i may depend on Rn,j for some j ̸=

i through the cluster or the network, respectively. Assumption 2.1 (ii) prohibits

censoring of Ãn; when censoring occurs, it can be treated as misspecification of

the exposure mapping (see Example 2.4). Assumption 2.1 (iii) excludes complex

assignment schemes, such as matched-pair or blocked randomization.

2.2.3 Potential Outcome

As discussed above, each unit’s potential outcome Y ∗
n,i(·) is a function of the full

treatment vector Dn. By Assumption 2.1 (iii), we can write Dn = Rn ⊙D∗
n,

where D∗
n = [D∗

n,i]i∈Nn . Following the literature (e.g., Aronow and Samii, 2017),

we assume that there is an exposure mapping Tn,i ∈ Tn ⊂ RdT that essentially

determines i’s potential outcome by summarizing the network structure and the

treatment status vector. See Section 2.2.4 below for a detailed definition and

discussion on the exposure mapping. We consider a linear potential outcome

model, so that for each t ∈ Tn, Y ∗
n,i(t) is defined as follows.

Assumption 2.2. For all t ∈ Tn,

Y ∗
n,i(t) = t′θn,i + νn,i,

where θn,i and νn,i are non-stochastic.
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Note that θn,i is a vector of heterogeneous treatment effects. Each element

θn,i,(k) represents the marginal effect of the k-th component of the exposure

mapping Tn,i on the potential outcome Y ∗
n,i(t). For example, if the k-th

component of Tn,i is the share of treated friends, then θn,i,(k) captures the

causal spillover effect from i’s treated friends on i’s outcome. Since θn,i is

non-stochastic, it may depend on the population network An, allowing for

heterogeneity based on network structure and unit i’s position.

Although a linear model may seem restrictive, when |Tn| is finite (e.g.,

Tn = {0, 1}2), this assumption is without loss of generality as discussed in

Abadie et al. (2020). The realized outcome is Yn,i = Y ∗
n,i(Tn,i). Thus, the

outcome depends on Dn only via the exposure mapping Tn,i.

2.2.4 Exposure Mapping

Let the true exposure mapping be Tn,i = g(i,Dn,An) ∈ Tn ⊂ RdT , where

g : Nn×{0, 1}n×{0, 1}n×n → Tn is a function that generates the true exposure

mapping for each unit. Specifically, for unit i, it takes (i) i’s index, (ii) the

treatment vector Dn, and (iii) the true network An as inputs, and returns a

lower-dimensional vector of summary statistics for the outcome. For example,

applied researchers use the presence of i’s treated friends and the share of i’s

treated friends as the exposure mapping.

This paper allows the researcher to misspecify the functional form of g. For

example, if the researcher uses the presence of treated friends as the exposure

mapping, while the true potential outcome is linear in the share of treated

friends, then the exposure mapping is misspecified. We denote this misspecified

exposure mapping function by g̃n : Nn × {0, 1}n × {0, 1}n×n → T̃n, where
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T̃n ∈ Rd
T̃ . Note that the dimensions dT and d

T̃
may differ. The functional form

g̃n could depend on the sample size n (as in Example 2.3), but for notational

simplicity, we omit the subscript n. We assume that dimensions dT and d
T̃

are

constants independent of n.

If g̃ = g, then the observed exposure mapping T̃n,i can be written as

T̃n,i = g(i,Dn, Ãn). That is, the only difference between the true exposure

mapping and the observed exposure mapping is the network input, between An

and Ãn. More generally, if the researcher misspecifies g as g̃, then the observed

exposure mapping is T̃n,i = g̃(i,Dn, Ãn). In this case, the dimensions dT and

d
T̃

may differ.

Below, we provide some examples of exposure mappings.

Example 2.1. Suppose that the true exposure mapping is i’s own treatment

indicator:

Tn,i = g(i,Dn,An) = Dn,i = Rn,iD
∗
n,i.

Note that the exposure mapping does not depend on the network information,

and as long as the researcher correctly specifies the exposure mapping g = g̃, we

have Tn,i = T̃n,i for all i ∈ Nn.

Example 2.2. Suppose that the true exposure mapping is an indicator of the
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existence of at least one treated friend:

Tn,i = g(i,Dn,An)

= 1

∑
j ̸=i

An,i,jRn,jD
∗
n,j > 0

 ,

and the researcher correctly specifies the exposure mapping as T̃n,i = g(i,Dn,

Ãn). Thus, for the induced subgraph sampling case (Ãn,i,j = Rn,iRn,jAn,i,j),

T̃n,i = 1

∑
j ̸=i

Rn,iRn,jAn,i,jRn,jD
∗
n,j > 0


= 1

Rn,i

∑
j ̸=i

An,i,jRn,jD
∗
n,j > 0

 .

Thus, when Rn,i = 1, we have Tn,i = T̃n,i. For the star sampling case (Ãn,i,j =

max{Rn,i, Rn,j}An,i,j),

T̃n,i = 1

∑
j ̸=i

max{Rn,i, Rn,j}An,i,jRn,jD
∗
n,j > 0


= 1

∑
j ̸=i

An,i,jRn,jD
∗
n,j > 0

 ,

and we have Tn,i = T̃n,i for all i ∈ Nn.

Although the two preceding examples correctly specify the exposure map-

ping, the subsequent example fails to do so.

Example 2.3. Suppose that the true exposure mapping is a vector of a direct
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treatment, a spillover treatment through a fraction of treated peers, and their

interaction term:

Tn,i = g(i,Dn,An)

=

(
Rn,iD

∗
n,i,

∑
j ̸=iAn,i,jRn,jD

∗
n,j∑

j ̸=iAn,i,j
, Rn,iD

∗
n,i ×

∑
j ̸=iAn,i,jRn,jD

∗
n,j∑

j ̸=iAn,i,j

)
.

By convention, we usually define 0/0 = 0 in the case of isolated units. Suppose

that the researcher misspecifies g̃ as

T̃n,i = g̃(i,Dn, Ãn) =

Rn,iD
∗
n,i,1

∑
j ̸=i

Ãn,i,jRn,jD
∗
n,j > 0


 .

In this specification, it is evident that g ≠ g̃ because dT > d
T̃
. The misspecified

g̃ accounts only for the direct effect and the spillover effect represented by an

indicator of the presence of at least one treated friend. Consequently, not only

do the dimensions differ, but the structures of the variables capturing spillover

effects are also distinct.

2.2.5 Censored Network

We can also treat censoring on a sampled network as arising from a misspecified

exposure mapping as g̃ can specify which links in a sampled network Ã to

be used to compute the exposure mapping. This is empirically relevant as

in practice, some studies impose a cap on the number of links each sampled

unit can report, leading to a discrepancy between the sampled and censored

networks. For example, in Cai et al. (2015a), each sampled unit was asked to

report up to five closest friends, which potentially introduces censoring in the
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observed network. See also Griffith (2022) for further examples and a detailed

discussion of censoring in network data collection. The following example

illustrates how censoring can be framed as a misspecified exposure mapping:

Example 2.4. Let g be the same as in Example 2.2. Suppose that the researcher

misspecifies g̃ due to the censoring as

T̃n,i = g̃(i,Dn, Ãn)

= g(i,Dn,Cn(Ãn)⊙ Ãn) = 1

∑
j ̸=i

Cn,i,j(Ãn)Ãn,i,jRn,jD
∗
n,j > 0

 ,

where Cn(Ãn) is the censoring indicator matrix whose (i, j)-element is

Cn,i,j(Ãn) ∈ {0, 1}, a binary variable that indicates whether unit j is censored

from i’s perspective. The censoring indicator can be a random variable, as we

allow it to be an unknown function of the sampled network Ãn. For example,

Cn,i,j = 1 when unit i (or j) with Rn,i = 1 (or Rn,j = 1) is asked to list their

five closest friends and j (or i) is one of them.3 In this example, g ≠ g̃ in

general and misspecification occurs due to the censoring.

We distinguish between the sampled network Ãn and the censored network

Cn(Ãn) ⊙ Ãn, and the discrepancy is framed as the misspecification of the

exposure mapping. This framework is useful for separating the sampling effect

from the censoring. In the extreme case with ρn = 1, we sample the entire

network Ãn = An, but the censoring still matters as we observe Cn(An)⊙An.

For convenience, we will omit the notational dependence of Cn on Ãn.
3We can define Cn,i,i(Ãn) arbitrarily because An,i,i = 0.
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The dependence of Cn on Ãn is motivated as follows. In practice, the

censored induced subgraph sampling network is observed if the researcher asks

the sampled unit to list a fixed number of closest friends from the sampled

friends. Thus, it usually depends on [Ãn,i,j ]j∈Nn . The censored star sampling

network is observed if the researcher asks i with Rn,i = 1 to list a fixed

number of closest friends from their friends in population [An,i,j ]j∈Nn . Since

Ãn,i,j = An,i,j holds for Rn,i = 1 for the star sampling network, the censoring

depends on [Ãn,i,j ]j∈Nn . We also allow the arbitrary dependence of Cn on

other deterministic variables, such as individuals’ preferences regarding their

friends, which is a benefit of the design-based framework.

2.2.6 Estimands and Estimator

To facilitate the introduction of our estimands and OLS estimator, we first

transform the exposure mappings. Recall that the exposure mappings Tn,i and

T̃n,i are random vectors that depend on Rn and Dn, and the covariates Zn,i

and Z̃n,i are random vectors that depend only on Rn. Define

Xn,i = Tn,i − ΛnZn,i, and X̃n,i = T̃n,i − Λ̃nZ̃n,i,

where

Λn =

(
n∑

i=1

E[Tn,iZ ′
n,i]

)(
n∑

i=1

E[Zn,iZ
′
n,i]

)−1

,

and

Λ̃n =

(
n∑

i=1

Rn,iE[T̃n,i|Rn]Z̃
′
n,i

)(
n∑

i=1

Rn,iZ̃n,iZ̃
′
n,i

)−1

.
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That is, Xn,i is the population residual of the regression of Tn,i on Zn,i, and

X̃n,i is the residual of the regression of T̃n,i on Z̃n,i using sampled units. Since

we know the treatment assignment distribution with known pn,i and observe

Rn, we can calculate E[T̃n,i|Rn] analytically.

Table 2.1 summarizes the conditional expectation of widely used expo-

sure mappings when the assignment probability is homogeneous: D∗
n,i ∼

Bernoulli(pn) i.i.d. The table focuses on the case where the exposure mapping

is scalar. The researcher applies it element-wise for multi-dimensional cases.

For the second neighborhood, the expectation can be calculated similarly. See

also Example 2.10 below for the modification on multi-dimensional cases with

the second neighborhood.

Table 2.1: Conditional Expectation of Exposure Mappings Frequently Used in
Applied Research

Exposure Mapping T̃n,i = g(i,Dn, Ãn) E
[
T̃n,i | Rn

]
Individual Treatment Rn,iD

∗
n,i Rn,ipn

Treated Friends Share
∑

j ̸=i Ãn,i,jRn,jD
∗
n,j∑

j ̸=i Ãn,i,j
pn ×

∑
j ̸=i Ãn,i,jRn,j∑

j ̸=i Ãn,i,j

Treated Friends Number
∑

j ̸=i Ãn,i,jRn,jD
∗
n,j pn ×

∑
j ̸=i Ãn,i,jRn,j

Treated Friends Existence 1
{∑

j ̸=i Ãn,i,jRn,jD
∗
n,j > 0

}
1− q

∑
j ̸=i Ãn,i,jRn,j

n

Note: Assume that Rn,i ∼ Bernoulli(ρn) i.i.d. and D∗
n,i ∼ Bernoulli(pn) i.i.d. In the last

row, qn = 1 − pn is the probability of not being treated. By convention, we usually set∑
j ̸=i Ãn,i,jRn,jD

∗
n,j/

∑
j ̸=i Ãn,i,j = 0 if

∑
j ̸=i Ãn,i,j = 0.

To summarize relevant moments of the data, define the population matrix
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Ωn and the sample matrices Q̃n and Ω̃n:

Ωn =
1

n

n∑
i=1

E




Yn,i

Xn,i

Zn,i




Yn,i

Xn,i

Zn,i


′ ≡


ΩY Y
n ΩY X

n ΩY Z
n

ΩXY
n ΩXX

n ΩXZ
n

ΩZY
n ΩZX

n ΩZZ
n

 ,

Q̃n =
1

N

n∑
i=1

Rn,i


Yn,i

X̃n,i

Z̃n,i




Yn,i

X̃n,i

Z̃n,i


′

≡


Q̃Y Y

n Q̃Y X
n Q̃Y Z

n

Q̃XY
n Q̃XX

n Q̃XZ
n

Q̃ZY
n Q̃ZX

n Q̃ZZ
n

 ,

and

Ω̃n =
1

N

n∑
i=1

Rn,iE




Yn,i

X̃n,i

Z̃n,i




Yn,i

X̃n,i

Z̃n,i


′

| Rn

 ≡


Ω̃Y Y
n Ω̃Y X

n Ω̃Y Z
n

Ω̃XY
n Ω̃XX

n Ω̃XZ
n

Ω̃ZY
n Ω̃ZX

n Ω̃ZZ
n

 .

Note that the expectation for Ωn is taken over Dn and Rn while the conditional

expectation for Ω̃n is taken over Dn conditional on Rn.

Our estimands of interest are

 θcausaln

γcausaln

 =

 ΩXX
n ΩXZ

n

ΩZX
n ΩZZ

n


−1 ΩXY

n

ΩZY
n

 , (2.2)

and  θcausal,sample
n

γcausal,sample
n

 =

 Ω̃XX
n Ω̃XZ

n

Ω̃ZX
n Ω̃ZZ

n


−1 Ω̃XY

n

Ω̃ZY
n

 . (2.3)

These are causal estimands in the sense specified by Abadie et al. (2020).
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(θcausaln , γcausaln )′ concerns the population-level causal effects of intervention

while (θcausal,sample
n , γcausal,sample

n ) concerns the sample-level causal effects when

the sampling is governed by Rn. (θcausaln , γcausaln )′ is a solution for the population

moment condition:

1

n

n∑
i=1

E


 Xn,i

Zn,i

(Yn,i −X ′
n,iθ

causal
n − Z ′

n,iγ
causal
n

) = 0, (2.4)

and (θcausal,sample
n , γcausal,sample

n ) is a solution for the sample moment condition:

1

N

n∑
i=1

Rn,iE


 X̃n,i

Z̃n,i

(Yn,i − X̃ ′
n,iθ

causal,sample
n − Z̃ ′

n,iγ
causal,sample
n

)
| Rn


= 0.

(2.5)

We study (i) whether the sample-level estimand can be estimated consistently

(internal validity), and, if so, (ii) how closely it approximates the population-

level estimand (external validity). We will also discuss whether each element

of these estimands admits a causal interpretation, namely, whether each OLS

coefficient represents a convex combination of the corresponding heterogeneous

treatment effects, which is not discussed in Abadie et al. (2020).

For the sample-level causal estimand, we consider the ordinary least squares

estimator:  θ̂n

γ̂n

 =

 Q̃XX
n Q̃XZ

n

Q̃ZX
n Q̃ZZ

n


−1 Q̃XY

n

Q̃ZY
n

 . (2.6)
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Equivalently, the moment condition is

1

n

n∑
i=1

Rn,i

 X̃n,i

Z̃n,i

(Yn,i − X̃ ′
n,iθ − Z̃ ′

n,iγ
)
= 0. (2.7)

An alternative approach is to use the inverse probability weighting (IPW)

estimator (e.g., Leung, 2022a; Gao and Ding, 2023). A usual condition for the

IPW estimator to work in a network experimental setting is the individual-level

overlapping condition; in our notation, we need to have P[T̃n,i = t|Rn] ∈

(η, 1− η) almost surely for all i ∈ Nn and t ∈ Tn for some η ∈ (0, 1/2). This

overlapping condition is difficult to maintain in the network sampling framework.

For example, consider a population of two connected units. Suppose the first

unit is sampled, while the second is not. The exposure mapping is defined as

the number of treated neighbors. In this case, P[T̃n,1 = 1|Rn] = 0, thereby

violating the overlapping condition. Also, it is notable that the IPW estimator

typically targets a quantity that differs from our estimands, which are defined

through moment conditions in (2.4) and (2.5).

Throughout this section, we have defined the network sampling framework,

the exposure mapping, and the potential outcome model. We have also defined

the population- and sample-level estimands, which are the solutions to the

population and sample moment conditions, respectively. The next section

provides our main theoretical results within this framework.
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2.3 Main Results

In this section, we present the main results of this paper. We first discuss

the population- and sample-level estimands’ causal interpretation, then derive

the asymptotic properties of the OLS estimator for both. Since we have

assumed that the sequence of sampling probabilities ρn is bounded away from 0

(Assumption 2.1-(i)), it follows that N > 0 a.s. for large enough n (Lemma B.4

in Appendix B.2). Thus, there is no additional concern for the degeneracy of

the estimands and the OLS estimator in a large population, relative to the

standard design-based setting with ρn = 1.4

2.3.1 Interpretability of the Causal Estimands

We impose the following regularity conditions for the causal estimands to be

well-defined. These conditions require boundedness of the outcome, exposure

mappings, and covariates, as well as full rank of the exposure mappings and

covariates.

Assumption 2.3.

(i) (Uniform Boundedness): The sequence of potential outcomes Y ∗
n,i(·) is

uniformly bounded, i.e., there exists some constant Y > 0 such that

|Y ∗
n,i(t)| ≤ Y <∞ for all n, i ∈ Nn, and t ∈ T .

(ii) The sequences of exposure mappings Tn,i and T̃n,i satisfy the following.
4This is why we have a stronger statement than Abadie et al. (2020) who allow ρn → 0

as n → ∞ and use “with probability approaching 1” instead of “almost surely” in their results.
Note that Lemma B.4 allows ρn → 0 as long as ρnn → ∞.
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(a) (Uniform Boundedness): There exists some constant T such that

∥Tn,i∥, ∥T̃n,i∥ ≤ T <∞ almost surely for all n, i ∈ Nn.

(b) (Variation): (1/n) ×
∑

i∈Nn
Var(Tn,i) is invertible and (1/N) ×∑

i∈Nn
Rn,iVar(T̃n,i | Rn) is almost surely invertible for large enough

n.

(iii) The sequences of covariates Zn,i and Z̃n,i satisfy the following.

(a) (Uniform Boundedness): There exists some constant Z such that

∥Zn,i∥, ∥Z̃n,i∥ ≤ Z <∞ almost surely for all n, i ∈ Nn.

(b) (Full Rank): (1/n)×
∑n

i=1 Zn,iZ
′
n,i is almost surely full-rank for large

enough n, and (1/N)×
∑n

i=1Rn,iZ̃n,iZ̃
′
n,i is almost surely invertible

for large enough n.

Assumption 2.3 (iii) implies that the sequences of residualized exposure

mappings Xn,i and X̃n,i satisfy the following.

(a) (Uniform Boundedness): There exists some constant X such that

∥Xn,i∥, ∥X̃n,i∥ ≤ X <∞ almost surely for all n, i ∈ Nn.

(b) (Full Rank): (1/n)×
∑

i∈Nn
E[Xn,iX

′
n,i] is invertible and

(1/N) ×
∑n

i=1Rn,iE[X̃n,iX̃
′
n,i|Rn] is almost surely invertible for large

enough n.

The uniform boundedness of the potential outcomes in Assumption 2.3

(i) is a standard assumption in the literature (e.g., Leung, 2022a; Gao and

Ding, 2023). Assumption 2.3 (ii-a) rules out some network statistics in a large,
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dense network (e.g., a diverging degree). Assumption 2.3 (ii-b) requires that

the exposure mappings are not degenerate across the units. For example,

in Example 2.2, Assumption 2.3 (ii-b) is violated if the network is empty,

An,i,j = 0 for all i, j ∈ Nn, as 1{
∑

j ̸=iRn,jAn,i,jD
∗
n,j > 0} = 0 for all i ∈ Nn.

Assumption 2.3 (iii-b) does not exclude the constant term in Zn,i and Z̃n,i.

Assumption 2.3 (ii-b) and (iii-b) are not as restrictive as they seem since we

have N > 0 a.s. for large enough n.

We impose an additional condition on the exposure mapping:

Assumption 2.4. There exists a sequence of matrices Ln such that

E[Tn,i|Rn] = LnZn,i a.s.

for large enough n. Similarly, there exists a sequence of matrices L̃n measurable

with respect to σ(Rn) such that

E[T̃n,i|Rn] = L̃nZ̃n,i a.s.

for large enough n.

This assumption is fairly weak, as it is automatically satisfied if E[Tn,i|Rn]

and E[T̃n,i|Rn] are included in Zn,i and Z̃n,i, respectively. Typically, in a field

experiment, the experimenter knows the assignment mechanism, so E[T̃n,i|Rn]

can be computed either analytically or numerically and included as covariates.

As the following example shows, in some cases, it is sufficient to include some

network statistics in the covariates to satisfy this assumption.
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Example 2.5. Consider a variant of the exposure mapping in Miguel and

Kremer (2004) that counts the number of treated friends:

Tn,i = g(i,Dn,An) =
∑
j ̸=i

An,i,jRn,jD
∗
n,j .

If there is no censoring, then g̃ = g. The conditional expectations of exposure

mappings are derived as E[Tn,i|Rn] =
∑

j ̸=iAn,i,jRn,jpn,j, and E[T̃n,i|Rn] =∑
j ̸=i Ãn,i,jRn,jpn,j =

∑
j ̸=iAn,i,jRn,jpn,j for Rn,i = 1. Thus, Assumption 2.4

holds if the weighted degree
∑

j ̸=iAn,i,jRn,jpn,j is included in Zn,i and Z̃n,i.

We obtain the following transformations of the estimands in terms of

the individual causal effects θn,i in the linear potential outcome model in

Assumption 2.2:

Theorem 2.1. Under Assumptions 2.1 to 2.4, for large enough n,

θcausaln =

(
n∑

i=1

E[Xn,iX
′
n,i]

)−1 n∑
i=1

E[Xn,iX
′
n,i]θn,i,

and

θcausal,sample
n =

(
n∑

i=1

Rn,iE[X̃n,iX̃
′
n,i|Rn]

)−1 n∑
i=1

Rn,iE[X̃n,iX
′
n,i|Rn]θn,i a.s.

Theorem 2.1 shows that θcausaln is expressed as a weighted sum of causal

effects θn,i induced by the exposure mapping. On the other hand, θcausal,sample
n

is not necessarily a weighted sum of θn,i because of the difference in Xn,i and

X̃n,i in the numerator. Moreover, the dimension of θcausal,sample
n is d

T̃
, which
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can be different from dT , the dimension of θn,i.

In the absence of Assumption 2.4, it is known that the formula in Theo-

rem 2.1 does not hold due to the omitted variable bias (OVB). Assumption 2.4

and Theorem 2.1 suggest a takeaway for practitioners: under the linear propen-

sity scores, the researcher can select necessary controls easily to avoid the

OVB.

The linear propensity score assumption Assumption 2.4 is a weak assumption

in design-based causal inference. This assumption also appears in Abadie et al.

(2020) and Borusyak and Hull (2023a). In the latter, the OVB is removed by

using the recentered instruments. Theoretically, including the controls and

using the recentered instruments are equivalent, but including the controls is

more frequently used in practice. While Borusyak and Hull (2023a) focuses on

homogeneous treatment effects, this paper allows for heterogeneous treatment

effects.

Note that in general, the k-th elements of θcausaln and θcausal,sample
n do not

directly correspond to the causal effect of changes in the k-th element of the

exposure mapping on the outcomes. For example, if the exposure mapping is

two-dimensional, we could have the first element of θcausaln to be negative while

the first element of θn,i is positive for all i ∈ Nn if the second element of it is

significantly negative.

2.3.2 Causal Interpretation

To provide a causal interpretation for each element θcausaln,(k) and θcausal,sample
n,(k) , we

develop an element-wise version of Theorem 2.1. To this end, we let Tn,i,(k)

denote the k-th element of Tn,i. Similarly, we write T̃n,i,(k), Xn,i,(k), X̃n,i,(k). For
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each k, let Un,i,(k) be the residual when projecting Xn,i,(k) onto the Xn,i,(−k) =

(Xn,i,(l))l ̸=k:

Un,i,(k) = Xn,i,(k)

−

(
n∑

i=1

E[Xn,i,(k)X
′
n,i,(−k)]

)

×

(
n∑

i=1

E[Xn,i,(−k)X
′
n,i,(−k)]

)−1

Xn,i,(−k).

Similarly, define

Ũn,i,(k) = X̃n,i,(k)

−

(
n∑

i=1

Rn,iE[X̃n,i,(k)X̃
′
n,i,(−k)|Rn]

)

×

(
n∑

i=1

Rn,iE[X̃n,i,(−k)X̃
′
n,i,(−k)|Rn]

)−1

X̃n,i,(−k).

Then, we have the following decompositions:

Corollary 2.1. Under Assumptions 2.1 to 2.4, for large enough n,

θcausaln,(k) =

∑n
i=1 E[Un,i,(k)Xn,i,(k)]θn,i,(k)∑n

i=1 E[U2
n,i,(k)]

+

∑n
i=1 E[Un,i,(k)X

′
n,i,(−k)]θn,i,(−k)∑n

i=1 E[U2
n,i,(k)]

(2.8)

for each k = 1, ..., dT , and

θcausal,sample
n,(k) =

∑n
i=1Rn,iE[Ũn,i,(k)X

′
n,i|Rn]θn,i∑n

i=1Rn,iE[Ũ2
n,i,(k)|Rn]

a.s. (2.9)
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for each k = 1, ..., d
T̃
. Under an additional assumption d

T̃
= dT , we can

simplify it into

θcausal,sample
n,(k) =

∑n
i=1Rn,iE[Ũn,i,(k)Xn,i,(k)|Rn]θn,i,(k)∑n

i=1Rn,iE[Ũ2
n,i,(k)|Rn]

+

∑n
i=1Rn,iE[Ũn,i,(k)X

′
n,i,(−k)|Rn]θn,i,(−k)∑n

i=1Rn,iE[Ũ2
n,i,(k)|Rn]

a.s. (2.10)

for each k = 1, ..., dT .

Corollary 2.1 shows that θcausaln,(k) and θcausal,sample
n,(k) can be influenced by effects

from other elements θn,i,(l) with l ̸= k. However, the residualization does not

eliminate contamination bias, because the definition of Un,i,(k) and Ũn,i,(k) only

implies

n∑
i=1

E[Un,i,(k)X
′
n,i,(−k)] = 0 and

n∑
i=1

Rn,iE[Ũn,i,(k)X
′
n,i,(−k)|Rn] = 0,

respectively. Moreover, E[Un,i,(k)Xn,i,(k)] and E[Ũn,i,(k)Xn,i,(k)|Rn] are not

guaranteed to be non-negative.

Example 2.6. Suppose the true exposure mapping is the number of treated

friends, Tn,i =
∑

j ̸=iAn,i,jRn,jD
∗
n,j, and that Tn,i takes three possible values 1, 2,

or 3. Suppose the researcher misspecifies the exposure mapping as dummy vari-

ables: T̃n,i = (T̃n,i,(1), T̃n,i,(2), T̃n,i,(3)), where T̃n,i,(k) = 1{
∑

j ̸=i Ãn,i,jRn,jD
∗
n,j =

k}. Thus, d
T̃
= 3 > dT = 1. For simplicity, consider star sampling, which pro-

vides all network links in the first neighborhood. Then, T̃n,i,(k) = 1{Tn,i = k}.

Equation (2.9) in Corollary 2.1 implies that the coefficient for T̃n,i,(k) has no
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contamination term because Xn,i is a scalar in this example. However, each

element of θcausal,sample
n captures a different weighted sum of θn,i; thus, the

interpretation is unclear.

Remark 2.2. (i) Assuming d
T̃
= dT requires the researcher to correctly specify

the dimension of the exposure mapping (dT = d
T̃
). However, this assumption

allows the researcher to misspecify the shape of g̃ ≠ g or mismeasure the

network.

(ii) Our result for θcausaln is a design-based analogue of Proposition 1 in

Goldsmith-Pinkham et al. (2022). The main differences are that their analysis

is model-based and focuses on mutually exclusive treatment indicators (e.g.,

K-arms).5,6 In contrast, we allow more flexible treatments, including network

spillovers. Our decomposition for θcausal,sample
n additionally accommodates both

misspecification of the exposure mapping and mismeasurement of the network.

(iii) If the distribution of Tn,i does not depend on i, a result in Corollary 2.1

can be strengthened to

θcausaln,(k) =

∑n
i=1 E[Un,i,(k)Xn,i,(k)]θn,i,(k)∑n

i=1 E[U2
n,i,(k)]

for any k. That is, we do not have a contamination bias. However, the weight

can be negative. Moreover, the homogeneous requirement of the treatment
5Mutually exclusive treatments guarantee that each treatment’s own effect receives a

non-negative weight.
6Goldsmith-Pinkham et al. (2022) propose three approaches to eliminate contamination

bias, but all require modeling the conditional expectation of heterogeneous treatment effects
based on observed covariates. In a design-based setting with deterministic treatment effects
θn,i, such modeling is not appropriate. Even if the modeling assumption is justified, their
methods may be unreliable for network experiments due to weak overlap in propensity scores,
which is often violated for common exposure mappings.
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variable Tn,i is usually violated in design-based network experiments since the

exposure mapping depends on the network information for each i and the

population network An is treated as non-random.

(iv) The weight for θcausaln is clearly non-negative if the dimension of the

treatment variable Tn,i is one (dT = 1) because no contamination occurs when

dT = 1. This result is consistent with Borusyak and Hull (2024), but our result

in Corollary 2.1 is more general (dT > 1).

2.3.3 When Can We Avoid the Contamination Bias?

The following statement provides sufficient conditions to avoid contamination

bias. Define the conditional covariance for random variables W1 and W2 given

Rn as Cov(W1,W2|Rn) = E[(W1 − E[W1|Rn])(W2 − E[W2|Rn])|Rn].

Corollary 2.2. Assume that Assumptions 2.1 to 2.4 and d
T̃
= dT hold. Suppose

that E[Cov(Tn,i,(k), Tn,i,(l)|Rn)] = 0 for all i ∈ Nn and for any l ̸= k. Then, for

large enough n, there is no contamination bias for θcausaln,(k) , i.e.,

θcausaln,(k) =

∑n
i=1 E[X2

n,i,(k)]θn,i,(k)∑n
i=1 E[X2

n,i,(k)]

for each k = 1, ..., dT . Suppose that Cov(T̃n,i,(k), Tn,i,(l)|Rn) = 0 for all i ∈ Nn

with Rn,i = 1 and for any l ≠ k. Then, for large enough n, there is no

contamination bias for θcausal,sample
n,(k) , i.e.,

θcausal,sample
n,(k) =

∑n
i=1Rn,iE[X̃n,i,(k)Xn,i,(k)|Rn]θn,i,(k)∑n

i=1Rn,iE[X̃2
n,i,(k)|Rn]

a.s.
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for each k = 1, ..., dT .

The weights of θcausaln,(k) for θn,i,(k) are always non-negative. If we further

assume that Cov(T̃n,i,(k), Tn,i,(k)|Rn) ≥ 0 a.s. for all i ∈ Nn with Rn,i = 1 and

for all k = 1, ..., dT , then the weights of θcausal,sample
n,(k) for θn,i,(k) are non-negative,

i.e.,
Rn,iE[X̃n,i,(k)Xn,i,(k)|Rn]∑n

i=1Rn,iE[X̃2
n,i,(k)|Rn]

≥ 0 a.s.

for all i ∈ Nn and each k = 1, ..., dT .

The zero conditional covariance assumption is satisfied if elements of Tn,i and

T̃n,i are mutually independent. The positive conditional covariance assumption

is satisfied under the censored network (see Example 2.7 below).

Remark 2.3. Under homogeneous treatment effects θn,i = θn, we have θcausaln =

θn, but

θcausal,sample
n

= θn −

(
n∑

i=1

Rn,iE[X̃n,iX̃
′
n,i|Rn]

)−1 n∑
i=1

Rn,iE[X̃n,i(Xn,i − X̃n,i)
′|Rn]θn.

Thus, θcausaln does not have contamination bias for homogeneous treatment effects,

but θcausal,sample
n does. Under homogeneous treatment effects and Xn,i = X̃n,i,

we have θcausaln = θcausal,sample
n = θn.

Example 2.7. Consider the exposure mapping in Example 2.4. The misspecified

exposure mapping is T̃n,i = g̃(i,Dn, Ãn) = 1
{∑

j ̸=iCn,i,jÃn,i,jRn,jD
∗
n,j > 0

}
.

Assume that D∗
n,i ∼ Bernoulli(pn) for i = 1, . . . , n independently. By adapting
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Corollary 2.2, θcausal,sample
n is a convex combination of θn,i. Indeed, we can

calculate

θcausal,sample
n =

∑n
i=1Rn,i

(
1− (1− pn)

∑
j ̸=i Cn,i,jÃn,i,jRn,j

)
θn,i,(1)∑n

i=1Rn,i

(
1− (1− pn)

∑
j ̸=i Cn,i,jÃn,i,jRn,j

) ,

and the weights are non-negative. In general, if both mappings T̃n,i,(k) and

Tn,i,(k) are weakly increasing (or both weakly decreasing) in {D∗
n,i}i∈Nn, then

the weights are non-negative. Thus, censoring does not cause negative weight

problems when g is weakly monotone on {D∗
n,i}i∈Nn for the first neighborhood

exposure mapping.

2.3.4 More Examples

Example 2.8. Consider a general form of exposure mapping. For some function

q : R2 → R, let Tn,i = (Rn,iD
∗
n,i, q(

∑
j ̸=iAn,i,jRn,jD

∗
n,j ,
∑

j ̸=iAn,i,jRn,j)) and

T̃n,i = (Rn,iD
∗
n,i, q(

∑
j ̸=i Ãn,i,jRn,jD

∗
n,j ,
∑

j ̸=i Ãn,i,jRn,j)). For example, the

share of treated friends is covered by the following q:

q

∑
j ̸=i

An,i,jRn,jD
∗
n,j ,
∑
j ̸=i

An,i,jRn,j

 =

∑
j ̸=iAn,i,jRn,jD

∗
n,j∑

j ̸=iAn,i,jRn,j
.

It also covers the indicator function as in Example 2.2. Since D∗
n,i ⊥⊥ D∗

n,j, this

satisfies the no-correlation conditions. If q is non-decreasing with respect to the

first argument, then T̃n,i and Tn,i are positively correlated, giving θcausal,sample
n a

clear causal interpretation. This type of exposure mapping is used in Cai et al.

(2015a) and Carter et al. (2021a). As we illustrated above in the special case, the

censoring T̃n,i = (Rn,iD
∗
n,i, q(

∑
j ̸=iCn,i,jÃn,i,jRn,jD

∗
n,j ,
∑

j ̸=iCn,i,jÃn,i,jRn,j))
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does not cause negative weight problems since the exposure mapping g is weakly

monotone on {D∗
n,i}i∈Nn.

Example 2.9. Let Tn,i = (Rn,iD
∗
n,iGn,i, Rn,iD

∗
n,i(1−Gn,i), (1−Rn,iD

∗
n,i)Gn,i),

where Gn,i = 1{
∑

j ̸=iAn,i,jRn,jD
∗
n,j > 0}. The exposure mapping categorizes

each unit i into one of three mutually exclusive exposure types, based on their own

treatment status and the presence of treated friends.7 The elements are mutually

exclusive but dependent, so the no-correlation conditions are violated, and we

have a contamination bias. This exposure mapping is used in Aronow and

Samii (2017). For the exposure mapping with dependence among its elements,

we recommend using the inverse propensity score weighting (IPW) estimators

to avoid contamination bias.

Remark 2.4. (Comparison with IPW estimators) The causal estimand for the

IPW estimators is the average treatment effect (ATE), (1/n)
∑n

i=1 Y
∗
n,i(t) for

each t. In other words, the IPW estimator and the regression estimator are for

different causal estimands. While the IPW estimator works well for cases like

Example 2.9, it is not suitable for cases like Example 2.10 because the overlapping

condition of the propensity score is easily violated. For example, suppose that

Tn,i is the treated friends share (
∑

j ̸=iAn,i,jRn,jD
∗
n,j)/(

∑
j ̸=iAn,i,j), and there

are two units having three and two friends in the population network, respectively.

The former can take Tn,i = 1/3 with positive probability, but the latter never

takes the value. Thus, the overlapping condition fails to hold. Moreover, the

overlapping condition can be violated in the sampled network even if it is satisfied
7The slope of the OLS estimator captures the effect associated with the group of units

that are untreated and have no treated friends.
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in the population network, since the sampled network is a sub-network of the

population one.

The choice between the IPW estimator and the regression should be de-

cided by the exposure mapping formula that the researcher wants to use. We

recommend using the IPW estimators to avoid contamination bias when the

overlapping condition is satisfied. On the other hand, if there is any doubt

about the overlapping condition or the exposure mapping takes (nearly) contin-

uous values, we suggest using the regression model since it does not require the

overlapping condition. We leave a more detailed comparison between the IPW

estimator and the OLS estimator for future research.

Example 2.10. Consider an exposure mapping

Tn,i =

(
Rn,iD

∗
n,i,

∑
j ̸=iAn,i,jRn,jD

∗
n,j∑

j ̸=iAn,i,j
,

∑
j ̸=i

∑
k ̸=i,j An,i,jAn,j,kRn,kD

∗
n,k∑

j ̸=i

∑
k ̸=i,j An,i,jAn,j,k

)
,

where the first element indicates whether unit i is directly treated or not, the

second element captures the treated friends share among i’s first neighbors, and

the third element captures the treated friends share among i’s second neighbors.

There are overlaps in Dn in the second and third elements if there are triangles

in the network, so no-correlation conditions are generally violated. Figure 2.2a

shows an example of a network with triangles. The second element of Tn,i is the

average of the neighbors’ treatment status including Dn,i1 and Dn,i2 . The third

element is the average of the first neighbors’ treatment status, including Dn,i1

and Dn,i2, again. Thus, the second and third elements are correlated. This

setting is employed in Cai et al. (2015a). An easy way to avoid contamination
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bias is to modify the exposure mapping g to eliminate the double counting. For

example, we can use

Tn,i =

(
Rn,iD

∗
n,i,

∑
j ̸=iAn,i,jRn,jD

∗
n,j∑

j ̸=iAn,i,j
,∑

j ̸=i

∑
k ̸=i,j An,i,jAn,j,k(1−An,i,k)Rn,kD

∗
n,k∑

j ̸=i

∑
k ̸=i,j An,i,jAn,j,k(1−An,i,k)

)
,

(2.11)

instead. Although we miss some of the second-order links, we still manage to

avoid the double counting and hence contamination bias.

Figure 2.2: Networks with triangle links

i i1

i2

(a) Without censored links

i i1

i2

(b) With censored (dashed) links

Example 2.11. Consider the setup in Example 2.10 but with censoring caused

by naming up to four friends. As illustrated in Figure 2.2b, suppose that the

sampled network link between i1 and i2 is not observed due to the censoring.

Then, i2 is misclassified as a second neighborhood friend in the observed network

while i2 is a first neighborhood friend in the population network. Thus, if we

consider the true exposure mapping Tn,i as in (2.11), and a misspecified exposure
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mapping for the sampled network

T̃n,i =

(
Rn,iD

∗
n,i,

∑
j ̸=iCn,i,jÃn,i,jRn,jD

∗
n,j∑

j ̸=iCn,i,jÃn,i,j

,

∑
j ̸=i

∑
k ̸=i,j Cn,i,jÃn,i,jCn,j,kÃn,j,k(1− Cn,i,kÃn,i,k)Rn,kD

∗
n,k∑

j ̸=i

∑
k ̸=i,j Cn,i,jÃn,i,jCn,j,kÃn,j,k(1− Cn,i,kÃn,i,k)

)
,

then, there is a correlation between Tn,i,(2) and T̃n,i,(3). An easy way to avoid

contamination bias is to modify the exposure mapping g̃ so that T̃n,i,(3) equals

zero for individuals subject to censoring. For example, if the censoring happens

by asking up to four friends, we can eliminate the individuals with four observed

links from consideration:

T̃n,i,(3) × 1

∑
j ̸=i

Cn,i,jÃn,i,j < 4

 .

Note that the censoring for i does not matter for the first neighborhood element

T̃n,i,(2) by the same logic as Example 2.8. Moreover, the censoring for i1 does

not matter for the second neighborhood element T̃n,i,(3) of i because it does not

introduce any misclassification.

2.3.5 Asymptotic Theory

We mostly follow the notation of Kojevnikov et al. (2021a). Let Nn = {1, ..., n}

be the set of population units and dn(i, j) be the shortest distance between

i, j ∈ Nn on An (set dn(i, i) = 0; set dn(i, j) = ∞ if there are no paths between

i and j). Define Lv = {Lv,a : a ∈ N}, where Lv,a = {f : Rv×a → R : ∥f∥∞ <

∞,Lip(f) <∞}, ∥ · ∥∞ is the sup-norm, and Lip(f) is the Lipschitz constant
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of f . Let Pn(a, b; s) = {(A,B) : A,B ⊂ Nn, |A| = a, |B| = b, dn(A,B) ≥ s},

where dn(A,B) = mini∈Aminj∈B dn(i, j). For each A ⊂ Nn and triangular

array (Un,i), let us write Un,A = (Un,i)i∈A.

Definition 2.1. A triangular array {Un,i}, n ≥ 1, Un,i ∈ Rv, is called condition-

ally ψ-dependent given Rn, if for each n ∈ N, there exists a σ(Rn)-measurable

sequence ξn = {ξn,s}s≥0, ξn,0 = 1, and a collection of nonrandom functions

(ψa,b)a,b∈N, ψa,b : Lv,a×Lv,b → [0,∞) such that for all (A,B) ∈ Pn(a, b; s) with

s > 0 and all f ∈ Lv,a and g ∈ Lv,b,

|Cov(f(Un,A), g(Un,B))| ≤ ψa,b(f, g)ξn,s a.s.

Define

Nn(i; s) = {j ∈ Nn : dn(i, j) ≤ s},

which is the set of i’s neighborhood within s-distance. First, we assume that

the network dependence of the exposure mappings is local.

Assumption 2.5. There exists some K ∈ N such that for any i ∈ Nn, n ∈ N

and dn,d
′
n ∈ {0, 1}n such that dn,Nn(i,K) = d′

n,Nn(i,K),

g(i,dn,An) = g(i,d′
n,An), and g̃(i,dn, Ãn) = g̃(i,d′

n, Ãn) a.s.

Let d̃n(i, j) be the shortest distance between i, j ∈ Nn on Ãn. Assump-

tions 2.1 and 2.5 imply that Tn,i ⊥⊥ Tn,j if dn(i, j) > 2K. They also imply
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that T̃n,i ⊥⊥ T̃n,j if dn(i, j) > 2K because d̃n(i, j) ≥ dn(i, j) almost surely

and because i and j do not share Rn,k and D∗
n,k for any k ≠ i, j in their

K-neighborhoods.

Under the correctly specified exposure mapping, g = g̃, the condition

g(i,dn,An) = g(i,d′
n,An) automatically implies g̃(i,dn, Ãn) = g̃(i,d′

n, Ãn)

a.s. because the distance on a sampled network is always weakly longer than

that on the population network: d̃n(i, j) ≥ dn(i, j). For the same reason, the

distance on a censored network is always weakly longer than that on sampled

or population networks.

Define N ∂
n (i; s) = {j ∈ Nn : dn(i, j) = s}, which is the set of i’s neighbor-

hood with exact s-distance, and its p-th sample moment δ∂n(s; p) = n−1
∑

i∈Nn

|N ∂
n (i; s)|p. The next assumption requires that the sum of these p-th sample

moments within 2K-distance is bounded.

Assumption 2.6. The sequence of networks (An) satisfies

∑
1≤s≤2K

δ∂n(s; 1) = O(1).

By a simple calculation and ρ > 0, we can show that Assumption 2.6 is

equivalent to (nρn)
−1
∑n

i=1

∑
j∈Nn(i;2K) 1 = O(1). Also note that Assump-

tion 2.6 is weaker than the bounded network degree since this assumption only

requires the boundedness on average.

Then, we show that our estimator is consistent for the sample-level causal

estimand:
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Theorem 2.2. Under Assumptions 2.1 to 2.6,

θ̂n − θcausal,sample
n

pR−→ 0 and θ̂n − θcausal,sample
n

p→ 0,

where pR−→ denotes convergence in probability conditional on Rn, that is, for

any ε > 0,

P
(
∥θ̂n − θcausal,sample

n ∥ ≤ ε | Rn

)
a.s.−→ 1

as n→ ∞.

Theorem 2.2 establishes the internal validity of our network experiment.

However, in general, θ̂n − θcausaln ̸ p→ 0 because θcausaln − θcausal,sample
n ̸ p→ 0 due

to misspecification of the exposure mapping. Moreover, as shown in Corol-

lary 2.1, θcausal,sample
n does not have a clear causal interpretation. Consequently,

Theorem 2.2 does not guarantee the external validity of our network experiment.

Ideally, our network experiment would satisfy θ̂n − θcausaln
p→ 0 so that

each element of θ̂n can be interpreted as a causal spillover effect. We show

that this consistency is achieved when there is no misspecification and no

mismeasurement (T̃n,i = Tn,i for each i ∈ Nn) and the observed covariates

coincide with those in the population (Z̃n,i = Zn,i for each i ∈ Nn). We are

essentially assuming that each T̃n,i is computed by g(i,Dn,An) = Tn,i where

we replace g̃ with g and Ãn with An. Under the linear propensity scores, we

can show that Xn,i = X̃n,i a.s. (Lemma B.7).

Assumption 2.7.

1. We have the following equalities almost surely for Rn,i = 1: T̃n,i = Tn,i
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and Z̃n,i = Zn,i for all i ∈ Nn and n ∈ N.

2. Each element of Tn,i and Zn,i either does not depend on Rn,i, or depends

on it only through a multiplicative form.

3. At most one element of Tn,i depends on i’s own treatment Rn,iD
∗
n,i and

the element does not depend on Rn,j and Dn,j for any j ̸= i.

Assumption 2.7 (i) holds when there is no misspecification and no mismea-

surement for sampled units, i.e., g = g̃ and Ãn = An locally. For example,

under star sampling with an exposure mapping restricted to the first neigh-

borhood, all relevant links are correctly observed for sampled units. However,

Assumption 2.7 (i) may not hold for exposure mappings with higher-order de-

pendence, since more global measurement of the network is then required up to

the relevant order. Nonetheless, in such cases, researchers can apply our results

to θcausal,sample
n instead of θcausaln and interpret it as a convex combination of

heterogeneous treatment effects. Assumption 2.7 (ii) means some components

of the covariate vector are independent of the sampling indicator, while others

incorporate Rn,i in a multiplicative way—for example, Zn,i,(k) = Rn,ipn,i. We

can always pick covariates Zn,i having Assumption 2.7 (ii) since Rn,i enters

only multiplicatively for Tn,i by Assumption 2.1 if we include the direct effect

without any transformation. Thus, we can choose covariates Zn,i satisfying

Assumption 2.7 and Assumption 2.4 simultaneously. Assumption 2.7 (iii)

is satisfied if we do not include the cross term of the direct effect Rn,iD
∗
n,i

and a spillover effect. Excluding the cross term is also used to guarantee no
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contamination (Corollary 2.2).8

Under Assumption 2.7, we can show the consistency of the OLS estimator

θ̂n for the population-level causal estimand θcausaln :

Theorem 2.3. Under Assumptions 2.1 to 2.7,

θ̂n − θcausaln
p→ 0.

It is worth noting that Theorem 2.3 does not hold if Z̃n,i ̸= Zn,i, since we

cannot ensure X̃n,i ∼ Xn,i asymptotically. Instead, under no misspecification,

Corollary 2.1 implies

θcausal,sample
n,(k) =

∑n
i=1Rn,iE[Ũ2

n,i,(k)|Rn]θn,i∑n
i=1Rn,iE[Ũ2

n,i,(k)|Rn]

for each k = 1, ..., d
T̃
. Thus, although the consistency for θcausaln may fail in this

setting, the absence of misspecification alone recovers the causal interpretability

of θcausal,sample
n , and by extension, that of θ̂n.

Next, we consider the asymptotic distribution of θ̂n. Now, we introduce

additional dependence measures of the network. Define

∆n(s,m; k) =
1

n

∑
i∈Nn

max
j∈N ∂

n (i;s)
|Nn(i;m) \ Nn(j; s− 1)|k,

and

cn(s,m; k) = inf
α>1

[∆n(s,m; kα)]1/α
[
δ∂n

(
s;

α

α− 1

)]1−1/α

.

8We can allow the violation of Assumption 2.7 (iii) if we modify θ̂n in the same manner
as γ̃n in Appendix B.1.
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cn(s,m; k) measures the density of the network and is used as a sufficient

condition for the CLT.

Define

ε̃n,i = Yn,i − X̃ ′
n,iθ

causal,sample
n − Z̃ ′

n,iγ
causal,sample
n ,

εn,i = Yn,i −X ′
n,iθ

causal
n − Z ′

n,iγ
causal
n ,

and

Σ̃n = Var

(
n∑

i=1

Rn,iX̃n,iε̃n,i | Rn

)
, Σn = Var

(
n∑

i=1

Rn,iXn,iεn,i

)
.

We impose the following assumption, which requires a weak dependence

structure in the network and rules out overly dense networks.

Assumption 2.8. There exists a positive sequence mn → ∞ such that for

p = 1, 2,

nΣ̃−(1+p/2)
n

2K∑
s=0

cn(s,mn; p)
a.s.−→ 0, nΣ−(1+p/2)

n

2K∑
s=0

cn(s,mn; p) → 0.

Then, we show that θ̂n is asymptotically normal relative to θcausal,sample
n :

Theorem 2.4. Under Assumptions 2.1 to 2.6 and 2.8,

Σ̃−1/2
n Q̃XX

n (θ̂n − θcausal,sample
n )

dR−→ N(0, Id
T̃
), and

Σ̃−1/2
n Q̃XX

n (θ̂n − θcausal,sample
n )

d→ N(0, Id
T̃
),
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where dR→ denotes convergence in distribution conditional on Rn, that is,

∣∣∣P(Σ̃−1/2
n Q̃XX

n (θ̂n − θcausal,sample
n ) ≤ t | Rn

)
− F (t)

∣∣∣ a.s.−→ 0

as n→ ∞ for any t ∈ Rd
T̃ letting F (t) be the distribution function of N(0, Id

T̃
).

We also show that the absence of misspecification and access to the variables

in the population yield asymptotic normality of θ̂n relative to θcausaln :

Theorem 2.5. Under Assumptions 2.1 to 2.8, we have

Σ−1/2
n Q̃XX

n (θ̂n − θcausaln )
d→ N(0, IdT ).

Remark 2.5. When we have a homogeneous effect θn,i = θn, we have

θcausal,sample
n = θcausaln a.s. for large enough n under Xn,i = X̃n,i. Hence,

we can use the same asymptotic distribution among them.

2.4 Variance Estimation

In this section, we provide a conservative network heteroskedasticity- and

autocorrelation-consistent (HAC) variance estimator for θ̂n. Note that even

when treatments and samples are randomly assigned and drawn, dependence can

persist within a 2K-neighborhood because exposure mappings Tn,i may share

elements of Dn and Rn. As a result, the variance estimator must account for

this local dependence structure. However, for any pair i, j with dn(i, j) > 2K,

the exposure mappings Tn,i and Tn,j are independent. When the exposure

mapping is correctly specified (g̃ = g), the researcher can directly choose a
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finite K based on the functional form. If there is potential misspecification

in g̃, K should be selected conservatively, reflecting the maximum range over

which the exposure mapping may induce dependence.

Define

Ñn(i; s) = {j ∈ Nn : d̃n(i, j) ≤ s},

which is the set of i’s neighborhood within s-distance on a sampled network

Ãn. Note that Ñn(i; s) is a random set because d̃n(i, j) is a random variable

depending on Rn. On the other hand, dn(i, j) and Nn(i; s) are non-random.

Recall that we also have d̃n(i, j) ≥ dn(i, j) a.s., thus, Ñn(i; s) ⊆ Nn(i; s) a.s.

Let

ε̂n,i = Yn,i − X̃ ′
n,iθ̂n − Z̃ ′

n,iγ̃n,

Ψn,i = Xn,iεn,i, Ψ̃n,i = X̃n,iε̃n,i, and Ψ̂n,i = X̃n,iε̂n,i, where we define γ̃n later

in Theorems 2.6 and 2.7. By orthogonality conditions,
∑n

i=1 E [Ψn,i] = 0,∑n
i=1Rn,iE

[
Ψ̃n,i | Rn

]
= 0, and

∑n
i=1Rn,iΨ̂n,i = 0.

Then, the variances of interest can be written as

1

nρn
Σ̃n = Var

(
1

√
nρn

n∑
i=1

Rn,iX̃n,iε̃n,i | Rn

)

=
1

nρn

n∑
i=1

∑
j∈Ñn(i,2K)

Rn,iRn,jE
[(

Ψ̃n,i − E
[
Ψ̃n,i | Rn

])
×
(
Ψ̃n,j − E

[
Ψ̃n,j | Rn

])′
| Rn

]
,
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and

1

nρn
Σn =Var

(
1

√
nρn

n∑
i=1

Rn,iXn,iεn,i

)

=
1

nρn

n∑
i=1

∑
j∈Nn(i,2K)

E
[
(Rn,iΨn,i − ρnE [Ψn,i])

× (Rn,jΨn,j − ρnE [Ψn,j ])
′
]
.

We consider the following feasible estimator:

1

N
Σ̂n =

1

N

n∑
i=1

∑
j∈Ñn(i,2K)

Rn,iRn,jΨ̂n,iΨ̂
′
n,j .

To show the consistency of the variance estimator, we assume an additional

sparsity condition. The assumption requires a few more notations. Let δn(s; p)

be the p-th sample moment of the set of i’s neighborhood within s-distance:

δn(s; p) = n−1
∑n

i=1 |Nn(i; s)|p. We also define Jn(s,m) as the set of quadruples

(i, j, i′, j′) such that i′ and j′ are m-neighbors of i and j, respectively, and the

distance between i and j is exactly s:

Jn(s,m) =
{
(i, j, i′, j′) ∈ N 4

n : i′ ∈ Nn(i,m), j′ ∈ Nn(j,m), dn(i, j) = s
}
.

Assumption 2.9. (i) δn(2K; 2) = o(n). (ii)
∑2K

s=0 |Jn(s, 2K)| = o(n2).

Assumption 2.9 is a version of Assumptions 7c and 7d of Leung (2022a).

This assumption is satisfied if network links are not too dense.

Theorem 2.6. Let γ̃n = γ̂n. Under Assumptions 2.1 to 2.6, 2.8 and 2.9, we
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have

1

N
Σ̂n =

1

nρn
Σ̃n + B̃n + opR(1),

where Un = opR(1) means Un
pR−→ 0, and

B̃n =
1

nρn

n∑
i=1

∑
j∈Ñn(i,2K)

Rn,iRn,jE
[
Ψ̃n,i | Rn

]
E
[
Ψ̃n,j | Rn

]′
.

Let γ̃n = γcausaln + op(1). If, in addition, we assume Assumption 2.7 and

d̃n(i, j) = dn(i, j) a.s. for all (i, j) ∈ N 2
n with Rn,i = 1 and Rn,j = 1 and for

all n ∈ N, then,

1

N
Σ̂n =

1

nρn
Σn + B̂n + op(1),

where

B̂n =
1

n

n∑
i=1

∑
j∈Nn(i,2K)

ρnE [Ψn,i]E [Ψn,j ]
′ .

An estimator satisfying γ̃n = γcausaln + op(1) is given in Appendix B.1. In

general, γ̂n ̸= γcausaln + op(1), and we need a modification on γ̂n. The condition

d̃n(i, j) = dn(i, j) a.s. for units with Rn,i = 1 and Rn,j = 1 is satisfied, for

example, when the network is sampled using star sampling and the exposure

mapping is restricted to the first neighborhood.

Theorem 2.6 implies that we can only estimate the variance up to the
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ones with bias terms B̃n and B̂n since there is no hope to estimate each

heterogeneous expectation consistently. This bias is inevitable in heterogeneous

treatment effect settings (Abadie et al., 2020; Leung, 2020; Gao and Ding,

2023). Combining this convergence and the asymptotic normality, we can

estimate the variance of θ̂n by

(
Q̃XX

n

)−1
(

1

N
Σ̂n

)(
Q̃XX

n

)−1
. (2.12)

The above variance estimator has a problem because we cannot guarantee

conservativeness. Indeed, bias matrices B̂n and B̃n are not necessarily positive

semi-definite.9 Conservative guarantee modification is possible. We can write

(1/N)Σ̂n = (1/N)R̂Ψ
′
nK̃nR̂Ψn, where

R̂Ψn =
(
Rn,1X̃n,1ε̂n,1, · · · , Rn,nX̃n,nε̂n,n

)′
,

K̃n = [1{d̃n(i, j) ≤ 2K}]i,j .

Eigendecomposition gives K̃n = QnΞnQ′
n. By replacing K̃n by K̃+

n = Qnmax{

0,Ξn}Q′
n (max is taken element-wise), the variance matrix estimator

1

N
Σ̂+
n =

1

N
R̂Ψ

′
nK̃

+
n R̂Ψn =

1

N

n∑
i=1

n∑
j=1

Rn,iRn,jΨ̂n,iΨ̂
′
n,jK̃

+
n,i,j .

becomes positive semi-definite. We also have K̃−
n = Qn|min{0,Ξn}|Q′

n =

K̃+
n − K̃n. This modification is provided by Gao and Ding (2023). The

9Alternatively, we can implement the randomized inference as Borusyak and Hull (2023a).
For multidimensional θ̂n, the randomized inference do not guarantee conservativeness, too.
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modified variance estimator is given by

(
Q̃XX

n

)−1
(

1

N
Σ̂+
n

)(
Q̃XX

n

)−1
. (2.13)

Define Kn = [1{dn(i, j) ≤ 2K}]i,j , and define K+
n and K−

n in a similar

manner to K̃+
n and K̃−

n . Define

δ̃−n (2K; p) =
1

n

n∑
i=1

 n∑
j=1

|K̃−
n,i,j |

p

, δ−n (2K; p) =
1

n

n∑
i=1

 n∑
j=1

|K−
n,i,j |

p

,

and

|J̃ −
n (s, 2K)| =

n∑
i=1

n∑
j=1

1{dn(i, j) = s}

(
n∑

i′=1

|K̃−
n,i,i′ |

) n∑
j′=1

|K̃−
n,j,j′ |

 ,

|J −
n (s, 2K)| =

n∑
i=1

n∑
j=1

1{dn(i, j) = s}

(
n∑

i′=1

|K−
n,i,i′ |

) n∑
j′=1

|K−
n,j,j′ |

 .

Assumption 2.10. (i) δ̃−n (2K; 1) = Oa.s.(1) and δ−n (2K; 1) = O(1). (ii)

δ̃−n (2K; 2) = Oa.s.(n) and δ−n (2K; 2) = O(n). (iii)
∑2K

s=0 |J̃ −
n (s, 2K)| =

Oa.s.(n
2) and

∑2K
s=0 |J −

n (s, 2K)| = O(n2).

Assumption 2.10 is a version of Assumptions 7b-7d of Gao and Ding (2023).

The assumption is a modified version of Assumption 2.9 for the eigenvalue

modification.

Theorem 2.7. Let γ̃n = γ̂n. Under Assumptions 2.1 to 2.6, 2.8 and 2.10, we
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have

1

N
Σ̂+
n =

1

nρn
Σ̃n + B̃+

n + oRp (1),

where

B̃+
n =

1

nρn

n∑
i=1

n∑
j=1

Rn,iRn,jE
[
Ψ̃n,i | Rn

]
E
[
Ψ̃n,j | Rn

]′
K̃+

n,i,j

+
1

nρn

n∑
i=1

n∑
j=1

Rn,iRn,jE
[(

Ψ̃n,i − E
[
Ψ̃n,i | Rn

])
×
(
Ψ̃n,j − E

[
Ψ̃n,j | Rn

])′
| Rn

]
K̃−

n,i,j

Let γ̃n = γcausaln + op(1). If, in addition, we assume Assumption 2.7 and

d̃n(i, j) = dn(i, j) a.s. for all (i, j) ∈ N 2
n with Rn,i = 1 and Rn,j = 1 and for

all n ∈ N, then,

1

N
Σ̂+
n =

1

nρn
Σn + B̂+

n + op(1),

where

B̂+
n =

1

n

n∑
i=1

n∑
j=1

ρnE [Ψn,i]E [Ψn,j ]
′K+

n,i,j

+
1

nρn

n∑
i=1

n∑
j=1

E
[
(Rn,iΨn,i − ρnE [Ψn,i]) (Rn,jΨn,j − ρnE [Ψn,j ])

′]K−
n,i,j .
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2.5 Simulation

In this section, we conduct a simulation exercise to illustrate the potential

severity of contamination bias. We focus on a case where Tn,i ̸= T̃n,i and

contamination bias can arise. See Appendix B.4 for results when Tn,i = T̃n,i,

where no contamination bias occurs and our inference procedure is valid under

correct model specification.

In the following exercise, we use network link information from Banerjee et al.

(2013) to simulate variables based on a real-world network structure, rather

than on an artificially generated population network. That study conducted

a network survey among randomly selected respondents across 75 villages in

rural southern India, where respondents were asked to name 5 to 8 contacts

across 12 interaction dimensions (e.g., house visits, borrowing goods). We focus

on the borrowing network among individuals, specifically whether a person

borrows rice or kerosene from others.10 To illustrate the applicability of our

framework to a single large network without relying on many clusters, we focus

on the largest village and use its borrowing network as the population network

An. Basic network statistics for this village are presented in Table 2.2:

Table 2.2: Network Information

Nodes Edges Mean Degree Mean 2nd Order Degree
1770 5556 6.28 11.44

Notes: Nodes reports the number of individuals in the village; Edges reports the number of
links based on borrowing relationships; Mean Degree reports the mean degree; Mean 2nd
Order Degree reports the mean count of friends-of-friends not directly connected to node i.

In this exercise, we consider a scenario in which the true and observed
10Banerjee et al. (2013) also collected household-level network data; we use individual-level

network data, which is sparser than the household-level networks.
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exposure mappings differ. The main objective is to quantify the severity

of contamination bias. Specifically, we focus on a case where there is no

contamination bias at the population level, but bias can arise due to the choice

of g̃. We specify the exposure mapping as in Example 2.10:

Tn,i =

(
Rn,iD

∗
n,i,

∑
j ̸=iAn,i,jRn,jD

∗
n,j∑

j ̸=iAn,i,j
,∑

j ̸=i

∑
k ̸=i,j An,i,jAn,j,k(1−An,i,k)Rn,kD

∗
n,k∑

j ̸=i

∑
k ̸=i,j An,i,jAn,j,k(1−An,i,k)

)
=: (Dn,i, netn,i,weakn,i),

and T̃n,i is the same as Tn,i except that its second and third elements are

replaced by

ñetn,i =

∑
j ̸=iAn,i,jRn,jD

∗
n,j∑

j ̸=iRn,jAn,i,j
;

w̃eakn,i =

∑
j ̸=i

∑
k ̸=i,j Rn,jAn,i,jAn,j,k(1−An,i,k)Rn,kD

∗
n,k∑

j ̸=i

∑
k ̸=i,j Rn,jAn,i,jRn,kAn,j,k(1−An,i,k)

.

For comparison, we also consider T̃ overlap
n,i , which is the same as T̃n,i except that

each 1−An,i,k in w̃eakn,i is replaced by 1. As discussed in Example 2.10, due

to overlaps in the second and third elements, the sample-level causal estimand

based on T̃ overlap
n,i will be contaminated. In contrast, the estimands based on

Tn,i and T̃n,i are not, as they are free of such overlaps and correlations.

We implement the following simulation design. First, we set individual-

specific parameters as θn,i,(1) ∼ Exponential(1/3) i.i.d., θn,i,(2) =Mn,i, θn,i,(3) =

0, and νn,i ∼ N(0, 2) i.i.d., where Mn,i is a clustering coefficient given by

Mn,i = (100/n)×
∑

k ̸=i

(∑
j ̸=i,k An,i,jAn,j,k

)2
. Specifically, we draw these θn,i
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and νn,i once and treat them as fixed for each Monte Carlo iteration to simulate

design-based and sampling-based uncertainties. We choose θn,i,(2) = Mn,i

to mechanically maximize contamination bias, as Mn,i correlates with the

contamination weights appearing in Corollary 2.1. The average spillover effect

from netn,i (i.e., the average of Mn,i) is about 1/2. We also set θn,i,(3) = 0 for

all i, so any deviation from 0 can be interpreted as contamination bias. Given

the fixed population adjacency matrix An from Banerjee et al. (2013), we can

calculate the population-based causal estimand θcausaln .

Next, for each iteration, we draw D∗
n,i ∼ Bernoulli(0.5) i.i.d., and Rn,i ∼

Bernoulli(ρn) i.i.d. for varying sampling probabilities ρn ∈ {0.1, 0.5, 1.0} to

see the impact of sampling uncertainty on inference. For each realization

of Rn, we compute θcausal,sample
n . Subsequently, using each realization of Rn

and Dn, we estimate θ̂n from the regression Yn,i ∼ X̃n,i + Z̃n,i, where Z̃n,i =

(Rn,ipn, pn1{
∑

j ̸=iRn,jAn,i,j > 0}, pn1{
∑

j ̸=i

∑
k ̸=i,j Rn,jAn,i,jRn,kAn,j,k(1 −

An,i,k) > 0}), restricted to units with Rn,i = 1. Finally, we compute the

standard errors based on (2.13) with γ̃n = γ̂n for θcausal,sample and with γ̃n from

Appendix B.1 for θcausal, as well as the conventional Eicker-Huber-White (EHW)

standard errors, which are computed from the following variance estimator:

(
Q̃XX

n

)−1
(

1

N

n∑
i=1

Rn,iX̃n,iX̃
′
n,iε̂

2
n,i

)(
Q̃XX

n

)−1
.

When computing the standard errors based on (2.13), we use the observed

network Ãn = [Rn,i×Rn,j×An,i,j ]i,j , which is the sampled network with induced

subgraph links. We repeat this process 2,000 times. The overlapping case is

implemented in the same manner, except that we use T̃ overlap
n,i instead of T̃n,i, and
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the third element of Z̃n,i is replaced by pn1{
∑

j ̸=i

∑
k ̸=i,j Rn,jAn,i,jRn,kAn,j,k >

0}.

Simulation results for ρn ∈ {0.1, 0.5, 1.0} are summarized in Tables 2.3

to 2.5. In Panel A, we use T̃n,i whose w̃eakn,i does not have an overlap in

D∗
n,j for any j with ñetn,i. In Panel B, we use T̃ overlap

n,i whose w̃eak
overlap
n,i does

share some D∗
n,j with ñetn,i. Also note that, in both panels, the true exposure

mapping is fixed to Tn,i defined above. Hence, the population-level causal

estimands θcausaln are the same regardless of which T̃n,i or T̃ overlap
n,i is used.

From Panel A, we can observe that the sample-level estimand and estimator

largely deviate from the population-level estimand for netn,i. This deviation is

driven not by contamination, but by the difference between netn,i and ñetn,i:

netn,i =

∑
j ̸=iAn,i,jRn,jD

∗
n,j∑

j ̸=iAn,i,j
̸=
∑

j ̸=iAn,i,jRn,jD
∗
n,j∑

j ̸=iRn,jAn,i,j
= ñetn,i.

When ρn is small, the denominator of w̃eakn,i tends to be smaller than that of

netn,i, which results in a downward bias.

Because of the bias, the coverage probabilities against θcausaln are close to 0

with both EHW standard errors and those based on (2.13), especially when

ρn is small. However, as ρn increases, the bias and coverage probabilities tend

to improve with our proposed standard errors (2.13) because the difference

between Tn,i and T̃n,i becomes smaller and the standard errors are designed

to be conservative. In contrast, the EHW standard errors fail to capture the

dependence structure and thus severely under-cover the causal estimands as ρn

increases.

From Panel B (with overlap case), we can observe a similar pattern as in
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Panel A when ρn is small. However, a crucial difference arises when ρn =

1.0. We can observe that θcausal,sample
n,(3) and θ̂n,(3) are largely biased downward

compared with θcausaln,(3) , with a magnitude similar to that of θcausaln,(2) . Since the true

θn,i,(3) = 0 for all i, this bias is mainly driven by contamination, as suggested by

Corollary 2.1. The contamination bias is also reflected in the average absolute

deviation of the estimator and the coverage probabilities against θcausaln,(3) for both

EHW standard errors and those based on (2.13), resulting in under-coverage.

In summary, the simulation results in Tables 2.3 to 2.5 show that the

deviation of T̃n,i from Tn,i can lead to severe bias and under-coverage for the

population causal estimands. The results also highlight the potential severity of

contamination bias when there is a small overlap in elements of T̃n,i, whose size

can be comparable to the true spillover effects. This emphasizes the importance

of choice of g̃ in practice and calls for caution when interpreting the results

based on the linear regression framework. In the next section, we discuss

whether the contamination bias is present in the real data application.

2.6 Empirical Illustration

In an influential study, Cai et al. (2015a) conducted a large-scale network

experiment in which they randomly assigned information sessions on weather

insurance products to rice farmers in rural villages in China. Out of 185

randomly selected villages, all rice farmers were invited to participate, and

approximately 90% agreed to attend. The researchers administered both a

household survey (to gather farmer characteristics) and a network survey (to

collect friendship links). In the network survey, household heads were asked
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Table 2.3: Simulation Results: Tn,i ̸= T̃n,i, ρ = 0.1

Panel A: No Overlaps Panel B: With Overlaps
D net weak D net weak

θcausal 0.348 0.567 0.000 0.348 0.567 0.000
θcausal,sample 0.347 0.153 0.000 0.347 0.149 0.032
θ̂ 0.347 0.139 0.009 0.347 0.135 0.037
SE EHW 0.163 0.251 0.475 0.163 0.269 0.447
SE mod, θcausal 0.165 0.263 0.549 0.165 0.279 0.492
SE mod, θcausal,sample 0.163 0.248 0.398 0.163 0.265 0.416
|θ̂ − θcausal| 0.182 0.470 0.696 0.181 0.476 0.590
|θ̂ − θcausal,sample| 0.180 0.289 0.696 0.179 0.295 0.589
Cov. EHW, θcausal 0.844 0.560 0.703 0.845 0.584 0.756
Cov. EHW, θcausal,sample 0.846 0.819 0.703 0.840 0.845 0.752
Cov. mod, θcausal 0.847 0.577 0.768 0.848 0.597 0.800
Cov. mod, θcausal,sample 0.844 0.813 0.618 0.840 0.837 0.714

Note: This table reports simulation results for ρ = 0.1. Panel A reports results when
T̃n,i is used, while Panel B reports results when T̃ overlap

n,i is used. The first three rows
report the averages of the population-level causal estimand θcausal, the sample-level causal
estimand θcausal,sample, and the OLS estimator θ̂. The next three rows report the average
standard errors: the Eicker–Huber–White (EHW) standard errors and the proposed
standard errors based on (2.13), evaluated at θcausal and θcausal,sample. The following
two rows report the average absolute deviations of the estimator from the two causal
estimands. The final four rows report the coverage probabilities of the 95% confidence
intervals constructed using the EHW standard errors and the proposed standard errors
for both causal estimands.

Table 2.4: Simulation Results: Tn,i ̸= T̃n,i, ρ = 0.5

Panel A: No Overlaps Panel B: With Overlaps
D net weak D net weak

θcausal 0.348 0.567 0.000 0.348 0.567 0.000
θcausal,sample 0.348 0.282 0.000 0.348 0.279 0.008
θ̂ 0.346 0.280 -0.004 0.346 0.280 0.000
SE EHW 0.087 0.113 0.128 0.087 0.155 0.176
SE mod, θcausal 0.102 0.135 0.175 0.102 0.186 0.220
SE mod, θcausal,sample 0.100 0.133 0.153 0.100 0.180 0.204
|θ̂ − θcausal| 0.080 0.292 0.159 0.080 0.297 0.204
|θ̂ − θcausal,sample| 0.080 0.124 0.159 0.080 0.147 0.204
Cov. EHW, θcausal 0.908 0.335 0.797 0.908 0.528 0.828
Cov. EHW, θcausal,sample 0.909 0.836 0.797 0.910 0.896 0.828
Cov. mod, θcausal 0.942 0.443 0.922 0.938 0.653 0.918
Cov. mod, θcausal,sample 0.939 0.898 0.870 0.936 0.933 0.886

Note: This table reports simulation results for ρ = 0.5. See Table 2.3 for details.
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Table 2.5: Simulation Results: Tn,i ̸= T̃n,i, ρ = 1.0

Panel A: No Overlaps Panel B: With Overlaps
D net weak D net weak

θcausal 0.348 0.567 0.000 0.348 0.567 0.000
θcausal,sample 0.348 0.567 0.000 0.348 0.773 -0.356
θ̂ 0.347 0.565 -0.010 0.347 0.783 -0.374
SE EHW 0.068 0.110 0.111 0.068 0.249 0.264
SE mod, θcausal 0.108 0.191 0.233 0.105 0.419 0.452
SE mod, θcausal,sample 0.104 0.198 0.173 0.104 0.394 0.395
|θ̂ − θcausal| 0.058 0.141 0.153 0.058 0.279 0.439
|θ̂ − θcausal,sample| 0.058 0.141 0.153 0.058 0.211 0.295
Cov. EHW, θcausal 0.938 0.775 0.740 0.936 0.854 0.650
Cov. EHW, θcausal,sample 0.938 0.775 0.740 0.936 0.928 0.834
Cov. mod, θcausal 0.997 0.968 0.964 0.996 0.987 0.902
Cov. mod, θcausal,sample 0.995 0.971 0.915 0.995 0.995 0.960

Note: This table reports simulation results for ρ = 1.0. See Table 2.3 for details.

to list their five closest friends with whom they discussed rice production and

financial matters, which provides a star sampling network. They were allowed

to list friends outside of their village.11

The information sessions were conducted in two rounds (first and second)

and with varying intensity (simple or intensive). Farmers were randomly

assigned to one of four possible sessions. The main outcome here, Yn,i, is a

test score measuring understanding of the insurance product, taking 10 values

between 0 and 1 (test). The treatment variable, Dn,i, indicates whether a

farmer was assigned to an intensive session (intensive). To measure the

spillover/diffusion effects of the information sessions on farmers’ knowledge,

the researchers focused on a subsample of farmers who were not invited in the

first round and defined (i) the fraction of a farmer’s friends who attended an
11Cai et al. (2015a) conducted a pilot network survey in two villages without limiting the

number of friends, but found that most farmers listed five or fewer friends. We take this
analysis at face value and assume that there is no concern about censoring the number of
friends.
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intensive session in the first round (net) and (ii) the fraction of those friends’

friends who attended an intensive session in the first round (weak).

As discussed in Example 2.10 and the simulation section, including first-

order overlaps between net and weak can significantly affect inference through

induced contamination bias.12 Here, we empirically examine whether such

overlaps make a significant difference by comparing results when these overlaps

are included or excluded in net and weak. Specifically, we run the following

regression for the overlap and no-overlap specifications:13

test ∼ intensive + net + weak + controls.

For estimation, unlike in the simulation exercise above, we use all the

available villages in the sample, as done in Cai et al. (2015a). We control for

household characteristics, village fixed effects, and network information (degree

dummy) to satisfy Assumption 2.4. Standard errors are calculated via our

proposed method (2.13), with K = 2.

Table 2.6 reports the OLS estimator θ̂n and its standard errors, both

with and without overlaps in the exposure mappings. When overlaps are

included, the coefficient for net remains largely unchanged, but the estimate

for weak becomes substantially more negative. Specifically, the coefficient on

weak is statistically significant at the 95% confidence level under the overlap
12We found that Cai et al. (2015a) included such overlaps in their version of weak; see the

data/do/rawnet.do file in their replication folder: https://www.openicpsr.org/openicpsr/
project/113593/version/V1/view;jsessionid=743ABAC8AEBB3E612D4250D02BE40429.

13Note that Cai et al. (2015a) specified the exposure mapping as either (intensive,net) or
(weak), running regressions separately. Here, we consider a hypothetical scenario where both
net and weak are included in the regression simultaneously, rather than replicating their
original results.

https://www.openicpsr.org/openicpsr/project/113593/version/V1/view;jsessionid=743ABAC8AEBB3E612D4250D02BE40429
https://www.openicpsr.org/openicpsr/project/113593/version/V1/view;jsessionid=743ABAC8AEBB3E612D4250D02BE40429
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Table 2.6: Regression Results for Cai et al. (2015a)’s data

With Overlaps No Overlaps
intensive 0.0752 0.0734

(0.0159) (0.0164)
net 0.3110 0.2879

(0.0527) (0.0500)
weak -0.1511 -0.0741

(0.0453) (0.0383)
Notes: The number of villages is 47, and the total sample size is 1247. The first and second
columns report estimates with and without overlaps in first-order links between net and
weak. All regressions include household characteristics, village fixed effects, and network
information as controls. Standard errors, computed using our proposed method (2.13) with
γ̃n = γ̂n, are reported in parentheses.

specification, and its magnitude nearly doubles compared to the no-overlap

specification—becoming comparable in size (but opposite in sign) to that of

net. This highlights the risk of overstating the effect of weak connections due

to contamination bias, even when the true effect may be small or absent.

This pattern in the empirical results is consistent with the simulation

findings in Table 2.5, where overlaps in the exposure mapping lead to substantial

contamination bias in the estimates of weak, while the estimates of net remain

largely unaffected. Overall, this exercise highlights that correlations among

elements of the exposure mapping can potentially lead to misleading assessments

of causal spillover effects.

2.7 Conclusion

In this paper, we study a linear regression framework for estimating causal

spillover effects in network experiments. We show that, due to contamination

bias, the OLS estimator for spillover effects does not bear a causal interpre-
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tation unless the exposure mapping is free of correlation among its elements.

We also develop a novel asymptotic theory for inference on causal spillover

effects, allowing for explicit sampling of units and networks, as well as network

dependence.

Based on our theoretical analysis and simulation/empirical exercises, we

recommend that researchers follow the flowchart in Figure 2.3 when estimating

causal spillover effects in network experiments using linear regression. A crucial

step is to ensure that the exposure mapping is free of correlations among its

elements to avoid contamination bias and to ensure a causal interpretation of

the OLS estimator. If the exposure mapping implied by plausible economic

theories is not free of correlations but is sufficiently discrete (e.g., binary)

to satisfy the overlap condition, we suggest avoiding the OLS estimator and

instead using alternative methods, such as inverse probability weighting (e.g.,

Aronow and Samii, 2017; Leung, 2022a; Gao and Ding, 2023), to directly

estimate the causal treatment effects.

While this paper establishes a comprehensive framework for network ex-

periments on sampled networks, several avenues for future research emerge.

First, relaxing the sampling assumptions to accommodate cluster and multi-

wave designs, as well as allowing more complex assignment mechanisms, would

broaden applicability. The present analysis permits assignment conditional

on observed covariates but excludes matched-pair and blocked randomiza-

tion. Second, a systematic comparison between regression-based estimators

and inverse-probability-weighting approaches for spillover effects in network

experiments is important, but lies beyond the scope of this paper.
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Figure 2.3: Flowchart for Valid Inference with Linear Regression
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Chapter 3

Dyadic Regression with Sample Selection

3.1 Introduction

Dyadic data describe pairwise outcomes, such as trade volume between countries.

Numerous applications have analyzed such data using the regression model,

referred to as dyadic regression. Examples include gravity equations in trade,

migration, and urban economics (Helpman et al., 2008; Moretti and Wilson,

2017; Monte et al., 2018), and risk-sharing networks in development economics

(Fafchamps and Gubert, 2007). One of the prominent features of dyadic data

is the non-negligible number of zeros in the outcomes of interest, 1 possibly

due to economic mechanisms such as prohibitive fixed costs. This paper deals

with panel dyadic data, where zeros are prevalent both across cross-sections

and over time.

How should we treat zeros in dyadic regression? In applications, zeros

are often discarded due to the log-linear specification (Moretti and Wilson,

2017). The Poisson pseudo-maximum-likelihood (PPML) estimator is also

frequently used to avoid discarding zeros and address issues related to log-

linearization (Silva and Tenreyro, 2006). These approaches implicitly assume

that zeros occur exogenously. Since a zero in a pairwise outcome results from
1Helpman et al. (2008) document that there was no trade among roughly 50% of

country pairs from 1970 to 1997. In 2017, there was no migration among about 60%
of country pairs (the author calculated using the data available from the World Bank
(https://www.worldbank.org/en/topic/migrationremittancesdiasporaissues/brief/
migration-remittances-data).

https://www.worldbank.org/en/topic/ migrationremittancesdiasporaissues/brief/migration-remittances-data
https://www.worldbank.org/en/topic/ migrationremittancesdiasporaissues/brief/migration-remittances-data
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no link between two units, we can associate zeros with the underlying network

formation mechanism that determines which pairs appear in a sample. If the

network is formed endogenously as a result of an interaction between two agents,

the empirical practices mentioned above can be subject to sample selection

bias, as in Heckman (1979).

This paper has two primary objectives. First, we aim to jointly model

network formation and the outcome generation on such networks. This joint

modeling allows identification of the effects of changes in pair-level or individual-

level characteristics, separating them from the effects caused by changes in

networks. In contrast, the dyadic regression literature has primarily focused

on regression with fixed or exogenous networks. Second, we develop a robust

inference method that accounts for the dyadic dependence structure. Pairwise

outcomes are likely to be dependent on each other through common shocks

to individuals. This dyadic dependence can be especially important in the

presence of zeros and the network formation because a few individuals can

have significantly more links than others, 2 which strengthens the influence

of shocks to those individuals on the dyadic dependence. At the same time,

it is known that with dyadic data, we can have different asymptotic regimes

depending on the nature of those individual-level shocks (Menzel, 2021). To

be practitioner-friendly, our inference method needs to consider the dyadic

dependence and ensure adaptivity to different resulting asymptotic regimes.

Our setup will be a linear panel dyadic regression model, featuring the
2For example, in Moretti and Wilson (2017)’s migration flow data, star scientists’ mi-

gration from or to California constituted approximately 14% of the links in the sample on
average. This percentage is much higher than the expected 2% when considering all potential
links in the sample.
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network formation process as a sample selection mechanism that generates

both zeros and unobservable outcomes. To capture the dyadic dependence

structure, we incorporate two types of unobservable individual heterogeneity

into the model: time-invariant fixed effects and time-varying random effects,

which is a new modeling strategy in the literature. We extend Kyriazidou

(1997)’s identification argument, originally designed for individualistic data,

to dyadic data, and correspondingly propose a semiparametric, kernel-based

estimator that assigns weights to pairs whose selection index remains stable

over time. A significant challenge we face when analyzing our estimator is the

need to address the dependence structure caused by node-level shocks, which

is absent in individualistic data models analyzed in Kyriazidou (1997). To

control for this type of dependence, we utilize the U-statistic-like structure of

our estimator, which gives us a mutually uncorrelated decomposition into the

node-level Hájek projection part and the dyad-level projection error part.

We show that our estimator is asymptotically normal with two different

convergence rates depending on the nature of errors. If the Hájek projection

is non-degenerate (i.e., each summand has positive variance), our estimator

achieves
√
n-asymptotic normality, where n is the number of nodes. In this case,

we not only have zero asymptotic bias but also share the same convergence

rates as the usual fixed effect estimator and PPML estimator when its leading

term is also non-degenerate. The latter point implies that there is no loss in

effective sample sizes with our estimator for using a kernel-based local method

compared with the usual non-weighted estimator. If the Hájek projection is

degenerate, our estimator achieves
√
Nhn-asymptotic normality, where N ≈ n2

is the number of dyads and hn is a bandwidth. While the usual fixed effect
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estimator and the PPML estimator can be non-Gaussian in the limit (Menzel,

2021), our estimator is guaranteed to be asymptotically normal regardless of

degeneracy. This result is analogous to Hall (1984)’s central limit theorem

for degenerate U-statistics, allowing common statistics of interest, such as

confidence intervals, to be constructed in a standard manner. In the degenerate

case, our estimator exhibits asymptotic bias, which motivates us to introduce a

bias correction.

We propose a variance estimator and bias-corrected confidence intervals

that adapt to the degeneracy. Our variance estimator is similar to the one

proposed by Graham et al. (2019) for nonparametric dyadic density estimation.

We show that our estimator is consistent for the asymptotic variances in both

non-degenerate and degenerate cases, after being rescaled by
√
n or

√
Nhn,

respectively. For the bias correction, we use a consistent estimator for the

asymptotic bias in the degenerate case. We show that the correction term

is negligible in the non-degenerate case after being rescaled by
√
n. Combin-

ing both bias-corrected estimator and variance estimator, we can construct

bias-corrected confidence intervals for our estimator. These intervals have

asymptotically correct sizes regardless of the (non-)degeneracy of the leading

term in our estimator.

We conduct a simple simulation exercise to demonstrate the performance

of our estimators compared to the usual fixed effect estimator and PPML

estimator, as we vary the fraction of selected dyads from 10% to 90%. Our

proposed estimator exhibits better finite sample properties than the other

two estimators. Our bias-corrected confidence intervals also outperform the

alternatives in coverage probabilities, regardless of degeneracy. This result
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underscores the importance of bias correction in finite samples, even though

the asymptotic bias is zero in the non-degenerate case, which is a new finding

in the literature.

We apply our estimator to the regression specification proposed by Moretti

and Wilson (2017), which estimates the effects of state tax differences on the

internal migration flows within the U.S. Comparing our proposed estimator

with Moretti and Wilson (2017)’s, we find that their conclusion, which suggests

that state tax differences have a significant impact on internal migration, may

not be robust in the presence of a dyadic dependence structure and sample

selection biases.

This paper is closely related to the growing literature on dyadic regression

(Cameron and Miller, 2014; Tabord-Meehan, 2019; Bonhomme, 2020; Zeleneev,

2020; Graham, 2020; Graham et al., 2021; Sassi, 2023). With the exception of

Bonhomme (2020) and Zeleneev (2020), most of these papers do not address

non-random sample selection, but instead focus on the consequences of dyadic

dependence. Bonhomme (2020) primarily studies cases where selection is

conditionally random with random effects, and briefly discusses conditionally

non-random selection without providing a theoretical analysis. Zeleneev (2020)

investigates identification and estimation in cross-sectional dyadic regression

models with more flexible combinations of node-level fixed effects, including

fixed selection effects as a special case. However, this flexibility comes at the

cost of more complex inference, which is not covered in their paper. In contrast,

our paper focuses on models with an additional time dimension, enabling us to

develop asymptotic distribution theory and a practical inference method that

adapts to degeneracy.
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This paper also contributes to the literature on econometric analysis of

models with endogenous network formation. Examples include Johnsson and

Moon (2021), Auerbach (2022), and Jochmans (2023). While these papers

study social interaction/peer effects type models where outcomes of interest are

individualistic, our paper studies the direct consequence of network formation

on dyadic outcomes.

3.2 Model

3.2.1 Setup

There are n nodes in the data (e.g., states, countries), indexed by i = 1, ..., n.

Let {(Xit, Zit)t=1,...,T }ni=1 be a node-level observation, where Xit ∈ Rqx and

Zit ∈ Rqz . For each dyad ij and time t, Yijt ∈ R is a main outcome, and we

observe a binary variable dijt ∈ {0, 1}, which indicates that Yijt is observable

only if dijt = 1.3 We can interpret the adjacency matrix Dt ≡ [dijt]i,j=1,...,n

as a network that summarizes the existence of interactions between nodes. In

this paper, we restrict our attention to a model with T = 2 and an undirected

graph where Yijt = Yjit, dijt = djit for all i, j, t. We also rule out self-loops by

convention: Yiit = diit = 0 for all i, t. An extension to T > 2 and a directed

graph is discussed in Section 3.4.1.
3Since we focus on a linear model, we can interchange unobservability with zero. Alter-

natively, we can interpret Yijt as the logarithm of Ỹijt ≥ 0.
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The data is generated according to the following model:

Wijt = w(Xit, Xjt), Rijt = r(Zit, Zjt), (3.1)

Y ∗
ijt =W ′

ijtβ + ψ(Ai, Aj) + ϵijt, (3.2)

dijt = 1{R′
ijtγ + φ(Bi, Bj)− ηijt ≥ 0}, (3.3)

Yijt =


Y ∗
ijt if dijt = 1

unobserved if dijt = 0

. (3.4)

The regressors Wijt ∈ Rqw and Rijt ∈ Rqr are constructed from some user-

specified symmetric functions w : Rqx × Rqx → Rqw and r : Rqz × Rqz → Rqr

such that w(x, y) = w(y, x) and r(x′, y′) = r(y′, x′) for any x, y ∈ Rqx and

x′, y′ ∈ Rqz . For example, we can specify w to be a pairwise summation

w(x, y) = x+ y. The symmetry in these functions is needed as our graphs are

undirected; we can relax this requirement with directed graphs, as discussed in

Section 3.4.1. The node-level fixed effects Ai, Bi ∈ R are unobservable, and we

allow them to correlate with the regressors, as in the usual fixed effect model.

The functions ψ : R × R → R and φ : R × R → R are unknown symmetric

functions that capture the interaction between two nodes through their fixed

effects.

We specify the structure of errors ϵijt, ηijt as follows: For 1 ≤ i < j ≤ n,

(ϵij1, ϵij2, ηij1, ηij2) = τ(Ui1, Ui2, Uj1, Uj2, Uij1, Uij2), (3.5)

where Ui ≡ (Ui1, Ui2) and Uij ≡ (Uij1, Uij2) are node-level and dyad-level
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random vectors, respectively, and τ is an unknown multivariate function.4

Let ξi ≡ (Xi1, Xi2, Zi1, Zi2, Ai, Bi) be a vector that contains observed and

unobserved information in the two periods with respect to node i. We impose

the following distributional assumption:

Assumption 3.1.

(1) ξi, i = 1, ..., n are independently and identically distributed.

(2) (ϵijt, ηijt)t=1,2, 1 ≤ i < j ≤ n are generated according to (3.5).

(3) Conditionally on {ξi}ni=1, Ui, i = 1, ..., n are independent, Uij, 1 ≤ i <

j ≤ n are independent, and both of them are mutually independent.

(4) For i < j, (Ui, Uj , Uij) conditional on {ξi}ni=1 has the same distribution

as (Ui, Uj , Uij) conditional on ξi, ξj.

(5) For i < j < k, if ξi = ξj = ξk, (Ui, Uj , Uij) and (Ui, Uk, Uik) has the same

distribution conditionally on ξi, ξj , ξk.

Part (1) imposes homogeneity on the node-level data-generating process.

Parts (2) and (3) are new to the literature on dyadic regression with fixed

effects. While the previous literature assumes conditional independence of

dyadic-level errors (Graham, 2017; Zeleneev, 2020; Candelaria, 2020), our error

structure (3.5) allows for the conditional dependence between errors with a

common node (e.g., ϵij1 and ϵik1) through Ui, but also includes conditional

independence as a special case where node-level random vectors Uit, Ujt are
4Here, we need not specify the dimensions of those vectors and the function since the

following results do not depend on them as long as those dimensions are fixed.



139

degenerate given {ξi}ni=1. Part (4) is the standard assumption in the literature

and excludes "externalities," where dyad ij can be affected by nodes other

than i or j. Part (5) ensures the conditional exchangeability of (ϵijt, ηijt)t=1,2

across dyads.

3.2.2 Identification

Let ∆A = A1 − A2 be a time difference of a vector At between two periods.

Also, let dij = dij1 × dij2 be an indicator for the dyad ij being observed in

both periods.

The following two assumptions are crucial for the identification of β.

Assumption 3.2. (ϵij1, ϵij2, ηij1, ηij2) and (ϵij2, ϵij1, ηij2, ηij1) are identically

distributed conditionally on ξi, ξj.

Assumption 3.3. E[dij∆Wij∆W
′
ij |∆R′

ijγ = 0] is non-singular.

Assumption 3.2 excludes cases where, for example, the conditional variance

of ϵijt depends only on period t’s information: Var(ϵijt|ξi, ξj) = σ2 ×W ′
ijtβ.

However, it allows time invariant heteroskedasticity such as Var(ϵijt|ξi, ξj) =

σ2(Wij1+Wij2)
′β×Ai×Aj . From (3.5), this assumption is implied by the con-

ditional exchangeability of Uit and Uijt with respect to time and the symmetry

of function τ in the sense that τ(u1, u2, v1, v2, w1, w2) = τ(u2, u1, v2, v1, w2, w1)

for any u1, u2, v1, v2, w1, w2. Assumption 3.3 excludes cases where Wijt is ex-

actly the same as Rijt and implies that some variables in Rijt must be excluded
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from Wijt. Since

E[dij∆Wij∆W
′
ij |∆R′

ijγ = 0]

= Pr(dij = 1|∆R′
ijγ = 0)× E[∆Wij∆W

′
ij |dij = 1,∆R′

ijγ = 0],

this assumption also implies that the networks D1, D2 are locally dense across

time in the sense that Pr(dij = 1|∆R′
ijγ = 0) > 0.

Our identification argument is summarized in the following two steps,

similarly to Kyriazidou (1997). First, take the time-difference on observed

outcomes (dyads with dij1 = dij2 = 1) to eliminate the fixed effects:

∆Yij = ∆W ′
ijβ + ϵij1 − ϵij2.

If we take expectation of both sides conditionally on dij1 = dij2 = 1 and ξi, ξj ,

E[∆Yij |dij = 1, ξi, ξj ] = ∆W ′
ijβ + E[ϵij1 − ϵij2|dij = 1, ξi, ξj ]︸ ︷︷ ︸

Sample selection effect

.

Note that, in general, the sample selection effect is not 0.

Second, we seek to find conditions to eliminate the selection effect. Assump-

tion 3.2 is equivalent to

F (ϵij1, ϵij2, ηij1, ηij2|ξi, ξj) = F (ϵij2, ϵij1, ηij2, ηij1|ξi, ξj),

where F is the conditional distribution of the errors given ξi, ξj . Then, for dyad
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ij with ∆R′
ijγ = R′

ij1γ −R′
ij2γ = 0,

E[ϵij1|dij = 1, ξi, ξj ,∆R
′
ijγ = 0]

= E[ϵij1|R′
ij1γ + φ(Bi, Bj) ≥ ηij1, R

′
ij2γ + φ(Bi, Bj) ≥ ηij2, ξi, ξj ,∆R

′
ijγ = 0]

= E[ϵij2|R′
ij2γ + φ(Bi, Bj) ≥ ηij2, R

′
ij1γ + φ(Bi, Bj) ≥ ηij1, ξi, ξj ,∆R

′
ijγ = 0]

= E[ϵij2|dij = 1, ξi, ξj ,∆R
′
ijγ = 0].

Hence, the conditional expectation of ∆Yij given dij = 1, ξi, ξj , and ∆R′
ijγ = 0

is

E[∆Yij |dij = 1, ξi, ξj ,∆R
′
ijγ = 0] = ∆W ′

ijβ.

Multiplying the both sides by ∆Wij and aggregating ξi, ξj , we get

E[∆Wij∆Yij |dij = 1,∆R′
ijγ = 0]

= E[∆Wij∆W
′
ij |dij = 1,∆R′

ijγ = 0]β.

Then, under Assumption 3.3, β is uniquely written as

β = E[dij∆Wij∆W
′
ij |∆R′

ijγ = 0]−1E[dij∆Wij∆Yij |∆R′
ijγ = 0]. (3.6)

3.2.3 Estimation

Estimation is done in two steps. In the first step, we estimate γ with a consistent

estimator γ̂n, and in the second step we estimate β with β̂n, a sample analogue

of the identified β with γ replaced by γ̂n.
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In the following, we focus on the second step. The sample-analogue of (3.6)

is given by

β̂n =

∑
i<j

dij∆Wij∆W
′
ijKhn(∆R

′
ij γ̂n)

−1

×

∑
i<j

dij∆Wij∆YijKhn(∆R
′
ij γ̂n)

 ,
where

∑
i<j =

∑n−1
i=1

∑n
j=i+1, Khn(v) = h−1

n K(v/hn) is a kernel, and hn is a

bandwidth. The weight function is used to smooth the condition ∆R′
ijγ = 0

and puts larger weight on observations with small ∆R′
ij γ̂n.

To evaluate β̂n in terms of β, rewrite the time-differenced model as

∆Yij = ∆W ′
ijβ + λij + νij ,

where

λij ≡ E[ϵij1 − ϵij2|dij = 1, ξi, ξj ]

νij ≡ ϵij1 − ϵij2 − λij .
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Note that E[νij |dij = 1, ξi, ξj ] = 0 by construction. Define

ŜWW ≡ 1

N

∑
i<j

dij∆Wij∆W
′
ijKhn(∆R

′
ij γ̂n),

ŜWλ ≡ 1

N

∑
i<j

dij∆WijλijKhn(∆R
′
ij γ̂n),

ŜWν ≡ 1

N

∑
i<j

dij∆WijνijKhn(∆R
′
ij γ̂n).

Substituting ∆Yij into β̂n yields

β̂n = β + Ŝ−1
WW ŜWλ + Ŝ−1

WW ŜWν .

The terms Ŝ−1
WW ŜWλ and Ŝ−1

WW ŜWν can be understood as the selection bias

term and the stochastic error term of the estimator, respectively.

3.3 Asymptotic Analysis

3.3.1 Regularity Conditions

For ease of notation, we write the following conditions in terms of dyads 12

and 13, which entails no loss of generality under the undirected graph and

Assumption 3.1.

Let fRγ,2 be the joint density of ∆R′
12γ and ∆R′

13γ when it exists and

fRγ,2|ξ2,U2,ξ3,U3
be the conditional density given ξ2, U2, ξ3, U3. Let fRγ be the

marginal density and fRγ|ξ1,U1
be the conditional density given ξ1, U1.

Assumption 3.4. The joint distribution of ∆R′
12γ and ∆R′

13γ is absolutely

continuous, and for some κ0 > 0, the following hold in the neighborhoods
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(−κ0, κ0)2 or (−κ0, κ0) around (0, 0) or (0), respectively:

(1) The density fRγ,2(·, ·) is k ≥ 2 times continuously differentiable, and

the derivatives ∂2

∂xp∂yq fRγ,2(·, ·) are bounded for p + q ≤ k, p, q ≥ 0 and

bounded away from 0.

(2) The conditional density fRγ,2|ξ2,U2,ξ3,U3
(·, ·) given ξ2, U2, ξ3, U3 is continu-

ous and bounded almost surely.

(3) The marginal density fRγ(·) is bounded away from 0.

(4) The conditional marginal density fRγ|ξ1,U1
(·) given ξ1, U1 is continuous

and bounded almost surely.

Part (1) is a smoothness assumption on the density as in the nonparametric

regression literature. Part (3) ensures that we observe ∆R′
12γ around 0, which

is crucial for identification. Parts (2) and (4) essentially requires well-behaved

r(·, ·) in (3.1).

Define (w1, w2) 7→ Λ(w1, w2, ξ1, ξ2) as

Λ(w1, w2, ξ1, ξ2) ≡ E[ϵ12t|η12t ≤ w1, η12s ≤ w2, ξ1, ξ2]

with t, s = 1, 2, t ≠ s. This Λ is the sample selection effect caused by the

correlation between errors ϵ12t, ϵ12s and η12t, η12s. Note that the function Λ

does not depend on time t or s because of Assumption 3.2.

Assumption 3.5. The function (w1, w2) 7→ Λ(w1, w2, ξ1, ξ2) is differentiable

in the neighborhoods (−κ0, κ0)2 around (0, 0) for some κ0 > 0.
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This assumption is essential for controlling the sample selection effect

and characterizing the asymptotic bias in some cases. An implication of this

assumption is that for some Λ12 ≡ Λ̃(w1, w2, ξ1, ξ2),

Λ(w1, w2, ξ1, ξ2)− Λ(w2, w1, ξ1, ξ2) = Λ12 × (w1 − w2),

by the multivariate mean-value theorem. If we focus on the degenerate case dis-

cussed below, since the asymptotic bias is 0 in that case, we can relax the differen-

tiability to Lipschitz-like continuity on Λ: |Λ(w1, w2, ξ1, ξ2)−Λ(w2, w1, ξ1, ξ2)| ≤

|Λ12| × |w1 − w2|.

Let ∥ · ∥ denote a Euclidian norm of vectors.

Assumption 3.6. For some κ0 > 0, the following hold in the neighborhoods

(−κ0, κ0)2 or (−κ0, κ0) around (0, 0) or (0), respectively.

(1) The following moments are bounded almost surely:

E[∥∆W12∥8|∆R′
12γ = ·, ξ1, U1],E[∥∆R12∥6|∆R′

12γ = ·, ξ1, U1],

E[ν812|∆R′
12γ = ·, ξ1, U1],E[Λ6

12|∆R′
12γ = ·, ξ1, U1].

(2) The following moments are continuous and bounded, and the first two are

positive definite:

E[d12∆W12∆W
′
12|∆R′

12γ = ·],

E[d12∆W12∆W
′
12ν

2
12|∆R′

12γ = ·],

E[d12d13∆W12∆W
′
13ν12ν13|∆R′

12γ = ·,∆R′
13γ = ·].
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(3) g(·) ≡ E[d12∆W12Λ12|∆R′
12γ = ·]fRγ(·) is k-times continuously differen-

tiable with bounded derivatives.

(4) gξ1,U1(·) ≡ E[d12∆W12ν12|∆R′
12γ = ·, ξ1, U1]fRγ|ξ1,U1

(·) is k-times con-

tinuously differentiable with bounded derivatives almost surely.

Part (1) assumes the existence of conditional moments for the relevant

variables. The conditioning on ξ1 and U1 is needed for controlling the dyadic

dependence structure. Part (2) is crucial for obtaining the convergence results

used below, and the positive definiteness is needed for ensuring the non-

degeneracy of our estimator in the limit. Part (3) is used for characterizing the

asymptotic bias provided below. Part (4) is essential for the negligibility of the

approximation error of our variance estimator.

Assumption 3.7. The following moments exist:

E[∥∆W12∥8],E[∥∆R12∥8],E[Λ6
12],E[ν612]

Additionally to Assumption 3.6, which restricts the moments locally around

(0, 0) or (0), we use the existence of these unconditional moments when bounding

error terms coming from the usage of γ̂n.

Assumption 3.8. A kernel function K(·) satisfies the following:

(1) For some κ > 0, K is 0 outside of [−κ, κ], bounded in [−κ, κ], and three
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times continuously differentiable with bounded derivatives in (−κ, κ).

(2)
∫
K(s)ds = 1.

(3)
∫
siK(s)ds = 0 for i = 1, ..., k.

For example, a fourth-order biweight kernel K(x) = 106/64(1− 3u2)(1−

x2)21{|x| < 1} satisfies this assumption with κ = 1 and k = 3.

Assumption 3.9. The sequence of bandwidths {hn} satisfies hn → 0 and

nhn → ∞ as n→ ∞.

This assumption is standard in the nonparametric regression literature. We

impose further conditions on {hn} in each statement below.

Assumption 3.10. The first-step estimator γ̂n satisfies
√
Nhn(γ̂n−γ) = op(1).

This assumption requires the first-step estimator to be consistent and con-

verge faster than our estimator. For example, if ηijt ∼ Logistic(0, 1) indepen-

dently across ij and t, we can show that Chamberlain (1980)’s conditional logit

estimator satisfies γ̂n − γ = Op(1/
√
N) so that

√
Nhn(γ̂n − γ) = Op(

√
hn) =

op(1). In Section 3.3.6, we discuss the availability of alternative estimators for γ.

We leave the case where γ̂n converges slower than required in this assumption

for future research.
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3.3.2 Asymptotic Normality

Define the following components that will appear in the asymptotic bias and

variance expression:

ΣWW ≡ fRγ(0)E[d12∆W12∆W
′
12|∆R′

12γ = 0]

ΣWλ ≡ 1

k!

∂kg(0)

∂wk

∫
sk+1K(s)ds,

ΣWν,1 ≡ 4fRγ,2(0, 0)E[d12d13∆W12∆W
′
13ν12ν13|∆R′

12γ = ∆R′
13γ = 0],

ΣWν,2 ≡ fRγ(0)E[d12∆W12∆W
′
12ν

2
12|∆R′

12γ = 0]

∫
K2(s)ds.

We have the following result:

Theorem 3.1. Suppose that Assumptions 3.1-3.10 hold. Fix an arbitrary non-

zero vector c ∈ Rqw and some constant h ∈ [0,∞). Let cW = Σ−1
WW c. Then, as

n→ ∞, we have the following three cases:

(1) If Nh2k+3
n → h and c′WΣWν,1cW > 0:

√
nc′(β̂n − β) →d N (0, c′WΣWν,1cW ).

(2) If Nh2k+3
n → h and c′WΣWν,1cW = 0:

√
Nhnc

′(β̂n − β) →d N (
√
hc′WΣWλ, c

′
WΣWν,2cW ).
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(3) If Nh2k+3
n → ∞ and nh2kn → ∞:

h−(k+1)
n (β̂n − β) →p Σ

−1
WWΣWλ.

Parts (1) and (2) of Theorem 3.1 show that our estimator is asymptoti-

cally normal, with different convergence rates depending on ΣWν,1. Part (1)

differs from Kyriazidou (1997) in that the convergence rate is parametric and

based on the number of nodes n, rather than the number of dyads N . When

c′WΣWν,1cW > 0 in part (1), the covariance between summands sharing a com-

mon node (e.g., dyads ij and ik) does not vanish asymptotically, reducing the

effective sample size to n. The leading term is an average of conditional means

given ξi and Ui, which averages out and eliminates hn from the convergence

rate. This
√
n-asymptotic normality matches results in the dyadic nonpara-

metric density estimation literature (Graham et al., 2019). When ΣWν,1 = 0,

as in part (2), our result aligns with Kyriazidou (1997), with nonparametric

convergence rates based on the number of dyads. This corresponds to the

degenerate case for dyadic dependence, as discussed in the literature (Graham

et al., 2019; Cattaneo et al., 2024). Part (3) of Theorem 3.1 shows that, with

suitable normalization, our estimator converges to the asymptotic bias term

regardless of degeneracy. This property is used to construct the bias-corrected

estimator in the following section.
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We can compare our estimator with the usual fixed effect estimator:

β̂FE =

∑
i<j

dij∆Wij∆W
′
ij

−1 ∑
i<j

dij∆Wij∆Yij

 , (3.7)

which is biased because of the selection effect λij . First, in the case of non-

degeneracy, our estimator and the re-centered (infeasible) fixed effect estimator

share the same convergence rates of
√
n (Davezies et al., 2021). This implies

that there is no reduction in the effective sample size for using our kernel-based

local estimator, which amends the need for fairly large samples as discussed in

Kyriazidou (1997). Second, in the case of degeneracy, the fixed effect estimator

applied to our model can exhibit a non-Gaussian distribution in the limit

(Menzel, 2021), while our estimator is asymptotically normal regardless of

the degeneracy. This guaranteed asymptotic normality is analogous to Hall

(1984)’s central limit theorem for degenerate U-statistics, and thus the common

statistics of interest, such as confidence intervals, can be constructed in a

standard manner.

If we interpret the structural equation (3.2) as the log-linearized version of

the canonical gravity model (Silva and Tenreyro, 2006; Head and Mayer, 2014)

with additive fixed effects,

Ỹijt = exp(W ′
ijtβ +Ai +Aj)× ωijt︸︷︷︸

=dijtexp(ϵijt)

,

the Poisson pseudo-maximum-likelihood estimator (PPML) for β can be com-

pared with our estimator. The PPML estimator β̂PPML with two-way fixed
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effects is defined as the solution to:

∑
i<j

2∑
t=1

[
Ỹijt − exp(W ′

ijtb+ ai + aj)
]
Wijt = 0, (3.8)

where a1, ..., an satisfy

n∑
j=i+1

2∑
t=1

[
Ỹijt − exp(W ′

ijtβ̂PPML + ai + aj)
]
= 0, i = 1, ..., n− 1.

We can make a similar comparison as in the fixed effect estimator based on

the results by Davezies et al. (2021) and Menzel (2021): β̂PPML will be biased

because of the misspecified errors, and the re-centered β̂PPML is asymptotically

normal at the rate of
√
n in the non-degenerate case and can be non-Gaussian

in the degenerate case.

3.3.3 Variance Estimation

Since our estimator exhibits different asymptotic distributions depending on

ΣWν,1, it is desirable to have a variance estimator that adapts to the degeneracy.

First, we estimate ΣWν,1. Define

Ŝij ≡ 2dijKhn(∆R
′
ij γ̂n)∆Wij∆ϵ̂ij ,

where ∆ϵ̂ij is a residual ∆Yij −∆W ′
ij β̂n. Then, we propose an estimator for

ΣWν,1 as

Σ̂Wν,1 =

(
n

3

)−1

Σi<j<k
1

3
(ŜijŜ

′
ik + ŜijŜ

′
jk + ŜikŜ

′
jk).
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Next, we estimate ΣWν,2 by

Σ̂Wν,2 =
hn
N

∑
i<j

dijKhn(∆R
′
ij γ̂n)

2∆Wij∆W
′
ij∆ϵ̂

2
ij .

The following result shows consistency of these estimators and their usefulness

in adaptive variance estimation.

Proposition 3.1. Suppose that Assumptions 3.1-3.10 hold. Let hn = h ×

N−1/(2k+3) for some h ∈ (0,∞). We have

Σ̂Wν,1 →p ΣWν,1,

Σ̂Wν,2 →p ΣWν,2,

as n→ ∞. If cWΣWν,1cW = 0 with cW = Σ−1
WW c for some c ∈ Rqw , we have

nhnc
′Ŝ−1

WW Σ̂Wν,1Ŝ
−1
WW c→p 0,

as n→ ∞.

We now propose our variance estimator as follows:

Σ̂ ≡ Ŝ−1
WW

[
n− 2

n(n− 1)
Σ̂Wν,1 +

1

Nhn
Σ̂Wν,2

]
Ŝ−1
WW .

We can see that this estimator is adaptive to the degeneracy: When ΣWν,1 is
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positive definite, since n/(Nhn) = o(1),

nc′Σ̂c = c′Ŝ−1
WW

[
n− 2

n− 1
Σ̂Wν,1 +

n

Nhn
Σ̂Wν,2

]
Ŝ−1
WW c→p c

′
WΣWν,1cW ,

as n → ∞ by Proposition 3.1 and Lemma C.1 in Appendix C.1. When

c′WΣWν,1cW = 0, since nhnc′Ŝ−1
WW Σ̂Wν,1Ŝ

−1
WW c = op(1) by Proposition 3.1,

Nhnc
′Σ̂c = c′Ŝ−1

WW

[
(n− 2)hn

2
Σ̂Wν,1 + Σ̂Wν,2

]
Ŝ−1
WW c→p c

′
WΣWν,2cW ,

as n→ ∞.

Our variance estimator is adapted from the one provided in Graham et al.

(2019) for a dyadic nonparametric density estimator. They show that this type

of estimator can be adaptive to the "knife edge" case, where nhn is bounded

from above and below asymptotically so that Nhn ≈ n. Here, we additionally

show that the estimator is adaptive to the degeneracy by showing that the

term involving Σ̂Wν,1 decays fast enough to be negligible when the convergence

rate is
√
Nhn.

3.3.4 Bandwidth Selection

From the asymptotic distributional approximation result in Theorem 3.1, we

can write down the mean squared error of our estimator (without negligible

parts)

MSE(c′β̂n) = h2(k+1)
n (c′WΣWλ)

2 +
1

n
c′WΣWν,1cW +

1

Nhn
c′WΣWν,2cW .
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The optimal solution for minimizing this mean squared error with respect to

hn is given by

h∗n =

(
c′WΣWν,2cW

2(k + 1)N(c′WΣWλ)2

) 1
2k+3

= h∗N− 1
2k+3 .

We can estimate h∗ by the plug-in method. By Proposition 3.1, we have

a consistent estimator for the variance part. For the bias part, we use a pilot

bandwidth given by

hn,δ = hN−δ/(2k+3),

for some δ ∈ (0, 2k+3
4k+4) and h > 0. Let β̂n,δ be our estimator calculated with hn,δ.

We can check that this bandwidth satisfies Nh2k+3
n,δ → ∞ and nh2k+2

n,δ → ∞.

Thus, by Theorem 3.1,

h
−(k+1)
n,δ (β̂n,δ − β) →p Σ

−1
WWΣWλ,

as n→ ∞. By replacing β by β̂n, calculated with hn = hN− 1
2k+3 , we have the

following result:

Proposition 3.2. Suppose that Assumptions 3.1-3.10 hold. Let β̂n and β̂n,δ

be the proposed estimators with bandwidths hn = hN−1/(2k+3) and hn,δ =

hN−δ/(2k+3), respectively, for some h > 0 and δ ∈ (0, 2k+3
4k+4). Then,

h
−(k+1)
n,δ (β̂n,δ − β̂n) →p Σ

−1
WWΣWλ,
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as n→ ∞.

Thus,

ĥ∗ =

 c′Ŝ−1
WW Σ̂Wν,2Ŝ

−1
WW c

2(k + 1){h−(k+1)
n,δ c′(β̂n,δ − β̂n)}2

 1
2k+3

is a consistent estimator for h∗ by Propositions 3.1 and 3.2.

3.3.5 Bias Correction

Notice that our estimator has the asymptotic bias of
√
hΣ−1

WWΣWλ in the case

of degeneracy, ΣWν,1 = 0 from Theorem 3.1. If the bias is non-negligible, it

distorts the coverage probability of the confidence interval. Correcting the bias

part is desirable as it is generally unknown whether the degeneracy occurs.

Fortunately, given the similar asymptotic distributional result as Kyriazidou

(1997) in the degenerate case, we can use her bias correction strategy as follows.

Note that h−(k+1)
n,δ (β̂n,δ − β) directly estimates the asymptotic bias from

Theorem 3.1. We can construct a bias-corrected estimator β̂n,bc(β) by subtract-

ing this bias estimator from the original estimator with suitable normalization:

Let rn,δ = N (1−δ)/(2k+3). The bias-corrected estimator is given by

β̂n,bc(β) = β̂n − r
−(k+1)
n,δ (β̂n,δ − β).

We can check that this estimator is asymptotically unbiased regardless of
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the degeneracy: When c′WΣWν,1cW > 0,

√
nc′(β̂n,bc(β)− β)

=
√
nc′(β̂n − β)−

√
nr

−(k+1)
n,δ c′(β̂n,δ − β)

=
√
nc′(β̂n − β)︸ ︷︷ ︸

→dN (0,c′WΣWν,1cW )

−
√
nhk+1N−(k+1)/(2k+3)︸ ︷︷ ︸

→0

h
−(k+1)
n,δ c′(β̂n,δ − β)︸ ︷︷ ︸

→pc′WΣWλ

→d N (0, c′WΣWν,1cW ),

as n→ ∞. When c′WΣWν,1cW = 0,

√
Nhnc

′(β̂n,bc(β)− β)

=
√
Nhnc

′(β̂n − β)−
√
Nhnr

−(k+1)
n,δ c′(β̂n,δ − β)

=
√
Nhnc

′(β̂n − β)︸ ︷︷ ︸
→dN (

√
h2k+3c′WΣWλ,c

′
WΣWν,2cW )

−
√
h2k+3h

−(k+1)
n,δ c′(β̂n,δ − β)︸ ︷︷ ︸

→p

√
h2k+3cWΣWλ

→d N (0, c′WΣWν,2cW ),

as n→ ∞. Thus, given the adaptivity of Σ̂ to the degeneracy, we have

(c′Σ̂c)−1/2c′(β̂n,bc(β)− β) →d N (0, 1),

as n→ ∞ for an arbitrary non-zero vector c ∈ Rqw .

Then, we can construct the bias-corrected confidence interval as follows:

Letting Φ−1
1−α/2 be 1 − α/2 quantile of the standard normal distribution, we
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have

− Φ−1
1−α/2 ≤ (c′Σ̂c)−1/2c′(β̂n,bc(β)− β) ≤ Φ−1

1−α/2

⇐⇒ CIL,α,c ≤ c′β ≤ CIU,α,c,

where

CIL,α,c ≡ (1− h
−(k+1)
n,1−δ )−1

[
c′β̂n − h

−(k+1)
n,1−δ c′β̂n,δ − (c′Σ̂c)−1/2Φ−1

1−α/2

]
,

CIU,α,c ≡ (1− h
−(k+1)
n,1−δ )−1

[
c′β̂n − h

−(k+1)
n,1−δ c′β̂n,δ + (c′Σ̂c)−1/2Φ−1

1−α/2

]
.

The full inference procedure is summarized as follows:

(1) Compute the first step estimator γ̂n.

(2) Choose k ≥ 2, δ ∈ (0, 2k+3
4k+4), and h > 0 to compute β̂n and β̂n,δ with

bandwidths hn = hN−1/(2k+3) and hn,δ = hN−δ/(2k+3), respectively.

(3) Compute Σ̂ and h−(k+1)
n,δ (β̂n,δ − β̂n) to estimate the asymptotic variance

and bias and obtain ĥ∗.

(4) Update β̂n and β̂n,δ with bandwidths hn = ĥ∗N−1/(2k+3) and hn,δ =

ĥ∗N−δ/(2k+3), respectively.

(5) Construct the confidence interval by computing CIL,α,c and CIU,α,c from

β̂n, β̂n,δ, and c′Σ̂c.
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3.3.6 First-step Estimator

Remember that we want to estimate γ from the selection equation or network

formation process (3.3):

dijt = 1{R′
ijtγ + φ(Bi, Bj)− ηijt ≥ 0}.

This DGP can be interpreted as a panel discrete choice model as well as

a network formation model. Estimators for discrete choice models such as

Chamberlain (1980), Manski (1987), or Horowitz (1992) can be candidates for

estimating γ. Also, estimators for network formation models such as Graham

(2017) or Candelaria (2020) can be applicable under additional conditions.

Whether those estimators can be used as our first-step estimator γ̂n boils

down to their convergence rates: Recall that Assumption 3.10 requires that
√
Nhn(γ̂n − γ) = op(1), which implies that the first-step estimator needs to

converge faster than β̂n. We can conjecture that, without additional conditions

on ηijt, the convergence rates of those estimators are
√
n in worst cases due to

the conditional dependence across dyads. Obviously,
√
n-rate is incompatible

with Assumption 3.10. In the following, we discuss what kind of additional

conditions are needed to ensure Assumption 3.10.

We may assume additive separability for ηijt: ηijt = Vit + Vjt + Vijt, where

conditionally on {ξi}ni=1, (Vi1, Vi2), i = 1, ..., n is independent, (Vij1, Vij2), 1 ≤

i < j ≤ n is independent, and both are mutually independent. This assumption

is weaker than assuming (ηij1, ηij2), 1 ≤ i < j ≤ n is conditionally independent

given {ξi}ni=1, where Vit is treated as degenerate. With additional conditions,

we can directly apply Graham (2017)’s joint maximum likelihood estimator
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or Candelaria (2020)’s semiparametric estimator, both of which leverage the

cross-sectional variation in dijt and Rijt. We can show that in our setting

(especially Assumptions 3.1 and 3.6), the limiting networks are dense, which

implies that both Graham (2017) and Candelaria (2020)’s estimators satisfy
√
N(γ̂n − γ) = Op(1) and Assumption 3.10.

Alternatively, we may assume that (ηij1, ηij2), 1 ≤ i < j ≤ n is conditionally

independent given {ξi}ni=1 and φ(Bi, Bj) = Bi + Bj . Graham (2017) and

Candelaria (2020)’s estimators still satisfy Assumption 3.10, but we can also

show that Chamberlain (1980)’s conditional logit estimator and Horowitz

(1992)’s smoothed maximum score estimator can satisfy Assumption 3.10.

Under the conditional independence assumption, the latter two estimators can

be written in an asymptotically locally linear form where the corresponding

influence function is indexed by ij with 0 covariances. Thus, the convergence

rates are based on N and Assumption 3.10 can be satisfied depending on the

tuning parameters.

3.4 Extension

3.4.1 Directed Graph with Multiple Periods

In the above analysis, we restricted our attention to an undirected graph; the

variables are all symmetric with respect to nodes (e.g., Yijt = Yjit). Also, there

were only two time periods, t = 1, 2. The extension to a directed graph case

with t = 1, ..., T (T ≥ 2) is straightforward; Letting ∆stA ≡ As − At denote
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the time difference between s and t, we propose the following estimator:

β̂n =

∑
s<t

n∑
i=1

∑
j ̸=i

dijsdijt∆stWij∆stW
′
ijKhn(∆stR

′
ij γ̂n)

−1

×

∑
s<t

n∑
i=1

∑
j ̸=i

dijsdijt∆stWij∆stYijKhn(∆stR
′
ij γ̂n)

 .
The above results are not directly applicable to this estimator because there

are dyads that are observed between periods s and t in only one direction

(e.g., dijs = dijt = 1 but djisdjit = 0). We leave the full theoretical analysis of

this estimator for future work. However, with some loss of efficiency, we can

discard those one-directional dyads and use only the two-directional dyads (e.g.,

dijsdjitdijtdjits = 1) in the estimation. Then, all the results and their proofs

are valid with some modification because we can always rewrite the double

sum
∑n

i=1

∑
j ̸=iAij as

∑
i<j(Aij +Aji) for any variables {Aij} as if the graph

were undirected. We will use this version of the estimator in our empirical

application.

3.4.2 Pairwise Fixed Effects

In the model (3.2) and (3.3), all the fixed effects are node-wise. Since we

are interested in coefficients on time-varying dyadic variables, it is possible

to include pairwise fixed effects Aij and Bij in each equation, additionally

to Ai, Aj and Bi, Bj . Clearly, with pairwise fixed effects, the identification

and estimator will be the same as with node-wise fixed effects since we are

leveraging the time variation. Thus, a similar asymptotic analysis will also hold

as long as (Aij , Bij), 1 ≤ i < j ≤ n are independently distributed conditionally
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on {ξi}ni=1.

Alternatively, we can also do away with the additive separability by incor-

porating node-wise fixed effects into pairwise ones:

Aij = τ̃
(
Ãi, Ãj , Ãij

)
,

where τ̃ is some unknown function, Ãi is a node-wise fixed effect, and Ãij

is a pairwise fixed effect. We can impose a similar structure for Bij . Again,

the asymptotic analysis will hold as long as (Ãij , B̃ij), 1 ≤ i < j ≤ n are

conditionally independent. With a more general dependence structure, we

could show a similar asymptotic result using Kojevnikov et al. (2021b)’s central

limit theorem for ψ-dependent data.

3.4.3 Sparsity

Above, we argue that our model and assumptions imply that the limiting

networks D1 and D2 are locally dense around ∆R′
ijγ ≈ 0. Thus, we limit

our attention to cases where the number of dyads in the sample must be

proportional to N . Our modeling is appropriate in some applications, such

as trade or migration, where the number of dyads is rather dense. However,

ours can be inappropriate for some applications where the networks are sparse

such as matched employer-employee, bank-firm data (e.g., Abowd et al. (1999),

Jiménez et al. (2014)).

We can accommodate sparse networks by the following modification; let

us modify Assumption 3.1 so that ξi, i = 1, ..., n are drawn from some distri-

bution that is allowed to depend on n. For example, as argued in Graham
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(2017), we can consider a distribution where the fixed effects are such that

lim inf1≤i≤nBi = −∞. Then, we can discuss identification and estimation with

fixed n, and the moments of interest are all dependent on n. Especially, we can

consider the sequence of networks such that Pr(d12 = 1|∆R′
12γ = 0) → 0 and

rnPr(d12 = 1|∆R′
12γ = 0) = Ω(1) for some rn → ∞ to incorporate sparsity.

We do not pursue sparsity in this paper and leave it for future projects.

3.5 Simulation

To see the performance of the estimator, we conduct some simulation exercises.

Consider the following data-generating process:

Wijt = Xit +Xjt, Rit = (Wijt, Zit + Zjt)
′,

Ai =
Xi1 +Xi2

2
, Bi =

Zi1 + Zi2

2
,

dijt = 1{R′
ijt(1, 1)

′ + θ × (Bi +Bj)− ηijt ≥ 0},

Yijt = dijt(Wijt +Ai +Aj + ϵijt)

where

Xit, Zit ∼ N (2, 1), i.i.d. across i, t,

ηijt ∼ Logistic(0, 1), i.i.d. across ij, t,

ϵijt = Uit + Ujt + ηijt, where Uit ∼ N (0, σ), i.i.d. across i, t.



163

Note that β = 1 and γ = (1, 1)′. We have θ ∈ {−0.3,−2.0,−3.0} inside of dijt

to control for the fraction of zeros in the simulated data set:

Pr(d121 × d122 = 0) ≈


20% if θ = −0.3

75% if θ = −2.0

90% if θ = −3.0

.

We also change σ ∈ {0.0, 1.0} for Uit so that σ = 0.0 (σ = 1.0) corresponds to

the degenerate (non-degenerate) case.

As described above, we can interpret this data-generating process as a

log-linearized version of the canonical gravity model (Head and Mayer, 2014);

by writing Ỹijt as an observable outcome, we redefine the main equation as

Ỹijt = exp(Wijt +Ai +Aj)× ηijt︸︷︷︸
=dijtexp(ϵijt)

.

We can take a log and recover the original model for a unit with dijt = 1. This

modeling allows a mass at Ỹijt = 0, one important feature of dyadic data.

We conduct experiments for n ∈ {50, 100, 150, 200}, θ ∈ {−0.3,−2.0,−3.0},

and σ ∈ {0.0, 1.0}, and iterate 2000 times for each one. We calculate γ̂n by

Chamberlain (1980)’s conditional logit estimator:

γ̂n = argmax
g∈G

∑
i<j:dij1+dij2=1

Mij(g)
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where G is a compact subset of Rqr and

Mij(g) = 1{dij1 = 1} ln

(
exp(∆R′

ijg)

1 + exp(∆R′
ijg)

)

+ 1{dij2 = 1} ln

(
1

1 + exp(∆R′
ijg)

)
.

For β̂n, we use a fourth-order biweight kernel for K(·), given by K(x) =

106/64(1− 3u2)(1− x2)21{|x| < 1}. This choice implies that we assume that

the smoothness of the model is given by k = 3. We set δ = 0.4 and h = 3.0

and calculate each estimator and confidence interval according to the inference

procedure discussed above.

For comparison, we calculate the fixed effect estimator β̂FE given by (3.7).

The standard error is calculated by Σ̂, with Khn(·) replaced by 1. We also

calculate the Poisson pseudo-maximum-likelihood (PPML) estimator β̂PPML

given by (3.8). We compute β̂PPML and its standard error by the penppml

package in R (Ferreras Garrucho and Zylkin, 2023). The standard error is

clustered at the node level, which is close to Σ̂−2
WW Σ̂Wν,1 in our setting (Graham,

2020).

The result is summarized in the following TABLE 1 and 2. In TABLE

1, we evaluate the three estimators by mean and median biases (MeanBias),

root mean square error (RMSE) for σ = 0, 1. In TABLE 2, we compute 95%

coverage probabilities (Coverage) of four different confidence intervals: CIconv

(conventional CI from ̂̂
βn and Σ̂), CIbc (bias-corrected CI given by CIL,0.05

and CIU,0.05), CIFE (conventional CI from β̂FE and Σ̂ with a flat kernel.), and

CIPPML (conventional CI from β̂PPML and its node-level clustered standard
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error).

From TABLE 3.1a and 3.1b, we can see that our estimator performs better

than the fixed effect estimator and the PPML estimator in terms of bias, which

shows that the weights given by the first step estimator work well in eliminating

the bias. Our estimator also outperforms the competitors regarding RMSE,

which implies that the loss in precision is not severe. Our estimator also performs

well even when there is a large fraction of zeros in Y (Pr(Dij1 ×Dij2) ≈ 90%

when θ = −3.0). There is little difference between σ = 0 and σ = 1 other than

added variances in the estimators.

From TABLE 3.2a and 3.2b, we can see that CIbc is close to 95% regardless

of the degeneracy (ΣWν,1 = 0 or > 0) while the others are off from the targeted

nominal coverage. This result confirms the effectiveness of the bias correction

strategy as well as the adaptivity of our variance estimator, as claimed in

Section 3.3.3. Also, it is notable to see that the bias correction is important

for obtaining correct coverage probabilities even though the asymptotic bias is

0 in the case of σ = 1.0 so that ΣWν,1 > 0 (Theorem 3.1) and CIconv would

return an asymptotically correct coverage.

3.6 Empirical Example

3.6.1 Background

As a leading application of our model, consider Moretti and Wilson (2017).

They study how state-level tax differences affect migration by top scientists

in the U.S. Specifically, they estimate the following model implied by their
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Table 3.1: Finite sample properties of β̂n, β̂FE , and β̂PPML

(a) σ = 1.0

MeanBias RMSE
θ n β̂n β̂FE β̂PPML β̂n β̂FE β̂PPML

-0.3 50 0.045 0.133 0.185 0.122 0.160 0.430
-2.0 50 0.141 0.352 0.467 0.210 0.377 0.617
-3.0 50 0.162 0.369 0.582 0.273 0.415 0.752

-0.3 100 0.038 0.136 0.195 0.087 0.148 0.376
-2.0 100 0.099 0.349 0.438 0.142 0.359 0.536
-3.0 100 0.117 0.359 0.542 0.184 0.378 0.657

-0.3 150 0.028 0.135 0.193 0.070 0.143 0.327
-2.0 150 0.075 0.346 0.427 0.112 0.353 0.496
-3.0 150 0.095 0.356 0.527 0.145 0.367 0.607

-0.3 200 0.024 0.134 0.193 0.060 0.140 0.305
-2.0 200 0.061 0.344 0.417 0.091 0.348 0.471
-3.0 200 0.076 0.352 0.510 0.118 0.360 0.572

(b) σ = 0.0

MeanBias RMSE
θ n β̂n β̂FE β̂PPML β̂n β̂FE β̂PPML

-0.3 50 0.048 0.134 0.194 0.082 0.142 0.399
-2.0 50 0.140 0.352 0.468 0.176 0.365 0.586
-3.0 50 0.161 0.369 0.581 0.229 0.397 0.714

-0.3 100 0.037 0.135 0.193 0.053 0.138 0.332
-2.0 100 0.093 0.348 0.438 0.110 0.352 0.508
-3.0 100 0.113 0.359 0.546 0.145 0.368 0.630

-0.3 150 0.028 0.135 0.191 0.039 0.136 0.301
-2.0 150 0.071 0.345 0.427 0.082 0.348 0.477
-3.0 150 0.089 0.354 0.529 0.108 0.359 0.592

-0.3 200 0.024 0.135 0.191 0.031 0.136 0.278
-2.0 200 0.058 0.345 0.415 0.067 0.347 0.451
-3.0 200 0.074 0.355 0.508 0.089 0.358 0.553

Note: MeanBias reports the mean of the difference between the corresponding estimator and
the true value β = 1. RMSE reports the root mean square error. β̂n is our proposed estimator,
β̂FE is the fixed effect estimator, and β̂PPML is the Poisson pseudo-maximum-likelihood
estimator.
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Table 3.2: 95% coverage probabilities of CIconv, CIbc, CIFE , and CIPPML

(a) σ = 1.0

Coverage
θ n CIconv CIbc CIFE CIPPML

-0.3 50 0.790 0.961 0.498 0.537
-2.0 50 0.646 0.963 0.150 0.236
-3.0 50 0.640 0.901 0.311 0.211

-0.3 100 0.785 0.978 0.233 0.498
-2.0 100 0.668 0.970 0.011 0.173
-3.0 100 0.674 0.953 0.072 0.143

-0.3 150 0.790 0.971 0.103 0.472
-2.0 150 0.689 0.949 0.001 0.117
-3.0 150 0.688 0.944 0.016 0.09

-0.3 200 0.817 0.964 0.040 0.426
-2.0 200 0.730 0.947 0.000 0.08
-3.0 200 0.720 0.946 0.004 0.08

(b) σ = 0.0

Coverage
θ n CIconv CIbc CIFE CIPPML

-0.3 50 0.698 0.918 0.141 0.547
-2.0 50 0.535 0.935 0.026 0.204
-3.0 50 0.592 0.869 0.168 0.182

-0.3 100 0.655 0.960 0.001 0.515
-2.0 100 0.482 0.958 0.000 0.12
-3.0 100 0.571 0.944 0.004 0.106

-0.3 150 0.673 0.977 0.000 0.45
-2.0 150 0.471 0.945 0.000 0.073
-3.0 150 0.532 0.949 0.001 0.065

-0.3 200 0.660 0.970 0.000 0.407
-2.0 200 0.444 0.939 0.000 0.052
-3.0 200 0.520 0.933 0.000 0.047

Note: Coverage reports the coverage probabilities of the corresponding confidence intervals.
CIconv is the proposed confidence interval without bias correction, CIbc is the bias-corrected
confidence interval given by CIL,0.05 and CIU,0.05. CIFE is the conventional confidence
interval from β̂FE and Σ̂ with a flat kernel. CIPPML is the conventional confidence interval
from β̂PPML and its node-level clustered standard error.
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economic theory:

log(Pijt/Piit) = η [log(1− τjt)− log(1− τit)]

+ η′
[
log(1− τ ′jt)− log(1− τ ′it)

]
+ γj + γi + uijt,

where Pijt is the number of scientists migrating to state j from state i at year

t, τit and τ ′it are personal and corporate taxes imposed in state i at year t, γi

is a state fixed effect, and uijt is an error term.

Note that if there is no migration from i to j at year t, Pijt = 0 and

log(Pijt/Piit) is undefined. In Moretti and Wilson (2017)’s dataset, more

than 70% of state-pairs exhibit no migration flow: When running a regression,

they are concerned with a potential sample selection bias stemming from

these undefined outcomes. They argue that if the main regressors are not

systematically associated with the probability of positive migration flows, the

selection bias should be minimal. Running OLS on the linear probability

model, they find little correlation between the main regressors and no flow.

Re-estimating their model with our method provides a check on the validity of

their argument and the appropriateness of using the linear probability model.

When applying our model to their context, we must consider what Rijt

should be. Since Moretti and Wilson (2017)’s underlying theory is based

on scientists’ and firms’ discrete choice, one consistent way to generate zero

migration flows between some states is to consider endogenous choice sets as

in Dubé et al. (2021). Formally, we can write the choice set of representative

scientists in state i as Cit = {j ∈ {1, ..., 51} : dijt = 1}. Here, {dijt} represents

the job-market network; if dijt = 1, it is possible to move from i to j, and
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Figure 3.1: Fraction of positive migration flows in Moretti and Wilson (2017)’s
dataset.

Note: The migration flow is positive in a given year if there is at least one scientist moving
from state i to j (scientists are "stars"; they are at or above 95% quantile in number of
patents over the past ten years)

vice versa. We can attribute the determinants of the network to the utilities

and profits of scientists and firms, as well as the matching costs between the

two parties. Such costs are not present in the structural equation if those

costs are not compensated through wages; The structural equation consists

of the determinants of log wage differences between two states. Thus in the

selection equation (3.3), in addition to Wijt, we can include variables in Rijt

that capture non-monetary matching costs between two states i and j, which

does not violate Assumption 3.3 as Rijt satisfies the exclusion restriction.
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3.6.2 Implementation

For Wijt, as in Moretti and Wilson (2017), we include the state-to-state

differences in (i) an individual income average income tax rate (ATR) faced by

a hypothetical taxpayer at 99% quantile of the national income distribution,

(ii) the corporate tax rate (CIT), (iii) the investment tax credit (ITC), and

(iv) the R&D tax credit (R&D credit). This is the same set of regressors as

Moretti and Wilson (2017)’s baseline regression. For Rijt, we use Wijt plus

state-to-state absolute difference in the logarithm of population (POP) and a

dummy variable that indicates whether i and j share their governors’ political

parties (GOV). The additional variables in Rijt arguably measure non-monetary

costs of connecting firms and workers in two states.

We implement the first step estimation as follows. We use the conditional

logit estimator extended to a directed graph with multi-periods case, which is

given by

γ̂n = argmax
g∈G

∑
s<t

∑
i,j

Mij,st(g),

where G is a compact subset of Rqr and

Mij,st(g)

= 1{dijs + dijt = 1} × [1{dijs = 1}ln(eij,st) + 1{dijt = 1}ln(1− eij,st)] ,

eij,st =
exp(∆stR

′
ijg)

1 + exp(∆stR′
ijg)

.

TABLE 3.3 reports the first step estimation result. We can see that the

coefficients on the newly added variables GOV and POP deviate from zero,
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which implies that a part of the identification assumptions (Assumption 3.3) is

satisfied. Also, for these two variables, the estimated coefficients imply that

the job market network exhibits homophily; similar states are more likely to

be connected.

Table 3.3: First Step Estimation Result

Variable γ̂n

GOV 0.162
POP -13.144
ATR 8.561
CIT 5.850
ITC 5.350

R&D credit -0.230

Note: The first column reports the variable names included in Rijt. The second column
reports the estimated coefficients corresponding to each variable.

For the second step estimator, we use our β̂n defined above and extend it to

the directed graph with multiple period cases, as discussed in Section 3.4.1. We

use a biweight kernel for K(·) (so k = 2), choose h = 3.0 as an initial constant

for pilot bandwidths, and use δ = 0.4 for calculating hn,δ. We extend and use Σ̂

to calculate the standard error while taking into account the correlation across

time (case 1). We also calculate the bias-corrected 95%-confidence interval

by computing CIL,0.05 and CIU,0.05 as defined above. Also, we list β̂MW , an

estimate from Moretti and Wilson (2017) (page 1883, TABLE 2A, specification

(3)) and calculate the conventional 95%-confidence interval based on their

standard errors. Note that β̂MW is the fixed estimator, where its standard

error is calculated by clustering across time and the origin, destination, and

origin-destination pairs.

We summarize the result in TABLE 3.4. We can see that β̂n returns
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similar values as β̂WM , which claims the robust positive effect of income and

corporate-related tax differences on migration. Thus, Moretti and Wilson

(2017)’s estimates are not likely to be qualitatively affected by the sample

selection effects. However, while Moretti and Wilson (2017)’s estimates are

statistically significant at 5% level, our confidence intervals show that all of

the estimates are no longer statistically significant at that level except for ITC.

Our insignificance result is driven by both the increase in standard errors 5

and the asymptotic bias correction. Thus, our exercise shows that some of the

results in Moretti and Wilson (2017) are sensitive to the dyadic dependence

but could be robust to the sample selection issue.

Table 3.4: Comparison of our estimator and Moretti and Wilson (2017)

(a) This paper

Variable Estimator CI

ATR 1.63 [−2.66, 5.87]
(1.89)

CIT 1.67 [−2.95, 6.28]
(2.04)

ITC 1.98 [0.65, 3.29]
(0.58)

R&D credit 0.43 [−1.35, 2.12]
(0.78)

(b) Moretti and Wilson (2017)

Estimator CI

1.93 [0.92, 2.93]
(0.51)
1.84 [0.69, 2.99]

(0.59)
1.79 [0.99, 2.60]

(0.41)
0.37 [0.01, 0.72]

(0.18)

Note: The left table is our result, and the right table is Moretti and Wilson (2017)’s result
(see page 1883, TABLE 2A, specification (3)). The first column reports the variable names
included in Wijt. Estimator reports the estimated coefficient and its standard error in
parentheses. CI reports the 95% confidence interval, which is bias-corrected in our result.

5Our standard error is from Σ̂, which takes fully into account the dependence among pairs
that share origin and destination, such as California→Wisconsin and New York→California.
Moretti and Wilson (2017)’s standard error calculation ignores such dependence structure.
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3.7 Conclusion

This paper studies identification and inference of a panel dyadic data sample

selection model. We show that Kyriazidou (1997)’s identification strategy can

be extended to our dyadic data setting, and we prove asymptotic normality of

the proposed estimator.

Our estimator has some appealing properties. The distributional result

implies that our estimator has the same convergence rates as the usual estimators

used in practice in the non-degenerate case, and there is no loss of effective

sample size for using our nonparametric type estimator. Also, our estimator is

guaranteed to be asymptotically normal, while others can be non-Gaussian in

the limit.

We also provide consistent estimators for asymptotic bias and variance that

adapts to the degeneracy. Specifically, the bias-corrected confidence interval

has an asymptotically correct size. Our simple simulation exercise confirms the

validity of these estimators and highlights the importance of bias correction in

both degenerate and non-degenerate cases.

Some important limitations of our analysis remain. First, we assume the

availability of the first-step estimator whose convergence rate is fast enough to

ignore its impact on the second-step estimator. Full treatment of the first-step

estimation error is left for future work. Second, we focus on the time-invariant,

node-specific fixed effects. Extending our analysis to more general forms

of unobserved heterogeneity, such as time-varying and pair-specific effects, is

another important avenue for future research so that our method can be applied

to a broader class of models.
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Appendix A

Chapter 1

A.1 Covariates

Our model with covariates is given by:

y = Bα+Xβ + ϵ,

where X is a matrix of covariates. Let MB ≡ Im −B(B′B)∗B′ and MX ≡

Im −X(X′X)−1X′ be the projection matrices onto the nullspace of B and X,

respectively. Then, the fixed-effect estimators are given by:

α̌ = (B′MXB)∗B′MXy, β̂ = (X′MBX)−1X′MBy,

where we assume that rank(X) = p and rank((X,B)) = p+ n− 1. Our goal

is to replicate the results in Theorem 1.1 for α̌i.

Algebraically, we have

α̌−α = D−1B′ϵ+ r + r̃,

where

r = D−1A(α̌−α), r̃ = −D−1B′X(β̂ − β).

We already worked out the first term D−1B′ϵ in the proof of Theorem 1.1.
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Thus, we need to show that both r and r̃ are negligible.

First, we show that r̃ is negligible. Note that E[r̃] = 0. Observe that

β̂ − β = (X′MBX)−1X′MBϵ

with E[β̂ − β] = 0. Then,

E[(β̂ − β)(β̂ − β)′] = (X′MBX)−1X′MBE[ϵϵ′]MBX(X′MBX)−1

≤ C(XMBX)−1X′MBFF
′MBX

′(XMBX)−1

≤ λn,FC(XMBX)−1

for some absolute constant C > 0 under Assumption 1.1: E[ϵϵ′] ≤ CFF′. Let

ρ̃ = ∥(X′X)(X′MBX)−1∥2,

where ∥·∥2 is the spectral norm. By the definition of ρ̃, we have (X′MBX)−1 ≤

ρ̃(X′X)−1. Thus, we have

E[r̃2i ] = e′iD
−1B′XE[(β̂ − β)(β̂ − β)′]X′BD−1ei

≤ λn,FCe
′
iD

−1B′X(X′MBX)−1X′BD−1ei

≤ λn,F ρ̃Ce
′
iD

−1B′X(X′X)−1X′BD−1ei

=
λn,F ρ̃C

m
x′
iΩ

−1xi,

where xi = X′BD−1ei and Ω = X′X/m. Since λn,F = O(maxi∈V di), as long

as maxi∈V di/m = o(1) and ρ̃× x′
iΩ

−1xi = O(1), we have r̃i = op(1).
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Second, we show that r is negligible. Note that E[r] = 0. Let

ρ = ∥(X′X)−1X′MBX∥2.

We have

E[r2i ] = e′iD
−1AE[(α̌−α)(α̌−α)′]A′D−1ei

= e′iD
−1A(B′MXB)∗B′MXE[ϵϵ′]MXB(B′MXB)∗A′D−1ei

≤ λn,FC × e′iD
−1A(B′MXB)∗A′D−1ei

≤ λn,FC × e′iD
−1A(B′B)∗A′D−1ei

+ λn,FC × ρ−1D−1A(B′B)∗B′X(X′X)−1X′B(B′B)∗A′D−1ei

where the last line follows from (S.14) in Jochmans and Weidner (2019). Since

(B′B)∗ ≤ λ−1
2,LD

−1 and X(X′X)−1X′ ≤ I, we have

E[r2i ]

≤ λn,FC × e′iD
−1A(B′B)∗A′D−1ei + λn,FC × ρ−1D−1A(B′B)∗A′D−1ei

≤
λn,FC(1 + ρ)

ρλ2,L
× e′iD

−1AD−1A′D−1ei

=
λn,FC(1 + ρ)

ρλ2,Lhidi
.

If λn,F /(diλ2,Lhi) = o(1), ri = op(1) as long as ρ−1 = O(1).

In summary, as long as

• maxi∈V di = o(m),

• ρ̃× x′
iΩ

−1xi = O(1)
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• ρ−1 = O(1),

then Theorem 1.1 holds for α̌ as well with the same approximation error rates.

A.2 Alternative Estimator

We can consider an alternative estimator for α based on the following transfor-

mation.

A.2.1 Transformation

Let V st = {i ∈ V : dti > 0 and dsi > 0} be the set of nodes with both positive

in- and out-degrees. Let V t = {i ∈ V : dti > 0} and V s = {i ∈ V : dsi > 0} be

the sets of nodes with positive in-degree and out-degree, respectively. Redefine

τ t and τ s as τ t = (I{i ∈ V t} · τ t(Ui))i∈V and τ s = (I{i ∈ V s} · τ s(Ui))i∈V .

Define the following vectors:

τ̃ t = (τ t(Ui))i∈V st , τ̃ s = (τ s(Ui))i∈V st ,

τ̌ t = (I{i ∈ V t \ V s} · τ t(Ui))i∈V , τ̌ s = (I{i ∈ V s \ V t} · τ s(Ui))i∈V .

Let F̃ be the m× |V st| matrix defined by: for each e ∈ E and i ∈ V st,

F̃e,i =


1 if s(e) = i or t(e) = i,

0 otherwise

Finally, let ϵ̃ = ϵ− Ftτ t − Fsτ s.
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Note that the model can be rewritten as

y = Bα+ ϵ

= Bα+ Ftτ t + Fsτ s + ϵ̃

= B

(
α+

τ t

2
− τ s

2

)
+ F

(τ t + τ s)

2
+ ϵ̃,

where we used the facts that Ft = (F+B)/2 and Fs = (F−B)/2. For each

e ∈ E,

(
F
(τ t + τ s)

2

)
e

=



τ t
t(e)

+τs
t(e)

+τ t
s(e)

+τs
s(e)

2 if s(e), t(e) ∈ V st

τ t
t(e)

+τs
t(e)

+τs
s(e)

2 if t(e) ∈ V st, s(e) /∈ V st, s(e) ∈ V s

τ t
t(e)

+τ t
s(e)

+τs
s(e)

2 if s(e) ∈ V st, t(e) /∈ V st, t(e) ∈ V t

τ t
t(e)

+τs
s(e)

2 if t(e), s(e) /∈ V st, t(e) ∈ V t, s(e) ∈ V s

This can be decomposed as

(
F
(τ t + τ s)

2

)
e

=

(
F̃
(τ̃ t + τ̃ s)

2

)
e

+

(
B
(τ̌ t − τ̌ s)

2

)
e

,
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where

(
F̃
(τ̃ t + τ̃ s)

2

)
e

=



τ t
t(e)

+τs
t(e)

+τ t
s(e)

+τs
s(e)

2 if s(e), t(e) ∈ V st

τ t
t(e)

+τs
t(e)

2 if t(e) ∈ V st, s(e) /∈ V st

τ t
s(e)

+τs
s(e)

2 if s(e) ∈ V st, t(e) /∈ V st

0 if t(e), s(e) /∈ V st

(
B
(τ̌ t − τ̌ s)

2

)
e

=



τ t
t(e)

2 if t(e) ∈ V t \ V s, s(e) ∈ V st

τs
s(e)

2 if s(e) ∈ V s \ V t, t(e) ∈ V st

τ t
t(e)

+τs
s(e)

2 if t(e), s(e) /∈ V st, t(e) ∈ V t, s(e) ∈ V s

0 if t(e), s(e) ∈ V st

Therefore,

F

2
(τ t + τ s) = F̃

(τ̃ t + τ̃ s)

2
+B

(τ̌ t − τ̌ s)

2
.

Substituting this into the model, we obtain

y = B

(
α+

τ t + τ̌ t

2
− τ s + τ̌ s

2

)
+ F̃

(τ̃ t + τ̃ s)

2
+ ϵ̃. (A.1)

This is the transformed model where the effects explained by the incidence

matrix B are separated from those not explained by it.
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A.2.2 Alternative Estimator

Let M
F̃
= Im − F̃(F̃′F̃)+F̃′, which is the projection matrix onto the nullspace

of F̃. Premultiplying both sides of equation (A.1) by M
F̃
, we have

M
F̃
y = M

F̃
B

(
α+

τ t + τ̌ t

2
− τ s + τ̌ s

2

)
+M

F̃
ϵ̃.

We can consider the following alternative estimator for α as if α+ τ t+τ̌ t

2 − τ s+τ̌ s

2

were the true fixed effects:

α̂alt = (B′M
F̃
B)∗B′M

F̃
y

= α+ (B′M
F̃
B)∗B′M

F̃
B

(
τ t + τ̌ t

2
− τ s + τ̌ s

2

)
+ (B′M

F̃
B)∗B′M

F̃
ϵ̃.

An implicit assumption here is that B′M
F̃
B has rank n−1 so that (B′M

F̃
B)∗

is well-defined. This requires that rank((B, F̃)) = n−1+rank(F̃), which means

that the column spaces of B and F̃ do not overlap except for the intercept.

This assumption holds if the graph contains enough directed cycles so that a

column of F̃ cannot be represented as a linear combination of columns of B.

This is likely to hold in practice if the graph is dense enough and directions of

edges are not too concentrated in one direction.
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A.2.3 Approximation

We can derive a first-order approximation for α̂alt similar to Theorem 1.1. Note

that

α̂alt −α =
τ t + τ̌ t

2
− τ s + τ̌ s

2

+ (In − (B′M
F̃
B)∗B′M

F̃
B)

(
τ t + τ̌ t

2
− τ s + τ̌ s

2

)
+ (B′M

F̃
B)∗B′M

F̃
ϵ̃,

where the first term on the right-hand side is the persistent term, the second

term is a misspecification error, and the last term is a linear combination of ϵ̃.

Each element of the persistent term can be written as

(
τ t + τ̌ t

2
− τ s + τ̌ s

2

)
i

=



τ t(Ui)−τs(Ui)
2 if i ∈ V st

τ t(Ui) if i ∈ V t \ V s

−τ s(Ui) if i ∈ V s \ V t

Importantly, in the symmetric case where τ t = τ s = τ , if i ∈ V st, the persistent

term is zero. This means that for nodes with both positive in- and out-

degrees, the alternative estimator α̂alt
i can be consistent for αi, unlike the

original estimator α̂i. This is because the transformation effectively removes

the strongly dependent component captured by τ for these nodes. Also, we can

view this result as an automatic correction for the persistent term, which is

similar to α̂i −
dti−dsi
di

τ̂i in the original estimator.

For the other two terms, once the difference between (B′M
F̃
B)∗ and (B′B)∗
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is characterized, we can follow similar steps as in the proof of Proposition 1.2

and Theorem 1.1 to derive the approximation with different error rates. Noting

that ϵ̃ is weakly dependent and following Appendix A.1, we can show that the

approximation error rate for the last two terms is given by

Op

(√
1

ρdi
+

√
1

ρλ2,Lhidi
+

√
ρ̃

m
x′
iΩ

−1xi

)
,

where ρ, ρ̃,xi,Ω are defined in Appendix A.1 with X replaced by F̃. Since M
F̃

eliminates the strongly dependent component, we do not have λn,F in this rate

unlike the rate in Theorem 1.1. However, ρ−1 and ρ̃ may be large depending on

the relationship between B and F̃, which may make the approximation error

rate larger than that in Theorem 1.1. A more detailed comparison of the two

error rates and the choice between the two estimators is left for future research.

A.3 Inference with Asymmetric τ t and τ s

In the main text, our analysis with regard to inference and variance estimation

focused on the symmetric case where τ t = τ s is imposed by Assumption 1.5.

In this appendix, we discuss potential extensions to the asymmetric case where

τ t ̸= τ s.

As argued in the main text, the central problem in the asymmetric case

is that τ t(Ui) and τ s(Ui) are not identified separately from the following two
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approximations:

α̂i ≈ αi +
dti
di
τ t(Ui)−

dsi
di
τ s(Ui);

τ̂i ≈
τ t(Ui) + τ s(Ui)

2
.

In the following, we first discuss possible restrictions on τ t(Ui) and τ s(Ui) that

can help identify them separately, and then we proceed to show that inference

can still be conducted under such restrictions.

A.3.1 Restrictions on τ t and τ s

One possible restriction is to assume the linear relationship between τ t and τ s:

for some function τ ,

τ s = τ, τ t = cτ,

where c is an absolute constant. Instead, we can also treat τ t as a basis function

of τ s. Note also that we do not need to place an intercept restriction on τ t

as E[τ t(Ui)] = E[τ s(Ui)] = 0 by Assumption 1.1. Furthermore, τ t = τ s is a

special case of this restriction with c = 1.

Under this restriction, the approximations for α̂i and τ̂i become:

α̂i ≈ αi +
cdti − dsi
di

τ(Ui),

τ̂i ≈
(c+ 1)

2
τ(Ui).
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Write

α̂i = αi +
cdti − dsi
di

τ(Ui) + ri,1

τ̂i =
c+ 1

2
τ(Ui) + ri,2,

where ri,1 and ri,2 are the approximation errors. By the proof of Theorem 1.1,

ri,2 is Op(
√
1/di). For ri,1, it is known that ri,1 = Op(

√
λn,F /(diλ2,Lhi)) by

Theorem 1.1.

We construct the estimator for c in the following manner. First, we regress

α̂i on τ̂i and obtain the following regression coefficient:

β̂n ≡
|Cn|−1

∑
i∈Cn τ̂iα̂i

|Cn|−1
∑

i∈Cn τ̂
2
i

.

By Lemma A.3, the denominator converges to ((c + 1)/2)2E[τ(Ui)
2]. The

convergence of the numerator is shown as follows:

1

|Cn|
∑
i∈Cn

τ̂iα̂i =
c+ 1

2

1

|Cn|
∑
i∈Cn

cdti − dsi
di

× τ(Ui)
2 (A.2)

+
c+ 1

2

1

|Cn|
∑
i∈Cn

αiτ(Ui) (A.3)

+
c+ 1

2

1

|Cn|
∑
i∈Cn

ri,1τ(Ui) (A.4)

+
1

|Cn|
∑
i∈Cn

ri,2αi (A.5)

+
1

|Cn|
∑
i∈Cn

ri,2
cdti − dsi
di

τ(Ui) (A.6)

+
1

|Cn|
∑
i∈Cn

ri,2ri,1. (A.7)
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The first term (A.2) converges to (c+ 1)/2 × E[τ(Ui)
2] limn→∞ |Cn|−1

∑
i∈Cn

(cdti − dsi )/di and the second term (A.3) converges to 0 in probability by the

law of large numbers as E[τ2(Ui)] < ∞, |(cdti − dsi )/di| ≤ |c| + 1 < ∞, and

maxi∈Cn |αi| = O(1). The third term (A.4) converges to 0 in probability since

E[|ri,1τ(Ui)|] ≤
√
E[r2i,1]

√
E[τ(Ui)2] = O

(√
λn,F

diλ2,Lhi

)

by the Cauchy-Schwarz inequality so that

E[(A.4)] = Op

(
1

|Cn|
∑
i∈Cn

√
λn,F

diλ2,Lhi

)
= o(1).

Thus, (A.4) = op(1) by the Markov inequality. By the similar argument, the

fourth to sixth terms (A.5), (A.6), and (A.7) also converge to 0 in probability

(if 1/|Cn|
∑

i∈Cn
√
1/di = o(1)). Therefore, by the continuous mapping theorem,

we have

1

|Cn|
∑
i∈Cn

τ̂iα̂i →p
c+ 1

2
E[τ(Ui)

2] lim
n→∞

1

|Cn|
∑
i∈Cn

(cdti − dsi )/di.

Thus, writing dt ≡ limn→∞ |Cn|−1
∑

i∈Cn d
t
i/di and ds analogously, we have

β̂n →p
2(cdt − ds)

c+ 1
.

Therefore, we can construct a consistent estimator for c as follows:

ĉn =
2ds + β̂n

2dt − β̂n
+Op

(
1

|Cn|
∑
i∈Cn

√
λn,F

diλ2,Lhi

)
,
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as n→ ∞.

Hence, by collecting 2(ĉn + 1)−1τ̂i ≈ τ(Ui), we can construct the consistent

estimator for Fτ and conduct inference on α̂i similar to the symmetric case.

One could also consider a more general case where τ t and τ s are related by a

nonlinear function, such as τ t = g(τ s) for some function g. This generalizes the

linear case, since g could be linear, but additional restrictions on the distribution

of τ(Ui) are needed to obtain useful moment conditions for identifying g. For

example, suppose g is invertible and its inverse g−1 is odd, and τ(Ui) is

symmetrically distributed around 0. Then, defining τ̃i = (g(τ(Ui)) + τ(Ui))/2,

we have

∑
i∈Cn

E
[
τ̃2m−1
i

(
αi − τ(Ui) +

2dti
di
g−1(τ̃i)

)]
= 0

for each integer m ≥ 1, by g−1 being an odd function and the symmetry of τ̃i

with respect to τ(Ui). Estimation of g can proceed by parameterizing g as an

odd polynomial function, such as g(x) =
∑K

k=0 akx
2k+1, and estimating the

coefficients ak using the method of moments up to some finite order K. We do

not pursue this direction in this paper, but it is a potential extension of our

method.

A.3.2 Inference

Focus on the case where τ s = τ and τ t = cτ for some constant c. We have

shown that ĉn consistently estimates c. Write ̂̂τ i = 2(ĉn + 1)−1τ̂i, which is a

consistent estimator for τ(Ui). Then, the distribution Fτ can be estimated by
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the empirical distribution of ̂̂τ i, denoted by F̂τ :

F̂τ (·) ≡
1

|Cn|
∑
i∈Cn

I(̂̂τ i ≤ ·),

where I(·) is the indicator function.

The uniform consistency of F̂τ to Fτ over a compact subset of R follows

from modifying the proof of Theorem 1.2. First, observe that

2

ĉn + 1
=

2

c+ 1
+ rn,3, rn,3 = Op

(
1

|Cn|
∑
i∈Cn

√
λn,F

diλ2,Lhi

)
,

by the delta method so that

̂̂τ i = 2

ĉn + 1
τ̂(Ui)

= τ(Ui) +
2

c+ 1
ri,2 +

c+ 1

2
τ(Ui)rn,3 + ri,2rn,3.

We can bound E[|̂̂τ i − τ(Ui)|] by the rates of convergence of ri,2 and rn,3. By

replacing τ̂i with ̂̂τ i in the proof of Theorem 1.2, we have

sup
t∈R

|F̂τ (t)− Fτ (t)| →p 0,

as n→ ∞, similarly as before but with slower rates of convergence.

With F̂τ , we can conduct inference on α̂i in the same manner as in the

symmetric case. For example, a (1− α)-level confidence interval for αi is given
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by

CIi,1−α =


[
α̂i −

(
dti ĉn−dsi

di

)
ĉ1−α/2, α̂i −

(
dti ĉn−dsi

di

)
ĉα/2

]
, if dtiĉn − dsi > 0,[

α̂i −
(
dti ĉn−dsi

di

)
ĉα/2, α̂i −

(
dti ĉn−dsi

di

)
ĉ1−α/2

]
, if dtiĉn − dsi < 0,

where ĉα is the α-quantile of F̂τ .

A.4 Bias Correction for Covariance

In this Appendix, we provide a quick discussion on extending the bias correction

method for the sample covariance between worker and firm effects based on

the two-period AKM model introduced in Example 1.1.

Let W be the set of workers who are employed by firms in V . For simplicity,

we focus on the case where workers in W are present in both periods. Let

N = 2|W | be the total number of observations in the two periods. Then, the

two-period AKM model can be written as

w = BWϕ+BFα+ u,

where w ∈ RN is the vector of workers’ log wages in both periods, BW ∈ RN×|W |

is the incidence matrix for workers, BF ∈ RN×|V | is the incidence matrix for

firms, ϕ ∈ R|W | is the vector of worker effects, α ∈ Rn is the vector of firm

effects, and u ∈ RN is the error term. Given the estimator α̂ for α obtained

by the method in the main text, the least-squares estimator for ϕ is given by

ϕ̂ = (B′
WBW )−1B′

W (w −BF α̂).
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The sample covariance between ϕ̂ and α̂ is given by

Cϕ,α =
1

N

∑
g∈W

2∑
t=1

(ϕg − ϕ)(αJ(g,t) − α)

=
1

N
α′B′

FMNBWϕ,

where MN = IN − N−11N1′N is the demeaning matrix for N observations.

Then, the plug-in estimator for Cϕ,α is given by

Ĉϕ,α =
1

N
α̂′B′

FMNBW ϕ̂.

To derive the bias correction for Ĉϕ,α, we can follow similar steps as in

the main text. Specifically, we focus on the potential leading bias term arising

from τ , abstracting from the terms arising from ϵ− Fτ and u for simplicity.

By substituting w = BWϕ+BFα+ u into the expression for ϕ̂, we have

ϕ̂ = ϕ− (B′
WBW )−1B′

WBF (α̂−α) + (B′
WBW )−1B′

Wu

≈ ϕ− (B′
WBW )−1B′

WBFL
∗B′Fτ .

Thus, the leading bias term in Ĉϕ,α is given by

E[Ĉϕ,α]− Cϕ,α

≈ − 1

N
E[τ ′F′BL∗B′

FMNBW (B′
WBW )−1B′

WBFL
∗B′Fτ ]

= −E[τ(Ui)
2]

N
tr
(
L∗B′

FMNBW (B′
WBW )−1B′

WBFL
∗B′FF′B

)
.

Therefore, as often pointed out in the literature, the plug-in estimator for the
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covariance is biased downward. We can estimate this bias term by replacing

E[τ(Ui)
2] with its consistent estimator σ̂2τ :

Cbc
ϕ,α = Ĉϕ,α +

σ̂2τ
N

tr
(
L∗B′

FMNBW (B′
WBW )−1B′

WBFL
∗B′FF′B

)
.

Using the same dataset as in 1.6, we compare the plug-in estimator and

the bias-corrected estimator for the covariance between worker and firm effects.

Table A.1 reports the results. We find that the bias induced by the dependence

is about 30% of the plug-in estimator.

Table A.1: Variance Component Estimation on the VWH Data

Ĉϕ,α Ĉ
bc

ϕ,α

0.014 0.019
Note: This table reports the estimated covariance between worker and firm effects via the
plug-in estimator Ĉϕ,α and the bias-corrected estimator Ĉ

bc

ϕ,α.

There could be other bias terms arising from ϵ−Fτ and u, which we have

abstracted from in this appendix. Establishing the full bias correction and its

theoretical properties is left for future research.

A.5 Additional Simulation

In this Appendix, we present additional simulation results to complement

the exercises in the main text. Unless otherwise specified, we use the same

simulation settings as in Section 1.5.
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A.5.1 Inference with non-normal errors

In Section 1.5, the distribution of τ(Ui) was assumed to be standard normal.

Here, we consider the case where τ(Ui) follows a standard logistic distribution,

which has heavier tails than the normal distribution, to verify the validity of

the inference procedure to the non-normal case. Specifically, we modify the

simulation settings by setting

Ui ≈ Logistic(0, 1), τ(Ui) = Ui.

The results are reported in Table A.2. As in the normal case, the coverage

probabilities of the confidence intervals based on (1.10) are close to the nominal

level of 95% for both K = 1 and K = 2. As before, the normal approximation

based on Jochmans and Weidner (2019) is not valid in both cases. This result

suggests that our inference procedure is not sensitive to the distribution of

τ(Ui) once the regularity conditions are satisfied.

A.5.2 Testing the joint hypothesis

In the main text, we proposed a Wald-type test for testing H0 : αV0 = a

versus H1 : αV0 ̸= a, where a is a vector of constants. Here, we present some

preliminary simulation results to check the size and power of the test.

Let V0 = {1, 2, ..., 9, 10} and a = (0, 0, ..., 0). We then generate the data

as before except that we set αV0\{1} = 0 and α1 ∈ {0, 1, 2, 3}, corresponding

to the null hypothesis and the alternative hypothesis. When computing the

test statistic (1.11) and simulate the critical value, we drop the nodes in V0 if

(dti + dsi )/di ≤ 0.4 to avoid the cases where the first-order approximation is not
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Table A.2: Coverage Probability of Confidence Intervals

α1 d1 (dt1 − ds1)/d1 H1 95% Normal 95%
Panel A: K = 1

n = 500 -0.596 119 -0.697 0.02 0.949 0.333
n = 1000 0.314 143 -0.986 0.016 0.952 0.2015
n = 2500 0.281 161 -0.652 0.014 0.944 0.2905
n = 5000 0.539 159 -0.635 0.016 0.94 0.3145

Panel B: K = 2

n = 500 -0.594 49 -0.878 3.886 0.942 0.3975
n = 1000 0.312 67 -1.0 3.966 0.956 0.3
n = 2500 0.278 72 -0.583 4.407 0.944 0.4645
n = 5000 0.542 93 -0.613 3.721 0.96 0.418

Panel A reports the results for K = 1 and Panel B reports the results for K = 2. The
first column reports the number of nodes n, the second column reports the true value of
α1, the third and fourth columns report node 1’s degree and the coefficient, respectively.
The fifth column reports the convergence measure H1 = λn,F /(d1λ2,Lh1). The sixth column
reports the coverage probability of the confidence interval for α1 at the 95% level based on
(1.10). The last column reports the coverage probability of the confidence intervals based on
Jochmans and Weidner (2019)’s asymptotic normality.

valid. If the threshold is closer to 1, the test is likely to be less powerful, but

the size is more likely to be controlled.

Table A.3 reports the rejection rates of the joint hypothesis test at the 95%

significance level. The results show that the size of the test is controlled at the

nominal level of 5% for both K = 1 and K = 2. As expected, the power of the

test increases as α1 increases. The power tends to be higher for K = 1 than

for K = 2, likely due to the fact that the first-order approximation is more

accurate for more well-connected networks. However, there is non-monotonicity

in the power of the test as n increases, possibly because the change in the

network structure affects the values of dti and dsi , which in turn affects which

nodes are included in the test and its performance.
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Table A.3: Size and Power of the Joint Hypothesis Test

H0 : α1 = 0 H1 : α1 = 1 H1 : α1 = 2 H1 : α1 = 3

Panel A: K = 1

n = 500 0.049 0.18 0.626 0.947
n = 1000 0.054 0.13 0.429 0.819
n = 2500 0.04 0.161 0.58 0.93
n = 5000 0.048 0.164 0.57 0.903

Panel B: K = 2

n = 500 0.051 0.138 0.471 0.852
n = 1000 0.045 0.143 0.429 0.768
n = 2500 0.041 0.161 0.551 0.912
n = 5000 0.04 0.169 0.617 0.945

Note: Panel A reports the results for K = 1 and Panel B reports the results for K = 2. Each
column reports the rejection rate of the joint hypothesis test at the 95% significance level. In
each case, αV0\{1} = 0 but α1 = 0 for the first column, and α1 = 1, 2, 3 for the second to
fourth columns.

A.6 Proofs

A.6.1 Proof of Theorem 1.1

Proof. We bound each term in the right-hand side of (1.8):

α̂−α = D−1B′(Fsτ s + Ftτ t) +D−1B′(ϵ− Fsτ s − Ftτ t) + r

We first show the unbiasedness of the fixed-effect estimator:

Lemma A.1. Under the stated assumptions, we have

E[α̂−α] = 0.
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Proof. Observe that

α̂ = L∗Lα+ L∗B′ϵ.

Since E[ϵ] = 0, it suffices to show that L∗Lα = α. By the proof of Theorem 2

and S.1 in Jochmans and Weidner (2019), we have

L∗L = In −m−1ιnd
′.

Since d′α = 0 by Assumption 1.1, we have

L∗Lα = Inα−m−1ιnd
′α = α.

This proves the lemma.

Another useful lemma is the following:

Lemma A.2. Under the stated assumptions, Cλn,F ≥ σ̃2n for some absolute

constant C > 0.

Proof. Note that FF′ is a non-negative, positive-semidefinite matrix and each

block corresponding to edges in E(i,j), (FF′)(i,j) is a principal submatrix of

FF′. Thus, by Corollary 8.1.20 in Horn and Johnson (2012), we have

λn,F ≥ λmax((FF
′)(i,j)),

for each (i, j) and λmax(·) is the largest eigenvalue of a matrix. Notice that

(FF′)(i,j) = 2× ι|E(i,j)|ι
′
|E(i,j)|
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so that λmax((FF
′)(i,j)) = 2× |E(i,j)|. Therefore,

λn,F ≥ 2max
(i,j)

|E(i,j)|.

By Assumption 1.1, we have

σ̃2n = max
(i,j)

Ai,j × [max
e,e′

∈ E(i,j)σe,e′ − E[τ s(Ui)
2 + τ t(Ui)

2]]

≤ Cmax
(i,j)

Ai,j = Cmax
(i,j)

|E(i,j)|,

for some absolute constant C > 0. Thus, we have

σ̃2n ≤ C/2× 2max
(i,j)

|E(i,j)| ≤ C/2× λn,F .

This proves the lemma.

Next, we bound the variance of the remaining term r = D−1A(α̂ − α).

Observe that

V ar(α̂) ≤ Cλn,FL
∗

for some constant C > 0 by Lemma A.2. Thus, we have

V ar(r) = D−1AV ar(α̂)A′D−1

≤ Cλn,FD
−1AL∗AD−1

≤
Cλn,F
λ2,L

×D−1AD−1AD−1,

where the second inequality follows from L∗ ≤ D−1/λ2,L. Thus, for each
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element, we have

V ar(ri) = e′iV ar(r)ei ≤
Cλn,F
λ2,L

× e′iD
−1AD−1AD−1ei.

=
Cλn,F
diλ2,Lhi

.

Since E[ri] = 0 by Lemma (A.1), we have

ri = Op

(√
λn,F

diλ2,Lhi

)
.

by Chebyshev’s inequality.

Third, we bound the other error term o ≡ D−1B′(ϵ− Ftτ t − Fsτ s). This

term is mean-zero and its variance is given by:

V ar(o) = D−1B′Ω2BD−1

≤ σ̃2n ×D−1B′BD−1

Thus, for each element, we have

V ar(oi) = e′iV ar(o)ei = σ̃2n × e′iD
−1B′BD−1ei

≤
Cmax(i,j) |E(i,j)|

di
.

for some constant C > 0 under Assumption 1.1. Thus, we have

oi = Op

√max(i,j) |E(i,j)|
di

 = op(1),
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by Chebyshev’s inequality as di → ∞.

Finally, we work on the main term T ≡ D−1B′(Ftτ t+Fsτ s). Observe that

T =

dtiτ t(Ui)− dsi τ
s(Ui)

di
+

1

di

∑
e∈Et

i

τ s(Us(e))−
1

di

∑
e∈Es

i

τ t(Ut(e))


i∈V

,

as pointed out in the main text. Thus, it suffices to show that

1

di

∑
e∈Et

i

τ s(Us(e)) = op(1),
1

di

∑
e∈Es

i

τ t(Ut(e)) = op(1).

These averages are mean-zero and each variance is given by:

dti
d2i

E[τ s(Uj)
2] = o(1),

dsi
d2i

E[τ t(Uj)
2] = o(1),

as τ s(Uj) and τ t(Uj) are i.i.d across j ∈ Vi. Thus, the averages converge to

zero in probability by Chebyshev’s inequality.

By the continuous mapping theorem, we have

α̂i − αi =
dtiτ

t(Ui)− dsi τ
s(Ui)

di
+Op

(√
λn,F

diλ2,Lhi

)
,

as di → ∞, which completes the proof.

A.6.2 Proof of Theorem 1.2

Proof. Write τ̂i = τ(Ui) + ri where ri = Op(
√
1/di) by Proposition 1.2 for

i ∈ Cn. Let Fn be the empirical distribution of τ(Ui) for i ∈ Cn. Then, observe
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that

sup
x∈R

|F̂n,τ (x)− Fτ (x)| ≤ sup
x∈R

|F̂n,τ (x)− Fn,τ (x)|+ sup
x∈R

|Fn,τ (x)− Fτ (x)| (A.8)

The second term in (A.8) converges to zero in probability by the Glivenko-

Cantelli theorem since τ(Ui) is i.i.d across i and |Cn| → ∞.

For the first term in (A.8), note that for any δ > 0,

I{τ̂i ≤ x} = I{τ(Ui) + ri ≤ x} ≤ I{τ(Ui) ≤ x+ δ}+ I{|ri| > δ},

for each i ∈ Cn and x ∈ R. Since Fτ is non-decreasing, we have

sup
x∈R

|F̂n,τ (x)− Fn,τ (x)|

≤ 1

|Cn|
∑
i∈Cn

I{|ri| > δ}+ sup
x∈R

|Fn,τ (x+ δ)− Fn,τ (x− δ)| (A.9)

The second term in (A.9) is bounded by

sup
x∈R

|Fn,τ (x+ δ)− Fn,τ (x− δ)|

≤ sup
x∈R

|Fτ (x+ δ)− Fτ (x− δ)|+ 2 sup
x∈R

|Fn,τ (x)− Fτ (x)|.

Since Fτ is continuous, the first term is arbitrarily small for sufficiently small δ.

For the first term in (A.9), note that

E[I{|ri| > δ}] = P(|ri| > δ) ≤ E[|ri|]
δ

= O

(
1√
diδ

)
.
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Therefore, by Markov’s inequality, for any ϵ > 0, we have

P

(
1

|Cn|
∑
i∈Cn

I{|ri| > δ} > ϵ

)
≤ 1

ϵ|Cn|
∑
i∈Cn

E[I{|ri| > δ}] = O

(√
ηn

ϵδ

)
= o(1),

as ϵ and δ are arbitrary and ηn → 0 by the assumption.

Combining the above, we have,

sup
x∈R

|F̂n,τ (x)− Fτ (x)|

≤ 3 sup
x∈R

|Fn,τ (x)− Fτ (x)|+ sup
x∈R

|Fτ (x+ δ)− Fτ (x− δ)|+ 1

|Cn|
∑
i∈Cn

I{|ri| > δ}

= op(1),

as n→ ∞. This completes the proof.

A.6.3 Proof of Theorem 1.3

Proof. First, we show the consistency of σ̂2τ :

Lemma A.3. Under the stated assumptions, we have

σ̂2τ →p σ
2
τ .
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Proof. Observe that

τ̂i = τ(Ui) + c−1
i

 1

di

∑
e∈Ei

ϵ̂e − ciτ(Ui)


︸ ︷︷ ︸

≡ũi

.

Then,

σ̂2τ =
1

|Cn|
∑
i∈Cn

τ2(Ui) (A.10)

+
2

|Cn|
∑
i∈Cn

τ(Ui)ũi (A.11)

+
1

|Cn|
∑
i∈Cn

ũ2i . (A.12)

The first term (A.10) converges to E[τ2(Ui)] by the law of large numbers

as τ(Ui) is i.i.d across i ∈ Cn with a finite second moment.

The third term (A.12) converges to zero in probability. To see this, from

the proof of Proposition 1.2, observe that

E[ũ2i ] = O

(
1

di

)
,

since ci > c. Thus, we have

E[(A.12)] = O(ηn) = o(1),

under the hypothesis that ηn → 0 as n → ∞. Then, by Markov’s inequality,

(A.12) converges to zero in probability.

The second term (A.11) converges to zero in probability by the Cauchy-
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Schwarz inequality:

(A.11) ≤
√

1

|Cn|
∑
i∈Cn

τ2(Ui)

√
1

|Cn|
∑
i∈Cn

ũ2i = Op(
√
ηn) = op(1),

as shown above. This completes the proof of Lemma A.3.

Observe that

V̂ bc
α − Vα = 2

ϵ′BL∗Mnα

n
(A.13)

+ 2
(ϵ− Fτ )′BL∗MnL

∗B′Fτ

n
(A.14)

+
(ϵ− Fτ )′BL∗MnL

∗B′(ϵ− Fτ )

n
(A.15)

+
(E[τ2(Ui)]− σ̂2τ )× tr(BL∗MnL

∗B′FF′)

n
(A.16)

+
τ ′F′BL∗MnL

∗B′Fτ

n
− E[τ2(Ui)]× tr(BL∗MnL

∗B′FF′)

n

(A.17)

The first term (A.13) is mean-zero and its variance is proportional to

V ar

(
ϵ′BL∗Mnα

n

)
=

1

n2
E[ϵ′BL∗Mnαα′MnL

∗B′ϵ]

=
1

n2
tr(BL∗Mnαα′MnL

∗B′E[ϵϵ′])

≤
Cλn,F
n2

×α′L∗α

≤
Cλn,F
n

× 1

nλ2,L

n∑
i=1

α2
i

di

≤
C × Cα × λn,F

n
× 1

nλ2,L

n∑
i=1

1

di

= o(1),
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where the first inequality follows from Lemma A.2 for some constant C > 0,

the second inequality follows from L∗ ≤ λ−1
2 D−1 and α′L∗α ≤

∑n
i=1

α2
i

λ2,Ldi
,

and the third inequality follows from the assumption that maxi∈V |αi| ≤ Cα

for some absolute constant Cα > 0. Thus,

(A.13) = op(1),

by Chebyshev’s inequality.

The second term (A.14) is mean-zero and let Q ≡ BL∗MnL
∗B′. Then, we

can write

(A.14) = 2
(ϵ− Fτ )′QFτ

n

and its variance is given by

V ar((A.14))

=
4

n2
E[(ϵ− Fτ )′QFτ (ϵ− Fτ )′QFτ ]

=
4E[τ2(Ui)]

n2
tr(QFF′Q′Ω2)

+
4

n2

∑
e1,e2,e3,e4∈E

Qe1,e2Qe3,e4cum((ϵ− Fτ )e1 , (ϵ− Fτ )e2 , (Fτ )e3 , (Fτ )e4),

where

cum(x1, x2, x3, x4) = E[x1x2x3x4]− (E[x1x2] + E[x1x3] + E[x1x4]).
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The first term on the right-hand side is bounded by

E[τ2(Ui)]

n2
tr(QFF′Q′Ω2)

≤ E[τ2(Ui)]

n2
× σ̃2n × λn,F × tr(L∗)2

≤ E[τ2(Ui)]× σ̃2n × λn,F ×

(
1

n

∑
i∈V

d−1
i +

1

nλ2,L

∑
i∈V

d−1
i h−1

i

)2

= o(1),

where the first inequality follows from Ω2 ≤ σ̃nIm, FF′ ≤ λ2nIm, and tr(QQ′) =

tr(L∗L∗) ≤ tr(L∗)2, the second inequality follows from e′iL
∗ei ≤ 1/di +

1/(diλ2,Lhi) for each i ∈ V , and the last equality follows from the hypothesis.

The second term on the right-hand side is bounded by

1

n2

∑
e1,e2,e3,e4∈E

Qe1,e2Qe3,e4 × cum((ϵ− Fτ )e1 , (ϵ− Fτ )e2 , (Fτ )e3 , (Fτ )e4)

≤
C
(∑

e1,e2
Qe1,e2

)2
n2

=
C × tr(Q2)

n2

≤ C × tr(L∗)2

n2

≤ C ×

(
1

n

∑
i∈V

d−1
i +

1

nλ2,L

∑
i∈V

d−1
i h−1

i

)2

= o(1),

where the first inequality follows from Assumption 1.1 with uniformly bounded

ϵe, the equality follows from the fact that the square of the Frobenius norm is
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equal to the trace of the square of the matrix, and the rest is similar to the

first term. Thus, we have

V ar((A.14)) = o(1),

and by Chebyshev’s inequality, we have (A.14) →p 0.

The third term (A.15)’s mean is given by

E[(A.15)] =
tr(BL∗MnL

∗B′Ω2)

n

≤ σ̃2n × tr(L∗)

n

≤ σ̃2n
n

×

(∑
i∈V

1

di
+
∑
i∈V

1

λ2,Lhidi

)

= o(1),

where the second inequality follows from e′iL
∗ei ≤ 1/di + 1/(diλ2,Lhi) for each

i ∈ V . Since (A.15) is non-negative (BL∗MnL
∗B is positive semidefinite), this

implies that (A.15) →p 0.

The fourth term (A.16) converges to zero in probability by Lemma A.3 and

the fact that

tr(BL∗MnL
∗B′FF′)

n
≤
Cλn,F
n

× tr(L∗)

≤
Cλn,F
n

×

(∑
i∈V

1

di
+
∑
i∈V

1

λ2,Lhidi

)

= O(1),

where the second inequality follows from e′iL
∗ei ≤ 1/di + 1/(diλ2,Lhi) for each
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i ∈ V .

The fifth term (A.17) is mean-zero, and letting QF ≡ F′BL∗MnL
∗B′F,

its variance is given by

V ar

(
τ ′F′BL∗MnL

∗B′Fτ

n

)
=

E[τ2(Ui)]

n2
× tr(Q2

F) +
(E[τ4(Ui)]− 3E[τ2(Ui)]

2)

n2
×
∑
i∈V

Q2
F,i,i

≤ E[τ4(Ui)]

n2
× tr(Q2

F),

where the inequality follows as tr(Q2
F) ≥

∑
i∈V Q2

F,i,i. We bound tr(Q2
F) as

follows:

tr(Q2
F)

= tr(F′BL∗MnL
∗B′FF′BL∗MnL

∗B′F)

≤ tr(L∗B′FF′BL∗L∗B′FF′BL∗)

≤ 2tr(D−1B′FF′BD−1D−1B′FF′BD−1)

+ 2tr(D−1AL∗B′FF′BL∗AD−1D−1AL∗B′FF′BL∗AD−1)

≤ 2tr(D−1B′FF′BD−1D−1B′FF′BD−1)

+
2λ2n,F
λ22,L

tr(D−1AD−1AD−1D−1AD−1AD−1)

≤ 2tr(D−1B′FF′BD−1D−1B′FF′BD−1) + 2

(
λn,F
λ2,L

tr(D−1AD−1AD−1)

)2

= 2tr(D−1B′FF′BD−1D−1B′FF′BD−1) + 2

(
λn,F
λ2,L

∑
i∈V

1

dihi

)2

where the first inequality follows from the fact that Im − Mn is positive
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semidefinite, the second inequality follows from BL∗ = BD−1+BD−1AL∗ and

the combination of the Cauchy-Schwarz inequality and the triangle inequality,

the third inequality follows from L∗ ≤ λ−1
2,LD

−1 and FF′ ≤ λn,F Im, and the

last inequality follows from tr(·2) ≤ tr(·)2 applied to D−1AD−1AD−1 =

(D−1AD−1/2)(D−1AD−1/2)′ which is positive semidefinite. For the first term

on the far right-hand side, we have

tr(D−1B′FF′BD−1D−1B′FF′BD−1)

=
∑
i∈V

(
(dti − dsi )

2 +
∑

j ̸=i r
2
i,j

d2i

)2

+
∑
i̸=j

(∑
k∈V ri,krj,k

didj

)2

≤ Cn(1 +
∑
i∈V

d−2
i )

for some constant C > 0, where ri,j =
∑

e∈E(i,j)
Be,i and the inequality follows

from
∑

j ̸=i r
2
i,j ≤ CAdi,

∑
k∈V ri,krj,k ≤ C2

Adi. Thus,

V ar

(
τ ′F′BL∗MnL

∗B′Fτ

n

)
≤ C

(
1

n
+

1

n

∑
i∈V

d−2
i

)
+ C

(
λn,F
λ2,L

1

n

∑
i∈V

1

dihi

)2

= o(1),

under the stated assumptions. Thus, by Chebyshev’s inequality, we have

(A.17) →p 0.

Finally, we combine all the results above to conclude that

V̂ bc
α − Vα →p 0.
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This completes the proof.

A.6.4 Proof of Proposition 1.1

Proof. First, observe that

Ω1 ≤ σ2τFF
′ ≤ σ2τλn,F Im,

where the first inequality holds by F = Ft + Fs. Then, the first term in the

variance formula (1.7) is bounded by:

L∗B′Ω1BL∗ ≤ σ2τλn,FL
∗,

where we used the fact that L∗ is a pseudo-inverse of B′B.

Next, since Ω2 ≤ σ̃2nIm, the second term in the variance formula (1.7) is

bounded by:

L∗B′Ω2BL∗ ≤ σ̃2nL
∗.

Therefore, the variance of the fixed effect is bounded by:

V ar(α̂) ≤ (σ̃2n + σ2τλn,F )× L∗.

Thus, for a unit vector ei with 1 at the i-th position and 0 elsewhere, we have:

V ar(α̂i) = e′iV ar(α̂)ei ≤ (σ̃2n + σ2τλn,F )× e′iL
∗ei.
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By the proof of Theorem 2 in Jochmans and Weidner (2019), we have

e′iL
∗ei ≤

1

di

(
1 +

1

λ2,Lhi

)
− 2∑

j∈V dj
.

Thus,

V ar(α̂i) ≤ (σ̃2n + σ2τλn,F )×

{
1

di

(
1 +

1

λ2,Lhi

)
− 2∑

j∈V dj

}
,

which completes the proof.

A.6.5 Proof of Proposition 1.2

Proof. Observe that from the transformed model (A.1), we can write the

residuals as

ϵ̂ = y −Bα̂ = (Im −B(B′B)∗B′)y = MBy

= MBF̃(τ̃
t/2 + τ̃ s/2) +MBϵ̃.

Recall that the statistic of interest minus ci(τ t(Ui) + τ s(Ui))/2 can be written

as

1

di

∑
e∈Ei

ϵ̂e − ci
τ t(Ui) + τ s(Ui)

2

=
1

di
1′i,mMBϵ̃ (A.18)

+
1

di
1′i,mMBF̃(τ̃

t/2 + τ̃ s/2)− ci
τ t(Ui) + τ s(Ui)

2
(A.19)

where 1i,m is the m-dimensional vector with 1i,m,e = 1 if e ∈ Ei and 0 otherwise.
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First, we show that (A.18) converges to zero in probability. By the definition

of ϵ̃, this term has mean zero. Its variance is given by

Var
(

1

di
1′i,mMBϵ̃

)
=

1

d2i
E
[
1′i,mMBϵ̃ϵ̃

′MB1i,m
]

≤ σ̃2n
di
,

where the inequality follows from ∥MB∥ ≤ 1 (since MB is idempotent),

E[ϵ̃ϵ̃′] ≤ σ̃2nIm, and 1′i,m1i,m = di. Since di → ∞, the variance converges to

zero. Thus, by Chebyshev’s inequality,

1

di
1′i,mMBϵ̃ = Op

(
1√
di

)
= op(1),

as di → ∞.

Second, we show that (A.19) converges in probability to zero. For i /∈ V st,

this term is exactly zero since either 1i,m = bi or 1i,m = −bi, where bi is the

i-th column of B; as there are no in- or outflows for i, 1i,m is orthogonal to

MB and thus the first term vanishes. Also, note that ci = 0 in this case.

For i ∈ V st, since E[τ o(Uj)|Ui] = 0 for j ̸= i and o ∈ {s, t}, we have

E
[
1

di
1′i,mMBF̃(τ̃

t/2 + τ̃ s/2)− ci
τ t(Ui) + τ s(Ui)

2

∣∣∣∣Ui

]
= 0

where f̃ i is the i-th column of F̃, and ci = 1
di
1′i,mMBf̃ i. Note ci ∈ [0, 1] since

MB is a projection matrix and 1′i,mf̃ i = di.
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Since

1

di
1′i,mMBF̃(τ̃

t/2 + τ̃ s/2)

=
1

2di

∑
j∈V st

(τ t(Uj) + τ s(Uj)) · 1′i,mMBf̃ j ,

the conditional variance given Ui is

Var
[
1

di
1′i,mMBF̃(τ̃

t/2 + τ̃ s/2)
∣∣Ui

]
=

E[(τ t(Ui) + τ s(Ui))
2]

4d2i

∑
j ̸=i∈V st

(
1′i,mMBf̃ j

)2
≤ E[(τ t(Ui) + τ s(Ui))

2]

4d2i

∑
j∈V st

|E(i,j)|2

≤
maxj∈V st |E(i,j)|2 · E[(τ t(Ui) + τ s(Ui))

2]

4di

= O

(
1

di

)
= o(1),

as di → ∞, where the first inequality uses ∥MB∥ ≤ 1 and 1′i,mf̃ j = |E(i,j)|,

and the last equality follows by assumption. By the law of total variance, it

follows that

Var
[
1

di
1′i,mMBF̃(τ̃

t/2 + τ̃ s/2)− ci
τ t(Ui) + τ s(Ui)

2

]
= O

(
1

di

)
= o(1),

as di → ∞. Thus, by Chebyshev’s inequality,

1

di
1′i,mMBF̃(τ̃

t/2 + τ̃ s/2)− ci
τ t(Ui) + τ s(Ui)

2
= Op

(
1√
di

)
= op(1),

as di → ∞.
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Finally, combining the results from the two steps, we have

1

di

∑
e∈Ei

ϵ̂e − ci(τ
t(Ui) + τ s(Ui))/2 = Op

(
1√
di

)
= op(1),

as di → ∞ by the continuous mapping theorem. This completes the proof.

A.6.6 Proof of Proposition 1.3

Proof. Validity of the confidence interval: First, we show that ĉα →p cα,

where cα is the α-quantile of Fτ for any α ∈ (0, 1) such that cα < ∞. This

is immediate from the uniform convergence of F̂n,τ to Fτ in Theorem 1.2:

Since F̂n,τ weakly converges to Fτ in probability (Problem 23.1 in van der

Vaart, 1998), F̂−1
n,τ (·) = inf{x ∈ R : F̂n,τ (x) ≥ ·} weakly converges F−1

τ (·) =

inf{x ∈ R : Fτ (x) ≥ ·} in probability (Lemma 21.2 in van der Vaart, 1998).

Since Fτ is continuous and strictly increasing around cα, F−1
τ (α) = cα and

ĉα = F̂−1
n,τ (α) →p cα.

Next, observe that by Theorem 1.1 and ((dti − dsi )/di)
−1 = O(1),

T̃ ≡
(
dti − dsi
di

)−1

(α̂i − αi) →p τ(Ui),

as di → ∞. Thus, (T̃ , ĉα/2, ĉ1−α/2) weakly converges to (τ(Ui), cα/2, c1−α/2).

By Slutsky’s theorem, we have

P(ĉα/2 ≤ T̃ ≤ ĉ1−α/2) → P(cα/2 ≤ τ(Ui) ≤ c1−α/2) = 1− α.

This shows the asymptotic validity of the confidence interval.

Validity of the test: Observe that under the null hypothesis, by Theorem 1.1
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and the continuous mapping theorem, we have

T = ((τ(Ui))i∈V0)
′Cn((τ(Ui))i∈V0)︸ ︷︷ ︸

≡gn((τ(Ui)i∈V0
))≡T̃

+op(1)

→d ((τ(Ui))i∈V0)
′C((τ(Ui))i∈V0)︸ ︷︷ ︸

≡g((τ(Ui)i∈V0
))≡T∞

,

where C = Dst
V0
Mn0D

st
V0

and Dst
V0

= limn→∞Dst
n,V0

. Note that the cdf of T∞

is continuous. Let τ (m)
i be m-th random draw from F̂n,τ (with replacement)

for m = 1, ...,M . Then, the simulated test statistic is given by

T̃ (m) = (τ
(m)
i )i∈V0)

′Cn((τ
(m)
i )i∈V0)︸ ︷︷ ︸

≡gn((τ
(m)
i )i∈V0

)

,

Cn = Dst
n,V0

Mn0D
st
n,V0

and Dst
n,V0

= diag((dti − dsi )/di, i ∈ V0). Note that

T̃ (m),m = 1, ...,M are independent and identically distributed conditional on

F̂n,τ .

Let F̂⊗n0
n,T be the distribution of (τ

(1)
i )i∈V0 given F̂n,τ and F⊗n0

τ be the

distribution of (τ(Ui))i∈V0 . Since n0 is fixed, by the weak convergence of F̂n,τ

to Fτ in probability, F̂⊗n0
n,T weakly converges to F⊗n0

τ in probability (Theorem

2.8 in Billingsley, 1999). As gn and g are continuous, by the continuous mapping

theorem (Theorem 3.27 in Kallenberg, 2002), Ĝn,T weakly converges to GT in

probability, where Ĝn,T is the distribution of T̃ (1) given F̂n,τ and GT is the

distribution of T∞. Since GT is continuous, by the same argument as in the

proof of the validity of the confidence interval, we have ĉα →p cα, where ĉα is

the α-quantile of Ĝn,T and cα is the α-quantile of GT . Thus, (T, ĉα) weakly
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converges to (T∞, cα). By Slutsky’s theorem, we have

P(T > ĉ1−α) → P(T∞ > c1−α) = 1−GT (c1−α) = α,

which shows the asymptotic validity of the test with the known Ĝn,T .

Finally, we show that the test remains valid when Ĝn,T is estimated by

the empirical distribution of T̃ (m),m = 1, ...,M . Let Ĝn,T,M be the empirical

distribution of T̃ (m),m = 1, ...,M given F̂n,τ . Let ĉα,M be the α-quantile of

Ĝn,T,M . Observe that, for any ϵ > 0,

|P(T > ĉ1−α,M )− P(T > c1−α)|

=
∣∣∣P(Ĝn,T,M (T ) > 1− α)− P(GT (T ) > 1− α)

∣∣∣
≤ P (|GT (T )− 1 + α| ≤ ϵ) + P

(
|GT (T )− Ĝn,T,M (T )| > ϵ

)
≤ P (|GT (T )− 1 + α| ≤ ϵ) + P

(
sup
x∈R

|GT (x)− Ĝn,T,M (x)| > ϵ

)
,

where the first equality follows from Ĝn,T,M and GT being right-continuous, and

the first inequality follows from the fact that |I(x ≤ a)− I(x ≤ b)| ≤ I(|x−a| ≤

ϵ) + I(|a− b| > ϵ) for any x, a, b ∈ R and ϵ > 0. By the continuous mapping

theorem and the Portmanteau theorem, the first term on the right-hand side

converges to P(|GT (T )− 1 + α| ≤ ϵ), which can be made arbitrarily small by

choosing ϵ small enough. For the second term on the right-hand side, observe
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that

sup
x∈R

|GT (x)− Ĝn,T,M (x)|

≤ sup
x∈R

|GT (x)− Ĝn,T (x)|+ sup
x∈R

|Ĝn,T (x)− Ĝn,T,M (x)|.

Since GT is continuous, the first term on the right-hand side converges to zero

in probability (Problem 23.1 in van der Vaart, 1998). The second term on

the right-hand side converges to zero almost surely by the Glivenko-Cantelli

theorem as M → ∞ conditionally on F̂n,τ . Thus,

P
(
sup
x∈R

|GT (x)− Ĝn,T,M (x)| > ϵ

)
→ 0,

as n,M → ∞. Since ϵ > 0 is arbitrary, we have

P(T > ĉ1−α,M ) → P(T > c1−α) = α,

as n,M → ∞. This completes the proof.



215

Appendix B

Chapter 2

B.1 Example for γ̃n = γcausal
n + op(1)

In Theorems 2.6 and 2.7, we need some γ̃n satisfying γ̃n = γcausaln + op(1). By

Assumption 2.7 (ii), we, without loss of generality, assume that the first m

elements of Zn,i depend on Rn,i multiplicatively.1 We allow general heteroge-

neous treatment assignment in Assumption 2.1 (iii). We also assume that the

researcher knows ρn or the population size n. Let Zn,i = (Z ′
(1:m),n,i, Z

′
−(1:m),n,i)

′,

where Z(1:m),n,i is the first m elements of Zn,i and Z−(1:m),n,i are the remaining

elements. Recall that Z̃n,i = Zn,i under Assumption 2.7.

Define

γ̃n = (P̃ZZ
n )−1P̃ZY

n , (B.1)

where

P̃ZZ
n =

1

N

n∑
i=1

Rn,i

 ρnZ(1:m),n,iZ
′
(1:m),n,i ρnZ(1:m),n,iZ

′
−(1:m),n,i

ρnZ−(1:m),n,iZ
′
(1:m),n,i Z−(1:m),n,iZ

′
−(1:m),n,i

 ,

P̃ZY
n =

1

N

n∑
i=1

Rn,i

 ρnZ(1:m),n,i

Z−(1:m),n,i

Yn,i.

Note that some elements of P̃ZZ
n and P̃ZY

n are rescaled by ρn from Q̃ZZ
n and

Q̃ZY
n . ρn can be replaced with its consistent estimator N/n. The consistency

1In the usual applications, it is enough to consider the m = 1 case.



216

of γ̃n is shown in Lemma B.15.

B.2 Preliminary Results

Remember that for each i ∈ Nn,

Tn,i = g(i,Dn,An);

T̃n,i = g̃(i,Dn, Ãn);

Xn,i = Tn,i − ΛnZn,i;

X̃n,i = T̃n,i − Λ̃nZ̃n,i,

where

Λn = (
n∑

i=1

E[Tn,iZ ′
n,i])(

n∑
i=1

E[Zn,iZ
′
n,i])

−1;

Λ̃n = (
n∑

i=1

Rn,iE[T̃n,i|Rn]Z̃
′
n,i)(

n∑
i=1

Rn,iZ̃n,iZ̃
′
n,i)

−1,

and

Ωn =
1

n

n∑
i=1

E




Yn,i

Xn,i

Zn,i




Yn,i

Xn,i

Zn,i


′ ≡


ΩY Y
n ΩY X

n ΩY Z
n

ΩXY
n ΩXX

n ΩXZ
n

ΩZY
n ΩZX

n ΩZZ
n

 ;

Q̃n =
1

N

n∑
i=1

Rn,i


Yn,i

X̃n,i

Z̃n,i




Yn,i

X̃n,i

Z̃n,i


′

≡


Q̃Y Y

n Q̃Y X
n Q̃Y Z

n

Q̃XY
n Q̃XX

n Q̃XZ
n

Q̃ZY
n Q̃ZX

n Q̃ZZ
n

 ;
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Ω̃n =
1

N

n∑
i=1

Rn,iE




Yn,i

X̃n,i

Z̃n,i




Yn,i

X̃n,i

Z̃n,i


′

| Rn

 ≡


Ω̃Y Y
n Ω̃Y X

n Ω̃Y Z
n

Ω̃XY
n Ω̃XX

n Ω̃XZ
n

Ω̃ZY
n Ω̃ZX

n Ω̃ZZ
n

 .

B.2.1 Preliminary Lemmas

We will use the following results from Kojevnikov et al. (2021a). We will only

state the conditional version of the results, but also use the unconditional

version of the results, which can be understood analogously.

Define

σ2n = Var(Sn | Rn),

where Sn =
∑

i∈Nn
Ui,n.

Condition B.1. A triangular array {Un,i} is conditionally ψ-dependent given

Rn with ξn satisfying

• For some constant C > 0,

ψa,b(f, g) ≤ C × ab(∥f∥∞ + Lip(f))(∥g∥∞ + Lip(g)).

• supnmaxs≥1 ξn,s <∞ a.s.

• For some p > 4, supn≥1maxi∈Nn E[|Un,i|p | Rn] <∞ a.s.
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• There exists a positive sequence mn → ∞ such that for k = 1, 2,

n

σ2+k
n

∑
s≥0

cn(s,mn; k)ξ
1− 2+k

p
n,s

a.s.−→ 0,

n2ξ
1−1/p
n,mn

σn

a.s.−→ 0.

• E[Un,i | Rn] = 0.

Lemma B.1 (CLT, Theorem 3.2 in Kojevnikov et al., 2021a). Under Condi-

tion B.1,

sup
t∈R

∣∣∣∣P{Snσn ≤ t | Rn

}
− Φ(t)

∣∣∣∣ a.s.−→ 0 as n→ ∞,

where Φ denotes the distribution function of N (0, 1).

Lemma B.2 (Linear Transformation, Lemma 2.1 in Kojevnikov et al., 2021a).

For each n ≥ 1, let {an,i}i∈Nn
be a sequence of σ(Rn)-measurable vectors

such that maxi∈Nn ∥an,i∥ ≤ 1 a.s. Under the first condition of Condition B.1,

the array a′n,iUn,i is conditionally ψ-dependent given Rn with the dependence

coefficients {ξn}.

Condition B.2. Let ω(x) = 1{|x| ≤ 1}. There exists p > 4 such that

• supn≥1maxi∈Nn E[|Un,i|p | Rn] <∞ a.s.

• limn→∞
∑

s≥1 |ω(s/2K)− 1| δ∂n(s, 1)ξ
1−(2/p)
n,s = 0 a.s.

• limn→∞ n−1
∑

s≥0 cn (s, 2K; 2) ξ
1−(4/p)
n,s = 0 a.s.
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Lemma B.3 (Variance Consistency, 2K Local Case of Proposition 4.1. in

Kojevnikov et al., 2021a). Suppose that Conditions B.1 and B.2 hold. Then as

n→ ∞,

E


∥∥∥∥∥∥ 1n

n∑
i=1

∑
j∈Ñn(i;2K)

Un,iU
′
n,j −Var

(
Sn√
n
| Rn

)∥∥∥∥∥∥
F

| Rn

 a.s.−→ 0,

where ∥ · ∥F is the Frobenius norm. By Markov’s inequality, we also have

1

n

n∑
i=1

∑
j∈Ñn(i;2K)

Un,iU
′
n,j −Var

(
Sn√
n
| Rn

)
pR−→ 0.

B.2.2 Main Lemmas

Lemma B.4. Under ρnn→ ∞,

N > 0 a.s. for large enough n

Proof. Since the result is trivial for ρn = 1, we focus on the case ρn ∈ (0, 1).

By the inequality 1− x ≤ e−x for x ∈ (0, 1), we have (1− ρn)
n ≤ e−nρn . Thus,

∞∑
n=1

P(N = 0) =

∞∑
n=1

P

(
n∑

i=1

Rn,i = 0

)
=

∞∑
n=1

(1− ρn)
n ≤

∞∑
n=1

e−nρn .

ρnn→ ∞ implies the right-hand side is bounded. By the Borel-Cantelli lemma,

we can conclude.
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Lemma B.5. Under ρ2nn→ ∞,

N

nρn

a.s.−→ 1

as n→ ∞.

Proof. Pick any ε > 0. By Hoeffding’s inequality with Ri ∈ [0, 1],

P
(∣∣∣∣ Nnρn − 1

∣∣∣∣ > ε

)
= P (|N − nρn| > εnρn) = P

(∣∣∣∣∣
n∑

i=1

Ri − nρn

∣∣∣∣∣ > εnρn

)

≤ 2 exp

(
−2(εnρn)

2

n

)
= 2 exp

(
−2ε2nρ2n

)
.

ρ2nn→ ∞ implies
∑∞

n=1 P
(∣∣∣ N

nρn
− 1
∣∣∣ > ε

)
is bounded. From the Borel-Cantelli

lemma, we can conclude.

Lemma B.6. Assume that Assumptions 2.3 and 2.4 hold. Then, for large

enough n,

Λn = Ln, Xn,i = Tn,i − E[Tn,i|Rn] a.s.,

and

Λ̃n = L̃n, X̃n,i = T̃n,i − E[T̃n,i|Rn] a.s.



221

Proof. Observe that Λn = Ln a.s. for large enough n as

Λn =
n∑

i=1

E[E[Tn,i|Rn]Z
′
n,i]

(
n∑

i=1

E[Zn,iZ
′
n,i]

)−1

= Ln

n∑
i=1

E[Zn,iZ
′
n,i]

(
n∑

i=1

E[Zn,iZ
′
n,i]

)−1

= Ln,

where Λn is well-defined by Assumption 2.3 and the second equality holds by

Assumption 2.4. Similarly, Λ̃n = L̃n a.s. for large enough n as

Λ̃n =
n∑

i=1

Rn,iE[T̃n,i|Rn]Z̃
′
n,i

(
n∑

i=1

Rn,iZ̃n,iZ̃
′
n,i

)−1

= L̃n

n∑
i=1

Rn,iZ̃n,iZ̃n,i

(
n∑

i=1

Rn,iZ̃n,iZ̃
′
n,i

)−1

= L̃n,

where Λ̃n is well-defined by Assumption 2.3 and the second equality holds by

Assumption 2.4.

Since we define Xn,i = Tn,i − ΛnZn,i and X̃n,i = T̃n,i − Λ̃nZ̃n,i, Assump-

tion 2.4 and the above two displayed qualities imply for large enough n,

Xn,i = Tn,i − E[Tn,i|Rn] a.s. and X̃n,i = T̃n,i − E[T̃n,i|Rn] a.s.

Lemma B.7. Suppose that T̃n,i = Tn,i and Z̃n,i = Zn,i for all i ∈ Nn and

n ∈ N. Under Assumptions 2.3 and 2.4, (i) Λ̃n = Λn a.s. and (ii) X̃n,i = Xn,i

a.s.
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Proof. The results follow directly from Lemma B.6.

Lemma B.8. Assume that Assumptions 2.1 to 2.5 hold. The following se-

quences of triangular arrays are ψ-dependent with ξn,s = 1{s ≤ 2K}:

Xn,iZ
′
n,i, Xn,iX

′
n,i, Xn,iYn,i, Zn,iZ

′
n,i, Zn,iYn,i.

The following sequences of triangular arrays are conditionally ψ-dependent given

Rn with ξn,s = 1{s ≤ 2K}:

Rn,iX̃n,iZ̃
′
n,i, Rn,iX̃n,iT̃

′
n,i, Rn,iX̃n,iYn,i, Rn,iZ̃n,iZ̃

′
n,i, Rn,iZ̃n,iYn,i.

Proof. By Assumption 2.5, we can set ξn,s = 1{s ≤ 2K} for s ≥ 1 since if

dn(A,B) > 2K, f(Un,A) ⊥⊥ g(Un,B) for any f ∈ Lv,a and g ∈ Lv,b as long as

Un,i are based on T̃n,i, Tn,i, Z̃n,i, Zn,i, Ỹn,i, Yn,i. For large enough n, Lemma B.6

implies Xn,i = Tn,i − E[Tn,i|Rn] and X̃n,i = T̃n,i − E[T̃n,i|Rn] almost surely.

Thus, for large enough n, Xn,i and X̃n,i also have the local dependence with

2K. By Assumption 2.3, each element is uniformly bounded. Thus, we can

set ψa,b(f, g) = 2∥f∥∞∥g∥∞ for any f ∈ Lv,a and g ∈ Lv,b. This completes the

proof.

Lemma B.9. Under Assumption 2.3,

max
i

|ε̃n,i| <∞ a.s. and max
i

|εn,i| <∞ a.s.

Proof. Under the uniform boundedness and the invertibility condition (As-
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sumption 2.3), ∥θcausal,sample
n ∥ <∞ a.s. and ∥γcausal,sample

n ∥ <∞ a.s. Thus, by

the Schwarz Inequality,

|ε̃n,i| ≤ max
i

|Yn,i|+max
i

∥X̃n,i∥ × ∥θcausal,sample
n ∥

+max
i

∥Z̃n,i∥ × ∥γcausal,sample
n ∥

<∞ a.s.

for all i. The bound for |εn,i| can be derived similarly.

Lemma B.10. Under Assumptions 2.1 to 2.6,

Q̃n − Ω̃n
pR−→ 0 and Q̃n − Ω̃n

p→ 0.

Proof. Let Wn,i ≡ (Yn,i, X̃n,i, Z̃n,i)
′. Then,

Q̃n − Ω̃n =
1

N

n∑
i=1

Rn,i(Wn,iW
′
n,i − E[Wn,iW

′
n,i|Rn])

=
nρn
N

× 1

nρn

n∑
i=1

Rn,i

(
Wn,iW

′
n,i − E[Wn,iW

′
n,i|Rn]

)
.

Since (nρn)/N
a.s.−→ 1 (Lemma B.5) implies (nρn)/N

pR−→ 1, it suffices to show

that

1

nρn

n∑
i=1

Rn,i

(
Wn,iW

′
n,i − E[Wn,iW

′
n,i|Rn]

) pR−→ 0.
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We will show it by verifying

E

( 1

nρn

n∑
i=1

Rn,i

(
Wn,i,(k)Wn,i,(ℓ) − E[Wn,i,(k)Wn,i,(ℓ) | Rn]

))2

| Rn

 a.s.−→ 0

for all k, ℓ = 1, . . . , d
T̃
. Observe that

E

( 1

nρn

n∑
i=1

Rn,i

(
Wn,i,(k)Wn,i,(ℓ) − E[Wn,i,(k)Wn,i,(ℓ) | Rn]

))2

| Rn


=

1

n2ρ2n

n∑
i=1

Rn,iE
[
(Wn,i,(k)Wn,i,(ℓ) − E[Wn,i,(k)Wn,i,(ℓ)|Rn])

2 | Rn

]
(B.2)

+
1

n2ρ2n

∑
i̸=j

Rn,iRn,jE[(Wn,i,(k)Wn,i,(ℓ) − E[Wn,i,(k)Wn,i,(ℓ)|Rn])

× (Wn,j,(k)Wn,j,(ℓ) − E[Wn,j,(k)Wn,j,(ℓ)|Rn]) | Rn] (B.3)

For (B.2), since there is some absolute constant C such that |Wn,j,(k)

Wn,j,(ℓ)| < C by Assumption 2.3,

(B.2) ≤ 1

n2ρ2n

n∑
i=1

(2C)2 = 4C2 × 1

nρ2n
→ 0

where the inequality and the convergence do not depend on Rn.

For (B.3), note that if dn(i, j) > 2K, then

E[(Wn,i,(k)Wn,i,(ℓ) − E[Wn,i,(k)Wn,i,(ℓ)|Rn])

× (Wn,j,(k)Wn,j,(ℓ) − E[Wn,j,(k)Wn,j,(ℓ)|Rn]) | Rn] = 0

as Rn,i is i.i.d and (Tn,i, T̃n,i) ⊥⊥ (Tn,j , T̃n,j) with no overlap in Dn and Rn.
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Thus,

(B.3)

=
1

n2ρ2n

n∑
i=1

∑
j∈N (i,2K)\{i}

Rn,iRn,jE[(Wn,i,(k)Wn,i,(ℓ) − E[Wn,i,(k)Wn,i,(ℓ)|Rn])

× (Wn,j,(k)Wn,j,(ℓ) − E[Wn,j,(k)Wn,j,(ℓ)|Rn]) | Rn]

≤ 4C2 × 1

nρ2n

∑
1≤s≤2K

δ∂n(s; 1) → 0,

where the last line holds by Assumption 2.6, and the inequality and the

convergence do not depend on Rn.

Thus, by Markov’s inequality for

(
1

nρn

n∑
i=1

Rn,i

(
Wn,i,(k)Wn,i,(ℓ) − E[Wn,i,(k)Wn,i,(ℓ) | Rn]

))2

,

we have

1

nρn

n∑
i=1

Rn,i

(
Wn,i,(k)Wn,i,(ℓ) − E[Wn,i,(k)Wn,i,(ℓ) | Rn]

) pR−→ 0,

and

Q̃n − Ω̃n
pR−→ 0.

Unconditional consistency can be shown easily from this result. Since a

conditional probability is bounded, the dominated convergence theorem and

the law of iterated expectations imply Q̃n − Ω̃n
p→ 0.
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Lemma B.11. Let Wn,i be a scalar random variable satisfying |Wn,i| ≤W <∞

a.s. We allow Wn,i to depend on Rn and Dn, but assume that Wn,i ⊥⊥ Rn,i

and Wn,i ⊥⊥Wn,j if dn(i, j) > 2K. Then, under Assumptions 2.1 and 2.6,

1

N

n∑
i=1

Rn,iE[Wn,i|Rn]−
1

n

n∑
i=1

E[Wn,i]
p→ 0.

Proof. By Lemma B.5,

1

N

n∑
i=1

Rn,iE[Wn,i|Rn] =
1

n

n∑
i=1

Rn,i

ρn
E[Wn,i|Rn] + op(1).

Thus, it suffices to show that

E

( 1

n

n∑
i=1

Rn,i

ρn
E[Wn,i|Rn]−

1

n

n∑
i=1

E[Wn,i]

)2
→ 0 (B.4)

The left-hand side of (B.4) is given by

1

n2

n∑
i=1

E

[(
Rn,i

ρn
E[Wi,n|Rn]− E[Wn,i]

)2
]

(B.5)

+
1

n2

∑
i̸=j

E
[(

Rn,i

ρn
E[Wn,i|Rn]− E[Wn,i]

)(
Rn,j

ρn
E[Wn,j |Rn]− E[Wn,j ]

)]
(B.6)

For (B.5), we have

(B.5) ≤ 2

n2

n∑
i=1

E

[(
Rn,i

ρn

)2

(E[Wi,n|Rn])
2 + (E[Wn,i])

2

]

≤ 2W
2

n

[
E

[(
Rn,i

ρn

)2
]
+ 1

]
,
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where the first inequality holds from the inequality (a− b)2 ≤ 2(a2+ b2) for any

a, b ∈ R and the second inequality holds by the uniform boundedness. Note

that

1

n
E

[(
Rn,i

ρn

)2
]
=

1

nρn
= o(1).

For (B.6),

(B.6) =
1

n2

n∑
i=1

∑
j∈Nn(i,2K)\{i}

E
[(

Rn,i

ρn
E[Wn,i|Rn]− E[Wn,i]

)

×
(
Rn,j

ρn
E[Wn,j |Rn]− E[Wn,j ]

)]
≤ W

2

n2

n∑
i=1

∑
j∈Nn(i,2K)\{i}

E
[∣∣∣∣Rn,i

ρn
− 1

∣∣∣∣ · ∣∣∣∣Rn,j

ρn
− 1

∣∣∣∣]

≤ W
2

n2

n∑
i=1

∑
j∈Nn(i,2K)\{i}

E

[(
Rn,i

ρn
− 1

)2
]

=

(
1

ρn
− 1

)
W

2

n2

n∑
i=1

∑
j∈Nn(i,2K)\{i}

1

= O

(
1

nρn

) ∑
1≤s≤2K

δ∂n(s; 1)

= o(1),

where the first equality holds by Wn,i ⊥⊥ Rn,j , Wn,i ⊥⊥ Wn,j if dn(i, j) > 2K,

and Assumption 2.1, the first inequality holds by the uniform boundedness,

the next inequality holds by the Cauchy-Schwarz inequality, and the last step

follows from Assumption 2.6.

Combining the arguments for (B.5) and (B.6), we have shown the conver-
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gence (B.4) as n→ ∞.

Lemma B.12. Let Wn,i be a scalar random variable satisfying |Wn,i| ≤W <∞

a.s. We allow Wn,i to depend on Rn and Dn, but assume that Wn,i ⊥⊥ Rn,i

and Wn,i ⊥⊥Wn,j if dn(i, j) > 2K. Then, under Assumptions 2.1 and 2.6,

1

N

n∑
i=1

Rn,iE[Rn,iWn,i|Rn]−
1

nρn

n∑
i=1

E[Rn,iWn,i]

=
1

N

n∑
i=1

Rn,iE[Wn,i|Rn]−
1

n

n∑
i=1

E[Wn,i]

p→ 0.

Proof. The result follows by the same logic as Lemma B.11.

Lemma B.13. Under Assumptions 2.1 to 2.6 and 2.8,

Σ̃−1/2
n

n∑
i=1

Rn,iX̃n,iε̃n,i
dR−→ N(0, Id

T̃
).

Proof. We use the Cramer-Wold device and verify Condition B.1 for any given

a ∈ R|T |.

First, we will transform the statistics and verify the zero expectation

condition. The orthogonality condition for θcausal,sample
n (2.5) implies

n∑
i=1

Rn,iE
[
X̃n,iε̃n,i | Rn

]
= 0. (B.7)

Define Un,i ≡ Rn,iX̃n,iε̃n,i − E
[
Rn,iX̃n,iε̃n,i | Rn

]
. Then, Σ̃

−1/2
n

∑n
i=1

Rn,iX̃n,iε̃n,i = Σ̃
−1/2
n

∑n
i=1 Un,i and we have E[Un,i | Rn] = 0 for all i.



229

By the Cramer-Wold device, it suffices to show that

∑n
i=1 a

′Un,i√
a′Σ̃na

dR−→ N(0, 1)

for any a ∈ Rd
T̃ with a′a = 1.

By Lemmas B.2 and B.8, a′Un,i is conditionally ψ-dependent with ξn,s =

1{s ≤ 2K} given Rn. The other conditions are assumed in Assumption 2.8 or

automatically satisfied under the local dependence (Assumption 2.5).

Lemma B.14. Under Assumptions 2.1 to 2.8,

Σ−1/2
n

n∑
i=1

Rn,iXn,iεn,i
d→ N(0, IdT ).

Proof. An orthogonality condition for θcausaln (2.4) implies

n∑
i=1

E [Xn,iεn,i] = 0. (B.8)

By Assumptions 2.2 and 2.7 (i),

Xn,iεn,i = Xn,i(Yn,i −X ′
n,iθ

causal
n − Z ′

n,iγ
causal
n )

= Xn,iT
′
n,iθn,i +Xn,iνn,i −Xn,iX

′
n,iθ

causal
n −Xn,iZ

′
n,iγ

causal
n .

By Lemma B.6 and Assumption 2.7 (ii), Rn,i enters only multiplicatively for

Tn,i and Xn,i = Tn,i −E[Tn,i|Rn]. By Assumption 2.7 (ii), each element of Zn,i

is multiplicatively in Rn,i. Thus, each element of Xn,iεn,i is multiplicatively in
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Rn,i by R2
n,i = Rn,i. Combining it with the orthogonality,

n∑
i=1

E[Rn,iXn,iεn,i] = 0.

Define Un,i = Rn,iXn,iεn,i − E[Rn,iXn,iεn,i]. Then, we have

Σ−1/2
n

n∑
i=1

Rn,iXn,iεn,i = Σ−1/2
n

n∑
i=1

Un,i +Σ−1/2
n

n∑
i=1

E[Rn,iXn,iεn,i]

= Σ−1/2
n

n∑
i=1

Un,i,

and E[Un,i] = 0.

The remaining parts of the proof are similar to Lemma B.13.

Lemma B.15. Under Assumptions 2.1 to 2.6,

γ̂n − γcausal,sample
n

pR−→ 0.

If we assume Assumption 2.7 additionally,

γ̃n − γcausaln
p→ 0,

where γ̃n is defined in (B.1).

Proof. We can show γ̂n − γcausal,sample
n

pR−→ 0 by Lemma B.10 as the proof for

Theorem 2.2.

Next, we show γ̃n−γcausaln
p→ 0. By Lemma B.10, P̃ZZ

n
pR−→ E[P̃ZZ

n |Rn] and

P̃ZY
n

pR−→ E[P̃ZY
n |Rn]. By Lemma B.11 and Lemma B.12, E[P̃ZZ

n |Rn]
p→ ΩZZ

n
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and E[P̃ZY
n |Rn]

p→ ΩZY
n . Thus, we can conclude by the continuous mapping

theorem.

B.3 Proofs

B.3.1 Proof of Theorem 2.1

Proof. Lemma B.6 implies that

ΩXZ
n = 0 = E[(Tn,i − E[Tn,i|Rn])Z

′
n,i] = 0

for large enough n. Similarly,

Ω̃XZ
n = E[X̃n,iZ̃

′
n,i|Rn] = E[(T̃n,i − E[T̃n,i|Rn])Z̃

′
n,i|Rn] = 0 a.s.

for large enough n since Z̃n,i is measurable with respect to σ(Rn).

Therefore, for large enough n,

θcausaln =
(
ΩXX
n

)−1
ΩXY
n ,

and

θcausal,sample
n =

(
Ω̃XX
n

)−1
Ω̃XY
n a.s.

They are well-defined under Assumption 2.3. Then, it suffices to show that for
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large enough n,

E[Xn,iYn,i] = E[Xn,iX
′
n,i]θn,i,

and

E[X̃n,iYn,i|Rn] = E[X̃n,iX
′
n,i|Rn]θn,i a.s.

The following transformations hold for large enough n:

E[Xn,iYn,i] = E[Xn,iT
′
n,i]θn,i + E[Xn,i]νn,i

= E[Xn,iX
′
n,i]θn,i + E[Xn,i(Tn,i −Xn,i)

′]θn,i

= E[Xn,iX
′
n,i]θn,i + E[Xn,i]Z

′
n,iΛ

′
nθn,i

= E[Xn,iX
′
n,i]θn,i,

where the first equality holds by Assumption 2.2, the second and the last

equalities follow by E[Xn,i] = 0, which is implied by Lemma B.6, and the third

equality follows by the definition of Xn,i. Similarly, the following transforma-

tions hold almost surely for large enough n:

E[X̃n,iYn,i] = E[X̃n,iT
′
n,i|Rn]θn,i + E[X̃n,i|Rn]νn,i

= E[X̃n,iXn,i|Rn]θn,i + E[X̃n,i(Tn,i −Xn,i)
′|Rn]θn,i

= E[X̃n,iX
′
n,i|Rn]θn,i + E[X̃n,i|Rn]Z

′
n,iΛ

′
nθn,i

= E[X̃n,iX
′
n,i|Rn]θn,i,
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where we used E[X̃n,i|Rn] = 0. This completes the proof.

B.3.2 Proof of Corollary 2.1

Proof. By the population version of the Frisch-Waugh-Lovell theorem,

θcausaln,(k) =

∑n
i=1 E[Un,i,(k)Yn,i]∑n

i=1 E[U2
n,i,(k)]

By the linearity of the model (Assumption 2.2), the numerator can be trans-

formed as

n∑
i=1

E[Un,i,(k)Yn,i]

=
n∑

i=1

E[Un,i,(k)T
′
n,i]θn,i +

n∑
i=1

E[Un,i,(k)]νn,i

=
n∑

i=1

E[Un,i,(k)(Xn,i + E[Tn,i | Rn])
′]θn,i

=
n∑

i=1

E[Un,i,(k)Xn,i,(k)]θn,i,(k) +
n∑

i=1

E[Un,i,(k)X
′
n,i,(−k)]θn,i,(−k),

where the second equality holds as E[Un,i,(k)] = 0, which is implied by E[Xn,i] =

0, a consequence of Lemma B.6 and the last equality follows from the law of

iterated expectations and E[Xn,i | Rn] = 0.

Similarly,

θcausal,sample
n,(k) =

∑n
i=1 E[Ũn,i,(k)Yn,i|Rn]∑n

i=1 E[Ũ2
n,i,(k)|Rn]

.
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The numerator is given by

n∑
i=1

Rn,iE[Ũn,i,(k)Yn,i|Rn] =
n∑

i=1

Rn,iE[Ũn,i,(k)T
′
n,i|Rn]θn,i

=
n∑

i=1

Rn,i

dT∑
l=1

E[Ũn,i,(k)Xn,i,(l)|Rn]θn,i,(l).

Under dT = d
T̃
, the last equation can be simplified further to

n∑
i=1

Rn,iE[Ũn,i,(k)Xn,i,(k)|Rn]θn,i,(k) +
n∑

i=1

∑
l ̸=k

Rn,iE[Ũn,i,(k)Xn,i,(l)|Rn]θn,i,(l)

as above. This completes the proof.

B.3.3 Proof of Corollary 2.2

Proof. By Lemma B.6,

E[X̃n,i,(k)Xn,i,(l)|Rn]

=E[(T̃n,i,(k) − E[T̃n,i,(k)|Rn])(Tn,i,(l) − E[Tn,i,(l)])|Rn]

=E[(T̃n,i,(k) − E[T̃n,i,(k)|Rn])(Tn,i,(l) − E[Tn,i,(l)|Rn]

+ E[Tn,i,(l)|Rn]− E[Tn,i,(l)])|Rn]

=E[(T̃n,i,(k) − E[T̃n,i,(k)|Rn])(Tn,i,(l) − E[Tn,i,(l)|Rn])|Rn]

=Cov(T̃n,i,(k), Tn,i,(l)|Rn).
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Also, by the law of iterated expectations,

E[Xn,i,(k)Xn,i,(l)] = E[E[Xn,i,(k)Xn,i,(l)|Rn]]

= E[E[(Tn,i,(k) − E[Tn,i,(k)|Rn])(Tn,i,(l) − E[Tn,i,(l)|Rn])]|Rn]]

= E[Cov(Tn,i,(k), Tn,i,(l)|Rn)].

By Theorem 2.1 and the above equivalences, the no contamination result follows

if the covariance condition is satisfied.

Moreover, the numerator of θcausal,sample
n,(k) is

n∑
i=1

Rn,iE[X̃n,i,(k)Xn,i,(k)|Rn]θn,i,(k)

+
n∑

i=1

∑
l∈{1,··· ,dT }\{k}

Rn,iE[X̃n,i,(k)Xn,i,(l)|Rn]θn,i,(l)

=
n∑

i=1

Rn,iE[X̃n,i,(k)Xn,i,(k)|Rn]θn,i,(k),

and Rn,iE[X̃n,i,(k)Xn,i,(k)|Rn] ≥ 0 if we assume that Cov(T̃n,i,(k), Tn,i,(k)|Rn) ≥

0.

B.3.4 Proof of Theorem 2.2

Proof. By Lemma B.6, we have E[X̃n,iZ̃n,i|Rn] = 0 a.s. for large enough n.

Thus, Q̃ZX
n , Q̃XZ

n
a.s.−→ 0. Since

 θ̂n

γ̂n

 =

 Q̃XX
n Q̃XZ

n

Q̃ZX
n Q̃ZZ

n


−1 Q̃XY

n

Q̃ZY
n

 ,
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Lemma B.10 implies that

θ̂n − θcausal,sample
n = θ̂n − (Ω̃XX

n )−1Ω̃XY
n + opR(1)

pR−→ 0,

which further implies

θ̂n − θcausal,sample
n

p→ 0.

B.3.5 Proof of Theorem 2.3

Proof. Since we have already shown Theorem 2.2, it suffices to prove

θcausal,sample
n − θcausaln

p→ 0.

By Lemma B.6, we have E[Xn,iZn,i|Rn] = 0 a.s. and E[Xn,iZn,i] = 0 for

large enough n. Thus, for large enough n, θcausal,sample
n = (Ω̃XX

n )−1Ω̃XY
n a.s.

and θcausaln = (ΩXX
n )−1ΩXY

n . Without loss of generality, assume that the first

element of Tn,i depends on Rn,iD
∗
n,i. By Assumption 2.7 (i) and (iii), we

can treat the first element of θcausal,sample
n,(1) and θcausal,sample

n,(1) the other elements

separately as θcausaln,(1) = (ΩXX
n,(1,1))

−1ΩXY
n,(1,1), θ

causal
n,(−1) = (ΩXX

n,(−1,−1))
−1ΩXY

n,(−1,−1),

θcausal,sample
n,(1) = (Ω̃XX

n,(1,1))
−1Ω̃XY

n,(1,1), and θcausal,sample
n,(−1) = (Ω̃XX

n,(−1,−1))
−1Ω̃XY

n,(−1,−1),

where Ωn,(1,1) is the (1, 1) element of Ωn and Ωn,(−1,−1) is the submatrix of

Ωn except for its first row and first column. Ω̃n,(1,1) and Ω̃n,(−1,−1) are defined
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analogously. By Lemma B.11,

θcausal,sample
n,(−1) − θcausaln,(−1) = (Ω̃XX

n,(−1,−1))
−1Ω̃XY

n,(−1,−1) − (ΩXX
n,(−1,−1))

−1ΩXY
n,(−1,−1)

p→ 0.

By Lemma B.12,

θcausal,sample
n,(1) − θcausaln,(1) = (Ω̃XX

n,(1,1))
−1Ω̃XY

n,(1,1) − ((1/ρn)Ω
XX
n,(1,1))

−1(1/ρn)Ω
XY
n,(1,1)

p→ 0.

We can conclude by stacking them.

B.3.6 Proof of Theorem 2.4

Proof. We have Ω̃XZ
n

a.s.−→ 0 and (nρn)/N
a.s.−→ 1 under the invertibility and the

moment conditions. Thus,

√
nρn

 θ̂n − θcausal,sample
n

γ̂n − γcausal,sample
n


=

 Q̃XX
n Q̃XZ

n

Q̃ZX
n Q̃ZZ

n


−1

√
nρn
N

∑n
i=1Rn,iX̃n,iε̃n,i

√
nρn
N

∑n
i=1Rn,iZ̃n,iε̃n,i


=


 Q̃XX

n O

O Q̃ZZ
n


−1

+ opR(1)


 (1 + opR(1))

1√
nρn

∑n
i=1Rn,iX̃n,iε̃n,i

(1 + opR(1))
1√
nρn

∑n
i=1Rn,iZ̃n,iε̃n,i

 ,
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and it suffices to show2

1
√
nρn

n∑
i=1

Rn,iX̃n,iε̃n,i = OpR(1), (B.9)

1
√
nρn

n∑
i=1

Rn,iZ̃n,iε̃n,i = OpR(1), (B.10)

1
√
nρn

Σ̃−1/2
n = Oa.s.(1) (B.11)

since these conditions imply that

Σ̃−1/2
n Q̃XX

n

(
θ̂n − θcausal,sample

n

)
=

1
√
nρn

Σ̃−1/2
n Q̃XX

n

(
Q̃XX

n

)−1 1
√
nρn

n∑
i=1

Rn,iX̃n,iε̃n,i + opR(1),

and we can conclude the convergence in conditional distribution with

Lemma B.13. The dominated convergence theorem and the law of iterated

expectations imply the unconditional result.

We show (B.9)-(B.11). By Chebyshev’s inequality, it suffices to show that
2A random variable Xn is OpR(1) if for any ε > 0, there exist some constant Mε < ∞

such that

P (∥Xn∥ > Mε | Rn) < ε a.s.

for large enough n.
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its conditional variance is almost surely bounded.

Var

(
1√
n

n∑
i=1

Rn,i√
ρn
X̃n,iε̃n,i | Rn

)

=
1

n

n∑
i=1

Var

(
Rn,i√
ρn
X̃n,iε̃n,i | Rn

)

+
1

n

n∑
i=1

∑
j∈Nn(i,2K)\{i}

Cov

(
Rn,i√
ρn
X̃n,iε̃n,i,

Rn,j√
ρn
X̃n,j ε̃n,j | Rn

)

≤ 1

n

n∑
i=1

Rn,i

ρn
E
[
X̃n,iX̃

′
n,iε̃

2
n,i | Rn

]
(B.12)

+
1

n

n∑
i=1

∑
j∈Nn(i,2K)\{i}

Rn,iRn,j

ρn

(
E
[
X̃n,iX̃

′
n,j ε̃n,iε̃n,j | Rn

]
− E

[
X̃n,iε̃n,i | Rn

]
E
[
X̃n,j ε̃n,j | Rn

]′)
. (B.13)

Each element of the first term (B.12) is almost surely bounded by

(
N

nρn

)
·max

i
∥X̃n,i∥2 ·max

i
|ε̃n,i|2.

Thus, the first term (B.12) is Oa.s.(1) by Assumption 2.3 and Lemmas B.5

and B.9. The second term (B.13) is also Oa.s.(1) by a similar argument as the

first term and Assumption 2.6. Hence, (B.9) is OpR(1). Similarly, we can show

that (B.10) is OpR(1). (B.11) is also Oa.s.(1) by the invertibility assumption

(Assumption 2.3).
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B.3.7 Proof of Theorem 2.5

Proof. Since X̃n,i = Xn,i and Z̃n,i = Zn,i,

√
nρn

 θ̂n − θcausaln

γ̂n − γcausaln


=

 Q̃XX
n Q̃XZ

n

Q̃ZX
n Q̃ZZ

n


−1

×


√
nρn
N

∑n
i=1Rn,iXn,i(Yn,i −X ′

n,iθ
causal
n − Z ′

n,iγ
causal
n )

√
nρn
N

∑n
i=1Rn,iZn,i(Yn,i −X ′

n,iθ
causal
n − Z ′

n,iγ
causal
n )


=


 Q̃XX

n O

O Q̃ZZ
n


−1

+ op(1)


×

 (1 + op(1))
1√
nρn

∑n
i=1Rn,iXn,iεn,i

(1 + op(1))
1√
nρn

∑n
i=1Rn,iZn,iεn,i

 .

By an argument similar to the proof of Theorem 2.4, we can show that

1
√
nρn

n∑
i=1

Rn,iXn,iεn,i = Op(1), (B.14)

1
√
nρn

n∑
i=1

Rn,iZn,iεn,i = Op(1), (B.15)

1
√
nρn

Σ−1/2
n = Op(1). (B.16)
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Thus, (B.14) to (B.16) imply that

Σ−1/2
n Q̃XX

n

(
θ̂n − θcausaln

)
=

1
√
nρn

Σ−1/2
n Q̃XX

n

(
Q̃XX

n

)−1 1
√
nρn

n∑
i=1

Rn,iXn,iεn,i + op(1),

and we can conclude with Lemma B.14.

B.3.8 Proof of Theorem 2.6

Proof. [Proof for 1
nρn

Σ̃n]

Let

1

nρn
Σ̃†
n

=
1

nρn

n∑
i=1

∑
j∈Ñn(i,2K)

Rn,iRn,j

×
(
Ψ̃n,i − E

[
Ψ̃n,i | Rn

])
×
(
Ψ̃n,j − E

[
Ψ̃n,j | Rn

])′
.

Under the boundedness (Assumption 2.3) and the local dependence (Assump-

tion 2.5), Condition B.2 is automatically satisfied. Then, Lemma B.3 implies

that
1

nρn
Σ̃†
n =

1

nρn
Σ̃n + opR(1).

Hence, it suffices to show that

1

N
Σ̂n =

1

nρn
Σ̃†
n + B̃n + opR(1).

Here, maxi |ε̂n,i − ε̃n,i| = oRp (1) by Assumption 2.3, Theorem 2.2, and
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Lemma B.15. Also,

1

nρn

n∑
i=1

∑
j∈Ñn(i,2K)

Rn,iRn,jX̃n,iX̃
′
n,j ε̂n,iε̂n,j = Oa.s.(1)

by Assumptions 2.3 and 2.6, ρ ∈ (0, 1], and Lemma B.9. Thus, we can show

that

1

N
Σ̂n =

1

N

n∑
i=1

∑
j∈Ñn(i,2K)

Rn,iRn,jΨ̂n,iΨ̂
′
n,j

=
1

N

n∑
i=1

∑
j∈Ñn(i,2K)

Rn,iRn,jX̃n,iX̃
′
n,j ε̂n,iε̂n,j

=
1

nρn

n∑
i=1

∑
j∈Ñn(i,2K)

Rn,iRn,jX̃n,iX̃
′
n,j ε̃n,iε̃n,j + opR(1), (B.17)

where the last equality holds by Lemma B.5.

Then,

(B.17) =
1

nρn

n∑
i=1

∑
j∈Ñn(i,2K)

Rn,iRn,jΨ̃n,iΨ̃
′
n,j + opR(1)

=
1

nρn
Σ̃†
n + B̃n + opR(1) (B.18)

+
2

nρn

n∑
i=1

n∑
j=1

Rn,iRn,j

×
(
Ψ̃n,i − E

[
Ψ̃n,i | Rn

])
E
[
Ψ̃n,j | Rn

]′
1{d̃n(i, j) ≤ 2K}, (B.19)

thus, it suffices to show that the remainder term (B.19) = opR(1).
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We will show it element-wise. Take the (k, k′)-element of (B.19). Let

φ̃i =
n∑

j=1

Rn,jE
[
Ψ̃n,j,(k′) | Rn

]
1{d̃n(i, j) ≤ 2K}.

Then,

E
[∣∣(k, k′)-element of (B.19)

∣∣ | Rn

]
=E

[∣∣∣∣∣ 2

nρn

n∑
i=1

Rn,i

(
Ψ̃n,i − E

[
Ψ̃n,i,(k) | Rn

])
φ̃i

∣∣∣∣∣ | Rn

]

≤E

( 2

nρn

n∑
i=1

Rn,i

(
Ψ̃n,i − E

[
Ψ̃n,i,(k) | Rn

])
φ̃i

)2

| Rn

1/2

≤ 2

ρn

(
1

n2

n∑
i=1

Var
(
Ψ̃n,i,(k) | Rn

)
φ̃2
i

+
1

n2

n∑
i=1

∑
j ̸=i

∣∣∣Cov (Ψ̃n,i,(k), Ψ̃n,j,(k) | Rn

)∣∣∣× |φ̃iφ̃j |
)1/2

,

where the first inequality follows from Jensen’s inequality.

By Assumption 2.3 and Lemma B.9, Ψ̃n,i,(k) is uniformly bounded, thus

maxiVar
(
Ψ̃n,i,(k) | Rn

)
= Oa.s.(1) and φ̃2

i ≤ C× (
∑n

j=1 1{d̃n(i, j) ≤ 2K})2 ≤

C × |Nn(i; 2K)|2 for some constant C > 0. Hence, 1
n2

∑n
i=1Var

(
Ψ̃n,i,(k) | Rn

)
φ̃2
i ≤ C ′δn(2K, 2)/n for some constant C ′ > 0. By Assumption 2.9 (i),

δn(2K, 2)/n→ 0 as n→ ∞.

By Lemma B.8, Ψ̃n,i,(k) is conditionally ψ-dependent with ξn,s = 1{s ≤

2K} given Rn, thus
∣∣∣Cov (Ψ̃n,i,(k), Ψ̃n,j,(k) | Rn

)∣∣∣ ≤ C ′′∑∞
s=1 1{s ≤ 2K} ×
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1{dn(i, j) = s} for some constant C ′′ > 0. Thus,

1

n2

n∑
i=1

∑
j ̸=i

∣∣∣Cov (Ψ̃n,i,(k), Ψ̃n,j,(k) | Rn

)∣∣∣× |φ̃iφ̃j |

≤C
′′

n2

2K∑
s=1

n∑
i=1

∑
j ̸=i

1{dn(i, j) = s}
∑

i′∈N (i,2K)

∑
j′∈N (j,2K)

1

≤C
′′′

n2

2K∑
s=1

|Jn(s, 2K)|

for some constant C ′′′ > 0. By Assumption 2.9 (ii),
∑2K

s=1 Jn(s, 2K)/n2 → 0

as n→ ∞.

Therefore, we have shown that

E
[∣∣(k, k′)-element of (B.19)

∣∣ | Rn

]
= oa.s.(1).

By Markov’s inequality, we can conclude that the remainder term (B.19) =

opR(1).

[Proof for 1
nρn

Σn] Let

1

nρn
Σ†
n =

1

nρn

n∑
i=1

∑
j∈N (i,2K)

(Rn,iΨn,i − ρnE[Ψn,i]) (Rn,jΨn,j − ρnE[Ψn,j ])
′ .
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We can show that

1

N
Σ̂n =

1

nρn

n∑
i=1

∑
j∈Nn(i,2K)

Rn,iΨn,iRn,jΨ
′
n,j + op(1)

=
1

nρn
Σ†
n + B̂n + op(1)

+
2

nρn

n∑
i=1

n∑
j=1

(Rn,iΨn,i − ρnE[Ψn,i]) ρnE[Ψn,j ]1{dn(i, j) ≤ 2K}

=
1

nρn
Σ†
n + B̂n + op(1),

where the first equality follows by the similar arguments as we derive (B.17)

and by Lemma B.7, the second equality is a simple transformation, and the

last equality holds by the similar arguments for the remainder term (B.19).

We can conclude by applying Lemma B.3 to (nρn)
−1Σ†

n.

B.3.9 Proof of Theorem 2.7

Proof. Let 1
N Σ̂−

n = 1
N

∑n
i=1

∑n
j=1Rn,iRn,jΨ̂n,iΨ̂

′
n,jK̃

−
n,i,j . Since K̃+

n = K̃n +

K̃−
n , we have

1

N
Σ̂+
n =

1

N
Σ̂n +

1

N
Σ̂−
n . (B.20)

[Proof for 1
nρn

Σ̃n]
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Theorem 2.6 implies

1

N
Σ̂n

=
1

nρn
Σ̃n + B̃n + opR(1)

=
1

nρn
Σ̃n

+
1

nρn

n∑
i=1

n∑
j=1

Rn,iRn,jE
[
Ψ̃n,i | Rn

]
E
[
Ψ̃n,j | Rn

]′ (
K̃+

n,i,j − K̃−
n,i,j

)
+ opR(1).

By the same logic as in the proof of Theorem 2.6 after replacing 1{d̃n(i, j) ≤

2K} by K̃−
n,i,j and Assumption 2.9 by Assumption 2.10, we can show that

1

N
Σ̂−
n

=
1

nρn

n∑
i=1

n∑
j=1

Rn,iRn,jE
[
Ψ̃n,i | Rn

]
E
[
Ψ̃n,j | Rn

]′
K̃−

n,i,j

+
1

nρn

n∑
i=1

n∑
j=1

Rn,iRn,jE
[(

Ψ̃n,i − E
[
Ψ̃n,i | Rn

])
×
(
Ψ̃n,j − E

[
Ψ̃n,j | Rn

])′
| Rn

]
K̃−

n,i,j

+ opR(1).

We get the conclusion by substituting these results into (B.20).

[Proof for 1
nρn

Σn]
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The proof is similar. By the same logic as in the proof of Theorem 2.6,

1

N
Σ̂−
n

=
1

n

n∑
i=1

n∑
j=1

ρnE [Ψn,i]E [Ψn,j ]
′K−

n,i,j

+
1

nρn

n∑
i=1

n∑
j=1

E
[
(Rn,iΨn,i − ρnE [Ψn,i]) (Rn,jΨn,j − ρnE [Ψn,j ])

′]K−
n,i,j

+ op(1).

We get the conclusion by combining it with the result of Theorem 2.6.

B.4 Additional Simulation Results

We consider the following exposure mapping:

Tn,i =

Rn,iD
∗
n,i,
∑
j ̸=i

An,i,jRn,jD
∗
n,j

 =: (Dn,i, netn,i).

We set T̃n,i = Tn,i. Note that, since Dn,i ⊥⊥ netn,i, no contamination bias

would arise. Our focus here is to evaluate our inference procedure based on the

asymptotic approximation in this correctly specified model.

We follow the same implementation procedure as in the simulation exer-

cise in Section 2.5, except for the definition of Tn,i and T̃n,i, and θn,i,(1) ∼

Exponential(1/3) and θn,i,(2) =
∑

j ̸=i An,i,j

maxk
∑

j ̸=k An,k,k
. Here, the average direct effect

is 1/3 and the average spillover effect is about 2/9.

In Table B.1, we report the results of this simulation when we vary ρn ∈

{0.1, 0.5, 1.0}. Since the population size (the number of nodes) is 1770, the
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sample size varies from about 177 to 1770. In each panel, the first three rows

report the averages of the population and sample-level causal estimands and

the OLS estimator. The fourth to sixth rows report the averages of the EHW

standard errors and the averages of our proposed standard errors in Equation

(2.13). The seventh and eighth rows report the average absolute deviations

of the estimator from the causal estimands. The last four rows report the

coverage probabilities of the 95% confidence intervals constructed using the

EHW standard errors and those based on (2.13) for the two causal estimands.

The first three rows in Table B.1 show that the estimator closely approxi-

mates both estimands, as expected from our asymptotic theory (Theorems 2.2

and 2.3). The difference between θcausaln and θcausal,sample
n is negligible because

Tn,i = T̃n,i. We also observe that while the direct effect estimands θcausal(1) and

θcausal,sample
(1) are close to the average direct effect of 1/3, the spillover effect

estimands θcausal(2) and θcausal,sample
(2) are larger than the average spillover effect of

2/9. This occurs because the spillover effect estimands place greater weight on

nodes with more connections, who tend to have larger spillover effects, resulting

in an upward bias. The seventh and eighth rows, showing the average absolute

deviations of the estimator from the estimands, also confirm that the estimator

closely approximates the estimands, especially as ρn increases and the sample

size becomes larger.

The fourth to sixth rows show that our proposed standard errors based

on (2.13) tend to be larger than the EHW standard errors, especially as ρn

increases. This is because (i) the EHW standard errors do not account for the

network dependence structure, and the observed network becomes denser as

ρn increases, and (ii) our standard errors are designed to be conservative, as
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established in Theorem 2.7. When ρn is small, the difference between the two

types of standard errors is less pronounced because (i) the observed network is

sparser and the dependence structure is less important, and (ii) the sample-to-

population ratio approaches the infinite population case, where the standard

model-based inference is valid. Additionally, we observe that our proposed

standard errors based on (2.13) for θcausaln tend to be slightly larger than those

for θcausal,sample
n , reflecting the additional adjustment for sampling variation in

the former.

The last two rows in Table B.1 show that the coverage rates based on our

proposed method (2.13) are reasonably close to the nominal 95% target. We

observe under-coverage for θcausaln,(2) and θcausal,sample
n,(2) when ρn is small, likely due

to the small sample size and limited variation in the net variable in sparse

networks. In contrast, the coverage rates for θcausaln,(2) and θcausal,sample
n,(2) based

on the EHW standard errors are substantially below the nominal level as

ρn increases. This is because the EHW standard errors ignore the network

dependence structure and finite population bias, which likely leads to over-

rejection of the null hypothesis.

Overall, our simulation exercise shows that as long as the model is correctly

specified and relevant network information is observed, reliable inference for

the causal estimands is possible even when not everyone in the population is

sampled. Since exhaustive network collection can be costly in practice, our

results provide a rationale for collecting network data based on sampled units,

which is less costly.
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Table B.1: Simulation Results: Tn,i = T̃n,i case

ρ = 0.1 ρ = 0.5 ρ = 1.0
D net D net D net

θcausal 0.348 0.312 0.348 0.312 0.348 0.312
θcausal,sample 0.346 0.311 0.349 0.312 0.348 0.312
θ̂ 0.347 0.285 0.350 0.305 0.350 0.307
SE EHW 0.214 0.265 0.126 0.093 0.100 0.058
SE mod, θcausal 0.214 0.263 0.132 0.109 0.110 0.083
SE mod, θcausal,sample 0.214 0.263 0.132 0.110 0.110 0.085
|θ̂ − θcausal| 0.172 0.233 0.097 0.093 0.084 0.067
|θ̂ − θcausal,sample| 0.172 0.232 0.096 0.092 0.084 0.066
Cov. EHW, θcausal 0.945 0.920 0.953 0.879 0.936 0.816
Cov. EHW, θcausal,sample 0.948 0.914 0.954 0.886 0.940 0.822
Cov. mod, θcausal 0.941 0.904 0.963 0.931 0.962 0.956
Cov. mod, θcausal,sample 0.946 0.907 0.963 0.928 0.966 0.959

Note: This table reports simulation results for selected values ρ = 0.1, 0.5, 1.0.
The first three rows report the averages of the population-level causal estimand
θcausal, the sample-level causal estimand θcausal,sample, and the OLS estimator θ̂.
The next three rows report the average standard errors: the Eicker–Huber–White
(EHW) standard errors and the proposed standard errors based on (2.13). The
following two rows report the average absolute deviations of the estimator from
the two causal estimands. The final four rows report the coverage probabilities
of the 95% confidence intervals constructed using the EHW standard errors and
the proposed standard errors for both causal estimands.

B.5 Survey of OLS usage in network experiment applications

In this section, we summarize our survey of the usage of OLS in network

experiment applications in economics, as introduced in the second paragraph

of the introduction. Our survey provides an overview of the prevalence of OLS

in estimating spillover effects in network experiments.

We considered papers published from April 2010 through April 2025 in

the following journals: American Economic Review, Econometrica, Quarterly

Journal of Economics, Journal of Political Economy, Review of Economic

Studies, American Economic Journal: Applied Economics, and Journal of
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Development Economics. We searched for articles that included both “networks”

and either “field experiments” or “randomized trial” as keywords on the Web of

Science platform. This search yielded 52 papers, as listed in Table B.2. We then

reviewed each paper to determine whether it conducted a network experiment

and estimated spillover effects using regression. Among these, 29 papers ran

regressions to estimate spillover effects; all 29 used the OLS estimator, while

only two papers (Coutts, 2022 and Fafchamps and Vicente, 2013) mentioned

propensity scores or used related estimators.

Table B.2: Survey of OLS usage in network experiment applications

Citation Field/Lab Exp

w/ Network?

Regression for

Causal Effects?

Estimator(s)

Used

Evsyukova et al. (2024) Yes Yes OLS, Causal For-

est

Batista et al. (2025) No Yes OLS

Karing (2024) No Yes OLS, Logit

Chegere et al. (2024) Yes Yes OLS

Deutschmann et al.

(2024)

Yes Yes OLS

Barsbai et al. (2024) No Yes OLS

Banerjee et al. (2024) No Yes OLS, IV

Colonnelli et al. (2024) No Yes OLS, DiD

Hernandez-Agramonte

et al. (2024)

No Yes OLS, IPW, Logit

Borusyak and Hull

(2023b)

No Yes OLS, 2SLS

Continued on next page
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Citation Field/Lab Exp

w/ Network?

Regression? Estimator(s)

Used

Banerjee et al. (2023) Yes Yes OLS

Soldani et al. (2023) Yes Yes OLS

Bobonis et al. (2022) No Yes OLS, IV

Alan et al. (2022) Yes Yes OLS

Coutts (2022) Yes Yes Propensity score

matching, OLS

Leung (2022b) No (method) - -

Bjorkegren and Karaca

(2022)

Yes No, Structural OLS

Beaman et al. (2021b) Yes Yes OLS

Hess et al. (2021) Yes Yes OLS

Meghir et al. (2022) No Yes OLS

Carter et al. (2021b) Yes Yes OLS,

Hardy and McCasland

(2021)

Yes Yes OLS

Breza et al. (2020) No (method) - -

Abel et al. (2020) No Yes OLS

Afridi et al. (2020) Yes Yes OLS

Drago et al. (2020) Yes Yes OLS

BenYishay et al. (2020) Yes Yes OLS

Cai (2020) No Yes OLS, Propensity

Score Matching

Banerjee et al. (2019) Yes Yes OLS

Continued on next page



253

Citation Field/Lab Exp

w/ Network?

Regression? Estimator(s)

Used

Kandpal and Baylis

(2019)

No (natural ex-

periment)

Yes OLS, IV

Benyishay and Mobarak

(2019)

Yes Yes OLS

Boltz et al. (2019) Yes Yes OLS, Logit

Breza and Chandrasekhar

(2019)

Yes Yes OLS

Flory (2018) Yes Yes OLS

Chandrasekhar et al.

(2018)

Yes Yes OLS

Cai and Szeidl (2018) Yes Yes OLS

Di Falco et al. (2018) Yes Yes OLS

Gine and Mansuri (2018) No (cluster) Yes OLS, IV

Kessler (2017) No Yes OLS,

Cruz et al. (2017) No Yes OLS, IV,

Barnhardt et al. (2017) Yes Yes OLS

Belloni et al. (2017) No (method) - -

Pallais and Sands (2016) No Yes OLS

Alatas et al. (2016) Yes Yes OLS

Nagavarapu and Sekhri

(2016)

No Yes OLS

Levine et al. (2016) No Yes OLS

Jakiela and Ozier (2016) Yes Yes OLS

Cai et al. (2015b) Yes Yes OLS

Continued on next page
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Citation Field/Lab Exp

w/ Network?

Regression? Estimator(s)

Used

Callen and Long (2015) No Yes OLS

Fafchamps and Vicente

(2013)

Yes Yes OLS, Propensity

score matching

Robinson (2012) No Yes OLS

Godlonton and Thornton

(2012)

Yes Yes OLS

Notes: The first column lists the citation of the paper. The second column indicates whether
the paper uses a field or lab experiment with a network structure. The third column indicates
whether the paper uses regression to estimate causal effects, and the fourth column lists the
specific estimator(s) used in the regression analysis. Methodological papers are marked with
“No (method)” in the second column and do not have the third and fourth columns filled in.
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Appendix C

Chapter 3

C.1 Proofs of Theorems and Propositions

C.1.1 Proof of Theorem 3.1

Proof. First, consider the infeasible version of βn, where γ̂n is replaced by the

true γ:

β̃n = β + S−1
WWSWλ + S−1

WWSWν ,

where SWW , SWλ, and SWν are the same as ŜWW , ŜWλ, and ŜWν except γ̂n

replaced by γ. We use the following lemmas

Lemma C.1. Suppose Assumptions 3.1-3.9 hold. Then,

SWW →p ΣWW ,

as n→ ∞.

Lemma C.2. Suppose Assumptions 3.1-3.9 hold. Fix some h ∈ [0,∞). If

Nh2k+3
n → h, then

√
NhnSWλ →p

√
hΣWλ,
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as n→ ∞. If Nh2k+3
n → ∞ and nh2kn → ∞, then

h−(k+1)
n SWλ →p ΣWλ,

as n→ ∞.

Lemma C.3. Suppose Assumptions 3.1-3.9 hold. Fix an arbitrary non-zero vec-

tor c ∈ Rqw and some constant h ∈ [0,∞). Let cW = Σ−1
WW c. If c′WΣWν,1cW >

0 and Nh2k+3
n → h, then

√
nc′S−1

WWSWν →d N (0, c′WΣWν,1cW ),

as n→ ∞. If c′WΣWν,1cW = 0 and Nh2k+3
n → h, then

√
Nhnc

′S−1
WWSWν →d N (0, c′WΣWν,2cW ),

as n→ ∞.

By combining Lemmas C.1-C.3, the statement of Theorem 3.1 follows for

β̃n. The following lemmas are used to show the negligibility of β̂n − β̃n:

Lemma C.4. Suppose Assumptions 3.1-3.10 hold. Fix some constant h ∈

[0,∞). If Nh2k+3
n → h, then,

ŜWW = SWW + op(1).



257

Lemma C.5. Suppose Assumptions 3.1-3.10 hold. Fix some constant h ∈

[0,∞). If Nh2k+3
n → h, then

ŜWλ = SWλ + op

(
1√
Nhn

)
.

Lemma C.6. Suppose Assumptions 3.1-3.10 hold. Fix some constant h ∈

[0,∞). If Nh2k+3
n → h, then

ŜWν = SWν + op

(
1√
Nhn

)
.

By combining Lemmas C.4-C.6, we have

β̂n − β = β̃n − β + op

(
1√
Nhn

)
.

Thus, the normalization rn ∈ {
√
n,

√
Nhn, h

−(k+1)
n } corresponding to each case

results in

rn(β̂n − β) = rn(β̃n − β) + op(1).

Since β̃n satisfies the statement of Theorem 3.1, this completes the proof.

C.1.2 Proof of Proposition 3.1

Proof. We show the claim by the following steps.
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C.1.2.1 Step 1: Σ̂Wν,2 →p ΣWν,2

By expanding K2(∆R′
ij γ̂n/hn) around ∆R′

ijγ, we get

K2(∆R′
ij γ̂n/hn)

= K2(∆R′
ijγ/hn) + 2∆R′

ij(γ̂n − γ)/hnk(c
∗
ij,n/hn)K(c∗12n/hn),

where c∗ij,n is between ∆R′
ijγ and ∆R′

ij γ̂n and k(·) is the derivative of K(·).

Then,

Σ̂Wν,2 =
1

Nhn

∑
i<j

K2(∆R′
12γ/hn)dij∆Wij∆W

′
ij∆ε̂

2
ij︸ ︷︷ ︸

Dp1,1

+
2

Nh2n

∑
i<j

∆R′
ij(γ̂n − γ)k(c∗ijn/hn)K(c∗ijn/hn)∆Wij∆W

′
ij∆ε̂

2
ij︸ ︷︷ ︸

Dp1,2

.

C.1.3 Sub-Step 1: Dp1,1 →p ΣWν,2

Observe that

∆ε̂2ij − ν2ij =
(
∆W ′

ij(β − β̂n)
)2

+ λ2ij + 2∆W ′
ij(β − β̂n)λij

+ 2∆W ′
ij(β − β̂n)νij + 2λijνij .
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Thus,

Dp1,1 =
1

Nhn

∑
i<j

K2(∆R′
ijγ/hn)dij∆Wij∆W

′
ijν

2
ij

+
1

Nhn

∑
i<j

K2(∆R′
ijγ/hn)dij∆Wij∆W

′
ij

(
∆W ′

ij(β − β̂n)
)2

+
1

Nhn

∑
i<j

K2(∆R′
ijγ/hn)dij∆Wij∆W

′
ijλ

2
ij

+
2

Nhn

∑
i<j

K2(∆R′
ijγ/hn)dij∆Wij∆W

′
ij∆W

′
ij(β − β̂n)λij

+
2

Nhn

∑
i<j

K2(∆R′
ijγ/hn)dij∆Wij∆W

′
ij∆W

′
ij(β − β̂n)νij

+
2

Nhn

∑
i<j

K2(∆R′
ijγ/hn)dij∆Wij∆W

′
ijλijνij .

We call each term by Di
p1,1 for i = 1, ..., 6 that is corresponding to each row.

The first term D1
p1,1 converges to ΣWν . Its expectation coincides with ΣWν

in the limit as

E[D1
p1,1] =

1

hn

∫
E[d12∆W12∆W

′
12ν

2
12|∆R′

12γ = r]K2(r/hn)fRγ(r)dr

=

∫
E[d12∆W12∆W

′
12ν

2
12|∆R′

12γ = rhn]K
2(r)fRγ(rhn)dr

= ΣWν,2 + o(1),

where the last line holds by the dominated convergence theorem under Assump-

tions 3.4, 3.6, and 3.8. For the variance, denoting each summand by D1
p1,1,ij
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and for any vector a with ∥a∥ = 1, we have

Var[∥D1
p1,1∥] ≤

1

Nh2n
E
[
∥D1

p1,1,12∥2
]

+
2(n− 2)

Nh2n
E[∥D1

p1,1,12∥ × ∥D1
p1,1,13∥].

The first term in the right hand side is O(1/(Nhn)) because,

E
[
∥D1

p1,1,12∥2
]
≤
∫

E[∥∆W12∥4ν412|∆R′
12γ = r]K2(r/hn)fRγ(r)dr

= hn

∫
E[∥∆W12∥4ν412|∆R′

12γ = rhn]K
2(r)fRγ(rhn)dr

= O(hn),

where the last line holds from Assumptions 3.4, 3.6, and 3.8. The second term

on the right-hand side is O(1/n) because

E[∥D1
p1,1,12∥ × ∥D1

p1,1,13∥]

≤ E
[ ∫

E[∥∆W12∥2ν212|∆R′
12γ = r1, ξ1, U1]

× E[∥∆W13∥2ν213|∆R′
13γ = r1, ξ1, U1]

×K2(r1/hn)K
2(r2/hn)fRγ|ξ1,U1

(r1)fRγ|ξ1,U1
(r2)dr1dr2

]
= h2nE

[ ∫
E[∥∆W12∥2ν212|∆R′

12γ = r1hn, ξ1, U1]

× E[∥∆W13∥2ν213|∆R′
13γ = r1hn, ξ1, U1]

×K2(r1)K
2(r2)fRγ|ξ1,U1

(r1hn)fRγ|ξ1,U1
(r1hn)dr1dr2

]
= O(h2n),
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where the first line follows from Assumptions 3.4, 3.6, and 3.8. Thus,

Var[∥D1
p1,1∥] = O

(
1

Nhn

)
+O

(
1

n

)
= o(1).

This implies that D1
p1,1 →p ΣWν,2 as n→ ∞.

The second term D2
p1,1 converges to 0. Observe that, as K is bounded by

Assumption 3.8, for some absolute constant C > 0,

∥D2
p1,1∥ ≤ ∥β − β̂n∥2

hn
× C

N

∑
i<j

∥∆Wij∥4.

Since E[∥∆Wij∥4] < ∞ by Assumption 3.7, we can apply the law of large

numbers for U-statistics (Hoeffding, 1961) to C/N
∑

i<j ∥∆Wij∥4, which is

Op(1). Also, since ∥β − β̂n∥ = Op(1/
√
n) (which is the worst-case rate for the

specified hn by Theorem 3.1), we have ∥β − β̂n∥2/hn = Op(1/(nh
2
n)) = op(1)

as nh2n ≈ n× n−2/(2k+3) = n(2k+1)/(2k+3) diverges. Thus,

∥D2
p1,1∥ = op(1)×Op(1) = op(1),

and D2
p1,1 →p 0 as n→ ∞.

The third term D3
p1,1 converges to 0. Observe that,

E[∥D3
p1,1∥]

≤ h−1
n

∫
E[∥∆W 2

12Λ
2
12|∆R′

12γ = r]r2K2(r/hn)fRγ(r)dr

= h2nE[∥∆W 2
12Λ

2
12|∆R′

12γ = rhn]r
2K2(r)fRγ(rhn)dr

= O(h2n),
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where the last line follows from Assumptions 3.4, 3.6, and 3.8. Thus,

E[∥D3
p1,1∥] = o(1). Observe that, by writing each summand of D3

p1,1 as D3
p1,1,ij ,

Var[∥D3
p1,1∥] ≤

1

Nh2n
E[∥D3

p1,1,12∥2] +
2(n− 2)

Nh2n
E[∥D3

p1,1,12∥ × ∥D3
p1,1,13∥].

The first term on the right hand is O(h3n/N) because

E[∥D3
p,1,12∥2] ≤

∫
E[∥∆W12∥4Λ4

12|∆R′
12γ = r]r4K2(r/hn)fRγ(r)dr

= h5nE[∥∆W12∥4Λ4
12|∆R′

12γ = rhn]r
4K2(r)fRγ(rhn)dr

= O(h5n),

where the last line holds from Assumptions 3.4, 3.6, and 3.8. The second term

on the right hand side is O(h4n/n) because

E[∥D3
p1,1,12∥ × ∥D3

p1,1,13∥]

≤ E
[ ∫

E[∥∆W12∥2Λ2
12|∆R′

12γ = r1, ξ1, U1]

× E[∥∆W13∥2Λ2
13|∆R′

13γ = r1, ξ1, U1]

× r21r
2
2K

2(r1/hn)K
2(r2/hn)fRγ|ξ1,U1

(r1)fRγ|ξ1,U1
(r2)dr1dr2

]
= h6nE

[ ∫
E[∥∆W12∥2Λ2

12|∆R′
12γ = r1hn, ξ1, U1]

× E[∥∆W13∥2Λ2
13|∆R′

13γ = r2hn, ξ1, U1]

× r21r
2
2K

2(r1)K
2(r2)fRγ|ξ1,U1

(r1hn)fRγ|ξ1,U1
(r2hn)dr1dr2

]
= O(h6n),
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where the last line follows from Assumptions 3.4, 3.6, and 3.8. Hence, we have

Var[∥D3
p1,1∥] = O

(
h3n
N

)
+O

(
h4n
n

)
= o(1).

This implies that D3
p1,1 →p 0 as n→ ∞.

The fourth term D4
p1,1 converges to 0. Observe that, since K is bounded

by Assumption 3.8 and ∥γ∥ <∞, for some constant C > 0,

∥D4
p1,1∥ ≤ C∥β − β̂n∥

hn
× 1

N

∑
i<j

∥∆Wij∥3∥∆Rij∥||Λ12|

The sum part converges to the expectation of summand by the law of large

numbers for U-statistics (Hoeffding, 1961) as E[∥∆W12∥3∥∆R12∥|Λ12|] <∞ is

bounded by Cauchy-Schwartz and Assumption 3.7. Thus, this part is Op(1).

Also note that

∥β − β̂n∥
hn

= Op

(
1√
nh2n

)
= op(1)

by Assumption 3.9 and
√
nh2n ≈

√
n(2k − 1)/(2k + 3) diverges. Hence,

∥D4
p1,1∥ = op(1).

This shows that D4
p1,1 →p 0 as n→ ∞.

The fifth term D5
p1,1 converges to 0. Observe that, since K is bounded by
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Assumption 3.8, for some constant C > 0

∥D5
p1,1∥ ≤ C

N

∑
i<j

∥∆Wij∥3|νij | ×
∥β − β̂n∥

hn
.

The sum part is Op(1) because

E[∥∆W12∥3|ν12|] <∞,

by Assumption 3.7 and

Var

[
1

N

∑
∥∆Wij∥|νij |

]
≤ E[∥∆W12∥6ν212]

N
+

2(n− 2)

N
E[∥∆W12∥3∆W13∥3|ν12||ν13|] = o(1),

as these two moments are bounded by Assumption 3.7. Thus,

∥D5
p1,1∥ = op(1),

by the previous calculation for the term involving β̂n − β. This shows that

D5
p1,1 →p 0 as n→ ∞.

The sixth term D6
p1,1 converges to 0. Its expectation is exactly 0 by the

conditional mean independence of νij . Also, by repeating the similar calculation

as Var[∥D2
p1,1∥] (by replacing ν2ij by λijνij), we have

Var[∥D6
p1,1∥] = O

(
1

N

)
+O

(
h2n
n

)
= o(1).

This shows that D̃1,6 →p 0 as n→ ∞.
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C.1.4 Sub-Step 2: Dp1,2 →p 0

As before, we can decompose Dp1,2 into Di
p1,2 for i = 1, ..., 6. Unlike in Dp1,1,

we can no longer have the moments scaled by hαn because the middle values

c∗ij,n are in the kernels. Thus, by the previous calculation for Dp1,1, the Di
p1,2

that involves ν2ij ,λ
2
ij , or λijνij will have the slowest convergence rate. So, it

suffices to show that those terms converge to 0 in probability.

Pick up such Di
p1,2 with ν2ij , which is D1

p1,2 and given by

D1
p1,2 =

2

Nh2n

∑
i<j

dij∆Wij∆W
′
ij∆R

′
ijν

2
ijk(c

∗
ij,n/hn)K(c∗ij,n)(γ̂n − γ)

Observe that, for some constant C > 0

∥D1
p1,2∥ ≤ C

N

∑
i<j

∥∆Wij∥2∥∆Rij∥ν2ij ×
∥γ̂n − γ∥

h2n

The sum part is Op(1) because

E[∥∆W12∥2∥∆R12∥ν212] <∞,

by Assumption 3.7, and

Var

 1

N

∑
i<j

∥∆Wij∥2∥∆Rij∥ν2ij


≤ E[∥∆W12∥4∥∆R12∥2ν412]

N

+
2(n− 2)

N
E[∥∆W12∥2∥∆W13∥2∥∆R12∥∥∆R13∥ν212ν213]

= o(1),
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as these moments are bounded by Assumption 3.7. The term involving γ̂n is

op(1) because

∥γ̂n − γ∥
h2n

=

√
Nhn∥γ̂n − γ∥√

Nh5n
= op(1),

by Assumption 3.10 and Nh5n = Nh2k+3
n × h−2k+2

n diverges for k ≥ 2. Hence,

∥D1
p1,2∥ = Op(1)× op(1) = op(1).

This shows that D1
p1,2 →p 0 as n→ ∞. Thus, by the above argument, it follows

that Dp1,2 →p 0 as n→ ∞.

These two sub-steps conclude that

Σ̂Wν,2 →p ΣWν,2,

as n→ ∞. This finishes Step 1.

C.1.4.1 Step 2: Σ̂Wν,1 →p ΣWν,1

Define

Sij ≡ 2dijKhn(∆R
′
ijγ)∆Wij∆ϵ̂ij ,

and let Σ̃Wν,1 be Σ̂Wν,1 with Ŝij replaced by Sij . First, we use the following

result:

Lemma C.7. Suppose that Assumptions 3.1-3.10 hold. If hn = hN−1/(2k+3)
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for some h > 0, we have

Σ̃Wν,1 →p ΣWν,1,

as n→ ∞.

Then, it is enough to show that Σ̂Wν,1 is well approximated by Σ̃Wν,1:

Lemma C.8. Suppose that Assumptions 3.1-3.10 hold. If hn = hN−1/(2k+3)

for some h > 0, we have

∥Σ̂Wν,1 − Σ̃Wν,1∥ = op(1).

Lemmas C.7 and C.8 imply that

∥Σ̂Wν,1 − ΣWν,1∥ ≤ ∥Σ̂Wν,1 − Σ̃Wν,1∥+ ∥Σ̃Wν,1 − ΣWν,1∥ = op(1),

which shows the consistency of Σ̂Wν,1 for ΣWν,1. This finishes Step 2.
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C.1.4.2 Step 3: c′WΣWν,1cW = 0 case

Observe that, by some algebra,

nhnc
′Ŝ−1

WW Σ̂Wν,1Ŝ
−1
WW c

= nhnc
′(Ŝ−1

WW − Σ−1
WW )Σ̂Wν,1(Ŝ

−1
WW − Σ−1

WW )c

+ nhnc
′Σ−1

WW Σ̂Wν,1(Ŝ
−1
WW − Σ−1

WW )c+ nhnc
′(Ŝ−1

WW − Σ−1
WW )Σ̂Wν,1Σ

−1
WW c

+ nhnc
′Σ−1

WW Σ̂Wν,1Σ
−1
WW c.

We show the negligibility of the first line in the right hand side of this

decomposition. By the proof of Lemma C.1, we have that

Ŝ−1
WW − Σ−1

WW = op(n
−α/2)

for any α ∈ (0, 1). Thus,

nhnc
′(Ŝ−1

WW − Σ−1
WW )Σ̂Wν,1(Ŝ

−1
WW − Σ−1

WW )

= n1−αhnop(1)Σ̂Wν,1op(1)

= op(1),

for α ∈ [(2k + 1)/(2k + 3), 1) as n1−αhn = n(2k+1−α(2k+3))/(2k+3) = o(1) and

Σ̂Wν,1 = Op(1) by the above Step 2.

The remaining terms are shown to be negligible by applying the following

lemmas:

Lemma C.9. Suppose that Assumptions 3.1-3.10 hold. If c′WΣWν,1cW = 0
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and hn = hN−1/(2k+3) for some h ∈ (0,∞), we have

n1−α/2hnΣ̂Wν,1cW →p 0,

n1−α/2hnc
′
W Σ̂Wν,1 →p 0,

as n→ ∞ for α ∈ [6/(2k + 3), 1).

Lemma C.10. Suppose that Assumptions 3.1-3.10 hold. If c′WΣWν,1cW = 0

and hn = hN−1/(2k+3) for some h ∈ (0,∞), we have

nhnc
′
W Σ̂Wν,1cW →p 0,

as n→ ∞.

Then, by Lemmas C.9 and C.10, the last two lines are shown to be

nhnc
′Σ−1

WW Σ̂Wν,1(Ŝ
−1
WW − Σ−1

WW )c+ nhnc
′(Ŝ−1

WW − Σ−1
WW )Σ̂Wν,1Σ

−1
WW c

+ 3nhnc
′Σ−1

WW Σ̂Wν,1Σ
−1
WW c

= n1−α/2hnc
′Σ−1

WW Σ̂Wν,1op(1) + c′op(1)n
1−α/2hnΣ̂Wν,1Σ

−1
WW c+ op(1)

= op(1).

Hence,

nhnc
′Ŝ−1

WW Σ̂Wν,1ŜWW c = op(1).

Steps 1-3 finish the proof of Proposition 3.1.
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C.1.5 Proof of Proposition 3.2

Proof. Since

h
−(k+1)
n,δ (β̂n,δ − β̂n) = h

−(k+1)
n,δ (β̂n,δ − β)− h

−(k+1)
n,δ (β̂n − β),

where the first term on the right hand side converges to Σ−1
WWΣWλ by Theorem

3.1 as Nh2k+3
n,δ → ∞, it suffices to show that

h
−(k+1)
n,δ (β̂n − β) = op(1).

Take an arbitrary non-zero vector c ∈ Rqw . Since β̂n is calculated based on

hn = hN−1/(2k+3) such that Nh2k+3
n → h, by Theorem 3.1,

h
−(k+1)
n,δ c′(β̂n − β) =

1√
nh

2(k+1)
n,δ

×
√
nc′(β̂n − β)︸ ︷︷ ︸

=Op(1)

= op(1)

since

nh
2(k+1)
n,δ ≈ n× n−4δ(k+1)/(2k+3) = n

2k+3−4δ(k+1)
2k+3

diverges for δ ∈ (0, 2k+3
4k+4), which is assumed by the hypothesis. Since c is

arbitrary, h−(k+1)
n,δ (β̂n − β) = op(1), which completes the proof.
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C.2 Proofs of Lemmas

C.2.1 Proof of Lemma C.1

Proof. Write each summand of SWW as SWW,ij . Since it suffices to show the

element-wise convergence of SWW to ΣWW , we use a unit vector e ∈ Rqw with

the arbitrary element being 1 and 0 elsewhere. Observe that

E[e′SWW e] = E[e′SWW,ije]

=
1

hn

∫
E[d12e′∆W12∆W

′
12e|∆R′

12γ = r]K(r/hn)fRγ(r)dr

=

∫
E[d12e′∆W12∆W

′
12e|∆R′

12γ = rhn]K(r)fRγ(rhn)dr

= e′ΣWW e+ op(1),

where the last line holds from the dominated convergence theorem under

Assumptions 3.4, 3.6 and 3.8. Since SWW,ij and SWW,kl are independent if

i ̸= k, l and j ̸= k, l by Assumption 3.1, observe that

Var(e′SWW e) =
Var(SWW,12)

N
+

2(n− 2)

N
Cov(e′SWW,12e, e

′SWW,13e).

For the variance, we have

Var(SWW,12) ≤ E[(e′SWW,12e)
2]

≤ 1

h2n

∫
E[∥∆W12∥4|∆R′

12γ = r]K2(r/hn)fRγ(r)dr

=
1

hn

∫
E[∥∆W12∥4|∆R′

12γ = rhn]K
2(r)fRγ(rhn)dr

= O

(
1

hn

)
,
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where the last line holds from Assumptions 3.4, 3.6 and 3.8. For the covariance,

by the conditional independence of ∆W12 and ∆W13, we have

Cov(e′SWW,12e, e
′SWW,13e)

≤ E[|e′SWW,12e× e′SWW,13e|]

≤ 1

h2n

∫
E[∥∆W ′

12∥2∥∆W13∥2|∆R′
12γ = r1,∆R

′
13γ = r2]

× |K(r1/hn)||K(r2/hn)|fRγ,2(r1, r2)dr1dr2

=

∫
E[∥∆W ′

12∥2∥∆W13∥2|∆R′
12γ = hnr1,∆R

′
13γ = hnr2]

× |K(r1)||K(r2)|fRγ,2(hnr1, hnr2)dr1dr2

= O(1),

where the last line holds from Assumptions 3.4, 3.6 and 3.8. Thus,

Var(e′SWW e) = O

(
1

Nhn

)
+O

(
1

n

)
= o(1).

By Chebychev’s inequality, e′SWW e →p e′ΣWW e as n → ∞. Since e is

arbitrary, this completes the proof.

C.2.2 Proof of Lemma C.2

Proof. Write each summand of SWλ as SWλ,ij . We use a unit vector e ∈ Rqw

with an arbitrary element being 1 and 0 elsewhere. Observe that, for large
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enough n,

E[e′SWλ] = E[e′SWλ,ij ]

=
1

hn

∫
E[d12e′∆W12λ12|∆R′

12γ = r]K(r/hn)fRγ(r)dr

= hn

∫
e′g(rhn)rK(r)dr

=
hk+1
n

k!

∫ (
e′
∂kg(rhn)

∂rk
+ o(1)

)
rk+1K(r)dr

= hk+1
n e′ΣWλ + o(hk+1

n ),

where the second line holds from λ12 = Λ12 × ∆R′
12γ, the third line holds

from Assumption 3.8 eliminating
∫
siK(s) for i = 1, ..., k, and the last line

holds from the dominated convergence theorem under Assumptions 3.6 and

3.8. Observe that

Var[e′SWλ] =
Var[e′SWλ,12]

N
+

2(n− 2)

N
Cov[e′SWλ,12, e

′SWλ,13].

For the variance, we have

Var[e′SWλ,12] ≤ E[(e′SWλ,12)
2]

≤ 1

h2n

∫
E[∥∆W12∥2λ212|∆R′

12γ = r]K2(r/hn)fRγ(r)dr

= hn

∫
E[∥∆W12∥2Λ2

12|∆R′
12γ = rhn]r

2K2(r)fRγ(rhn)dr

= O(hn),
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where the last line holds from Cauchy-Schwartz and Assumptions 3.4, 3.6, and

3.8. For the covariance, we have

Cov[e′SWλ,12, e
′SWλ,13]

≤ E[e′SWλ,12 × e′SWλ,13]

=
1

h2n
E
[ ∫

E[d12e′∆W12Λ12|∆R′
12γ = r1, ξ1, U1]

× E[d13e′∆W13Λ13|∆R′
13γ = r1, ξ1, U1]

× r1r2K(r1/hn)K(r2/hn)fRγ,ξ1,U1(r1)fRγ,ξ1,U1(r2)dr1dr2

]
≤ h2nE

[ ∫
E[∥∆W12∥|Λ12||∆R′

12γ = r1hn, ξ1, U1]

× E[∥∆W13∥|Λ13||∆R′
13γ = r2hn, ξ1, U1]

× r1r2K(r1)K(r2)fRγ,ξ1,U1(r1hn)fRγ,ξ1,U1(r2hn)dr1dr2

]
= O(h2n),

where the last line holds from Cauchy-Schwartz and Assumptions 3.4, 3.6, and

3.8. Thus,

Var[e′SWλ] = O

(
hn
N

)
+O

(
h2n
n

)
= O

(
h2n
n

)
,

since O(hn/N) = O(h2n/n)×O(1/(nhn)) = o(h2n/n) under Assumption 3.9.

If Nh2k+3
n → h for some 0 < h <∞, note that

√
NhnE[e′SWλ] =

√
Nh2k+3

n e′ΣWλ + o(

√
Nh2k+3

n ) →
√
hΣWλ,
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as n→ ∞. Also,

Var[
√
Nhne

′SWλ] = O

(
Nh3n
n

)
= O(nhn)×O(h2n) = o(1),

by Assumption 3.9. Thus, by Chebyshev’s inequality, we have

√
Nhne

′SWλ →p

√
he′ΣWλ,

as n→ ∞.

If Nh2k+3
n → ∞, note that

h−(k+1)
n E[e′SWλ] = e′ΣWλ + o(1) → e′ΣWλ,

as n→ ∞. Also,

Var[h−(k+1)
n e′SWλ] = O

(
h2n

nh2k+2
n

)
= o(1),

as nh2kn → ∞ by the hypothesis. Thus, by Chebyshev’s inequality, we have

h−(k+1)
n e′SWλ →p e

′ΣWλ,

as n→ ∞. Since e is arbitrary, this completes the proof.

C.2.3 Proof of Lemma C.3

Proof. The proof is done in the following steps:
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C.2.3.1 Step 0: Decomposition

Observe that

c′S−1
WWSWν = c′(S−1

WW − Σ−1
WW )SWν + c′Σ−1

WWSWν

In Steps 1-2, we verify the asymptotic normality of SWν , with the worst-case

convergence rate being
√
n. Given that result, the first term on the right-hand

side is shown to be negligible even when normalized by
√
Nhn:

√
Nhnc

′(S−1
WW − Σ−1

WW )SWν =
√
Nhnop(n

−α/2)Op(1/
√
n)

=
√
n1−αhnop(1) = op(1)

because by Lemma C.1, S−1
WW − Σ−1

WW = op(n
−α/2) for any α ∈ (0, 1) and

n1−αhn = o(1) for sufficiently large α under the hypothesis. Thus,

c′S−1
WWSWν = c′Σ−1

WWSWν + op(1/
√
Nhn),

and it suffices to establish the asymptotic normality of SWν . Write c = cW for

short. Observe that, since E[SWν ] = 0 by the definition of νij , c′SWν can be

decomposed as

c′SWν =
1

n

n∑
i=1

Li,Wν︸ ︷︷ ︸
LWν

+
1

N

∑
i<j

Pij,Wν︸ ︷︷ ︸
PWν

+
1

N

∑
i<j

Qij,Wν︸ ︷︷ ︸
QWν
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where

Li,Wν ≡ 2E[dijc′∆WijνijKhn(∆R
′
ijγ)|ξi, Ui]

Pij,Wν = E[dijc′∆WijνijKhn(∆R
′
ijγ)|ξi, Ui, ξj , Uj ]

− E[dijc′∆WijνijKhn(∆R
′
ijγ)|ξi, Ui]

− E[dij∆WijνijKhn(∆R
′
ijγ)|ξj , Uj ]

Qij,Wν = dijc
′∆WijνijKhn(∆R

′
ijγ)

− E[dijc′∆WijνijKhn(∆R
′
ijγ)|ξi, Ui, ξj , Uj ].

By design, we have that Cov[Li,Wν , Lj,Wν ] = Cov[Li,Wν , Pkl,Wν ] = Cov[Li,Wν

, Qkl,Wν ] = 0, Cov[Pij,Wν , Pkl,Wν ] = Cov[Pij,Wν , Qkl,Wν ] = 0, and Cov[Qij,Wν

, Qkl,Wν ] = 0 for any i ≠ j, k ̸= l, and ij ≠ kl. We show the asymptotic

normality of c′SWν in the following.

C.2.3.2 Step 1: Asymptotic Normality of LWν

Define VL by

VL =
√
nLWν =

∑
i=1

Li,Wν√
n︸ ︷︷ ︸

Vi,L
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Note that E[Vi,Wν ] = 0 by the mean independence of νij . Observe that

Var[VL] = Var[Li,Wν ]

= 4E
[
E[d12c′∆W12ν12Khn(∆R

′
12γ)|ξ1, U1]

2
]

= 4E[d12d13c′∆W12c
′∆W13ν12ν13Khn(∆R

′
12γ)Khn(∆R

′
13γ)]

=
4

h2n

∫
E[d12d13c′∆W12c

′∆W13ν12ν13|∆R′
12γ = r1,∆R

′
13γ = r2]

×K(r1/hn)K(r2/hn)fRγ,2(r1, r2)dr1dr2

=

∫
E[d12d13c′∆W12c

′∆W13ν12ν13|∆R′
12γ = r1hn,∆R

′
13γ = r2hn]

×K(r1)K(r2)fRγ,2(r1hn, r2hn)dr1dr2 × 4

= c′ΣWν,1c+ op(1),

where the last line holds from the dominated convergence theorem under

Assumptions 3.4, 3.6, and 3.8. Furthermore, note that

E[d12c′∆W12ν12Khn(∆R
′
12γ)|ξ1, U1]

=
1

hn

∫
E[d12c′∆W12ν12|∆R′

12γ = r, ξ1, U1]K(r/hn)fRγ|ξ1,U1
(r)dr

=

∫
E[d12c′∆W12ν12|∆R′

12γ = r, ξ1, U1]K(r/hn)fRγ|ξ1,U1
(r)dr

= O(1),

almost surely for sufficiently large n by Assumptions 3.4, 3.6, and 3.8. Thus,

we have

n∑
i=1

E[|Vi,L|3] = n×O

(
1

n
√
n

)
= o(1).
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If ΣWν,1 is positive definite, we have c′ΣWν,1c > 0. Thus, by Lyapunov

CLT, we have

VL/
√
Var[VL] →d N (0, 1),

as n→ ∞. Thus, VL =
√
nLWν →d N (0, c′ΣWν,1c) as n→ ∞.

If c′ΣWν,1c = 0, observe that, for some constant C > 0

Var[Li,Wν ]

= 4E
[(∫

h−1
n E[d12c′∆W12ν12|∆R′

12γ = r, ξ1, U1]

×K(r/hn)fRγ|ξ1,U1
(r)dr

)2]
= 4E

[(∫
gξ1,U1(rhn)K(r)dr

)2
]

≤ 4E
[(
gξ1,U1(0) + Chk+1

n

)2]
= O(h2(k+1)

n ),

where the first inequality holds from the Taylor expansion of gξ1,U1(rhn) and
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K eliminating
∫
riK(r)dr = 0 for i = 1, ..., k, and the last line holds since

E
[
(gξ1,U1(0))

2
]

= E
[(
E[d12c′∆W12ν12fRγ|ξ1,U1

(0)|∆R′
12γ = 0, ξ1, U1]

)2]
= E

[
E[d12d13c′∆W12c

′∆W13ν12ν13

× fRγ,2(0, 0)|∆R′
12γ = ∆R′

13γ = 0, ξ1, U1]

]
= fRγ,2(0, 0)E[d12d13c′∆W12c

′∆W13ν12ν13|∆R′
12γ = ∆R′

13γ = 0]

= c′ΣWν,1c/4 = 0,

and E[gξ1,U1 ] = 0 by the conditional mean independence of ν12. Thus,

Var[
√
NhnLWν ] = nhn ×O(h2(k+1)

n ) = o(1),

since nh2k+3
n ≈ Nh2k+3

n /n → 0 by the hypothesis. Hence, by Chebyshev’s

inequality,

√
NhnLWν →p 0,

as n→ ∞ when ΣWν,1 = 0.

C.2.3.3 Step 2: Asymptotic Normality of PWν

Notice that Pij,Wν is a degenerate U-statistic of order 2. We use the CLT for

degenrate U-statistics by Hall (1984). Note that Pij,Wν is symmetric in i and j,

E[P 2
ij,Wν ] <∞ by Assumption 3.6, and E[Pij,Wν |ξi, Ui] = E[Pij,Wν |ξj , Uj ] = 0
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by the definition of Pij,Wν . Also, we can verify that

E
[
(E [P12,Wν × P13,Wν |ξ2, U2, ξ3, U3])

2
]
/
[
E[P 2

12,Wν ]
]2 → 0

1

n
× E

[
P 4
12,Wν

]
/
[
E[P 2

12,Wν ]
]2 → 0.

To see this, first note that,

E
[
(E [P12,Wν × P13,Wν |ξ2, U2, ξ3, U3])

2
]

= E
[(

E
[
E[d12ν12|ξ1, U1, ξ2, U2]E[d13ν13|ξ1, U1, ξ3, U3]

× c′∆W12c
′∆W13ν12ν13Khn(∆R

′
12γ)Khn(∆R

′
13γ)|ξ2, U2, ξ3, U3]

])2]
+O(1)

= E
[(
h−2
n

∫
E[E[d12ν12|ξ1, U1, ξ2, U2]E[d13ν13|ξ1, U1, ξ3, U3]

× c′∆W12c
′∆W13ν12ν13|∆R′

12γ = r1,∆R
′
13γ = r2, ξ2, U2, ξ3, U3]

×K(r1/hn)K(r2/hn)fRγ,2|ξ2,U2,ξ3,U3
(r1, r2)dr1dr2

)2]
+O(1)

= E
[( ∫

E[E[d12ν12|ξ1, U1, ξ2, U2]E[d13ν13|ξ1, U1, ξ3, U3]

× c′∆W12c
′∆W13ν12ν13|∆R′

12γ = hnr1,∆R
′
13γ = hnr2, ξ2, U2, ξ3, U3]

×K(r1)K(r2)fRγ,2|ξ2,U2,ξ3,U3
(hnr1, hnr2)dr1dr2

)2]
+O(1)

= O(1),
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where the first equality holds from the calculation in Step 1, and the last line

holds from Assumptions 3.4, 3.6, and 3.8. Next, note that

E[P 2
12,Wν ] ≤E[(d12c′∆W12ν12Khn(∆R

′
12γ))

2]

= h−2
n

∫
E[d12(c′∆W12)

2ν212|∆R′
12γ = r]K2(r/hn)fRγ(r)dr

= h−1
n

∫
E[d12(c′∆W12)

2ν212|∆R′
12γ = hnr]K

2(r)fRγ(hnr)dr

= O(h−1
n ),

where the last line holds from Assumptions 3.4, 3.6, and 3.8. Similarly, we can

verify that E[P 4
12,Wν ] = O(h−3

n ). Thus, we have

E
[
(E [P12,Wν × P13,Wν |ξ2, U2, ξ3, U3])

2
]
/
[
E[P 2

12,Wν ]
]2

= O(1)/O(h−1
n ) = O(hn) → 0,

1

n
× E

[
P 4
12,Wν

]
/
[
E[P 2

12,Wν ]
]2

= O(h−3
n n−1)/O(hn) = O(n−1h−2

n ) → 0,

by the hypothesis on the bandwidth.

Thus, we can apply Theorem 1 in Hall (1984) to have

√
NhnPWν →d N (0, c′ΣP c),

as n→ ∞, where

ΣP = lim
n→∞

hnE[P 2
12,Wν ].
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To complete the characterization of ΣP , from Step 1, we have

(Nhn)
−1E[P 2

12,Wν ]

= hnE
[(
E
[
d12c

′∆W12ν12Khn(∆R
′
12γ)|ξ1, U1, ξ2, U2

])2]
+ o(1)

so that

ΣP = lim
n→∞

hnE
[(
E
[
d12c

′∆W12ν12Khn(∆R
′
12γ)|ξ1, U1, ξ2, U2

])2]
.

C.2.3.4 Step 3: Asymptotic Normality of QWν

We use the CLT for martingale differences (Theorem 5.24 and Corollary 5.26

in White (2001)). Define Vn,t(1 ≤ t ≤ N), a triangular array, as

Vn,1 =
1

N
Q12,Wν ,

Vn,2 =
1

N
Q13,Wν ,

...

Vn,n−1 =
1

N
Q1n,Wν ,

...

Vn,N =
1

N
Qn−1n,Wν .

Notice that Qij,Wν is independent of Qkm,Wν if i ̸= k,m and j ≠ k,m. Also,

Qij,Wν is conditionally independent of Qkm,Wν even if i = k or m, or j = k or

m; Note that (ϵijt, ηijt)t=1,2 and (ϵimt, ηimt)t=1,2 are conditionally independent

given ξi, Ui by Assumption 3.1. Since (ξi, Ui), i = 1, ...n is i.i.d., this implies
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that, for 1 < t ≤ N such that ij corresponds to t,

E[Vn,t|{Vn,s; s < t}] = E [E[Vn,t|{Vn,s; s < t}, {ξi, Ui}ni=1|]{Vn,s; s < t}]

= E [E[Vn,t|ξi, Ui, ξj , Uj ]|{Vn,s; s < t}]

= 0,

as E[Vn,t|ξi, Ui, ξj , Uj ] = E[Qij,Wν |ξi, Ui, ξj , Uj ] = 0 by construction. Thus,

letting Ft ≡ σ(Vs|1 ≤ s ≤ t) be a sigma algebra generated by V1, ..., Vt−1 (F1

is set to be a trivial σ-algebra) and F ≡ (Ft)1≤t≤N be a filtration, we have

E[Vn,t|Ft−1] = 0

for 1 ≤ t ≤ N . Also, for each t, for some constant C > 0,

E[|Vn,t|] ≤
3

N
E[|∆W12∥|ν12||Khn(∆R

′
12γ)|]

≤ C

Nhn
E[∥∆W12∥2]1/2E[ν212]1/2 <∞,

by Assumptions 3.7 and 3.8. This shows that {Vn,t} is a martingale difference

sequence.

Let Vn =
∑N

t=1 Vn,t. Define the variance of this sequence by

v2n = Var

[
N∑
t=1

Vn,t

]
= N Var[Vn,1] =

1

N
E[Q2

12,Wν ].
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We can calculate that

E[Q2
12,Wν ] = E

[
d12(c

′∆W12)
2ν212K

2(∆R′
12γ)

]
− E

[
E[d12c′∆W12ν12Khn(∆R

′
12γ)|ξ1, U1, ξ2, U2]

2
]
.

Observe that

E
[
d12(c

′∆W12)
2ν212K

2(∆R′
12γ)

]
=

1

h2n

∫
E[d12(c′∆W12)

2ν212|∆R′
12γ = r]K(r/hn)fRγ(r)dr

=
1

hn

∫
E[d12(c′∆W12)

2ν212|∆R′
12γ = rhn]K(r)fRγ(rhn)dr

=
1

hn
c′ΣWν,2c+ o

(
1

hn

)
,

where the last line holds from the dominated convergence theorem under

Assumptions 3.4, 3.6, and 3.8. Then,

E[Q2
12,Wν ] =

1

hn
c′ΣWν,2c−

1

hn
c′ΣP c+ o

(
1

hn

)
.

Hence, we have

v2n =
1

Nhn
c′ΣWν,2c−

1

Nhn
c′ΣP c+ o

(
1

Nhn

)
.

The CLT for martingale differences holds if we can show the following two

conditions:

N∑
t=1

E

[(
Vn,t
vn

)2+δ
]
→ 0 (Lyapunov),
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for some δ > 0 as n→ ∞ and

N∑
t=1

(
Vn,t
vn

)2

→p 1 (Stability),

as n → ∞. If these conditions are met, we can apply Theorem 5.24 and

Corollary 5.26 in White (2001) to show that

Vn
vn

→d N (0, 1),

as n→ ∞. Since
√
Nhnvn →

√
c′(ΣWν,2 − ΣP )c, by Slutsky’s lemma,

√
NhnVn →d N (0, c′(ΣWν,2 − ΣP )c),

which is equivalent to

√
NhnQWν →d N (0, c′(ΣWν,2 − ΣP )c),

as n→ ∞.

For Lyapunov’s condition, observe that for some constant C > 0,

E
[
|Vn,1|3

]
≤ C

(Nhn)3

∫
E[∥∆W12∥3|ν12|3|∆R′

12γ = r]|K(r/hn)|3fRγ(r)dr

=
Chn

(Nhn)3

∫
E[∥∆W12∥3|ν12|3|∆R′

12γ = rhn]|K(r)|3fRγ(rhn)dr

= O

(
1

N3h2n

)
,

where the first inequality follows from Jensen’s inequality, the last line fol-

lows from Cauchy-Schwartz and Assumptions 3.4, 3.6, and 3.8. Since vn =
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O(1/
√
Nhn), we have

N∑
t=1

E

[∣∣∣∣Vn,tvn

∣∣∣∣3
]
= NO

(√
Nhn
N3h2n

)
= O

(
1

(Nhn)3/2

)
= o(1)

by Assumption 3.9. Thus Lyapunov’s condition holds.

For the stability condition, we can alternatively show that

1

v2n

N∑
t=1

(
V 2
n,t − E[V 2

n,t]
)
→p 0,

as n→ ∞. Note that

1

v2n

N∑
t=1

(
V 2
n,t − E[V 2

n,t]
)
=

1

Nv2n

 1

N

∑
i<j

Q2
ij,Wν − E[Q2

12,Wν ]

 .

Since Nv2n = O(1/hn), we need to show that the remaining term is op(1/hn).

Since Qij,Wν is independent fron Qkm,Wν if there is no common node,

E

 1

N

∑
i<j

Q2
ij,Wν − E[Q2

12,Wν ]

2
=

Var[Q2
12,Wν ]

N
+

2(n− 2)

N
Cov[Q2

12,Wν , Q
2
13,Wν ]

≤
E[Q4

12,Wν ]

N
+

2(n− 2)

N
E[Q2

12,Wν ×Q2
13,Wν ].

The first term in the far right-hand side is bounded as follows: For some
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constant C > 0,

E[Q4
12,Wν ]

N
≤ C

Nh4n

∫
E[∥∆W12∥4ν412|∆R′

12γ = r]K4(r)fRγ(r)dr

=
C

Nh3n

∫
E[∥∆W12∥4ν412|∆R′

12γ = rhn]K
4(r)fRγ(rhn)dr

= O

(
1

Nh3n

)
,

where the first inequality follows from Jensen’s inequality, and the last line

follows from Cauchy-Schwartz and Assumptions 3.4, 3.6, and 3.8. The second

term on the far right-hand side is bounded as follows: For some constant C > 0,

2(n− 2)

N
E[Q2

12,Wν ×Q2
13,Wν ]

≤ C(n− 2)

Nh4n
E
[ ∫

E[∥∆W12∥2ν212|∆R′
12γ = r1, ξ1, U1]

× E[∥∆W13∥2ν213|∆R′
13γ = r2, ξ1, U1]

×K2(r1/hn)K
2(r2/hn)fRγ|ξ1,U1

(r1)fRγ|ξ1,U1
(r2)dr1dr2

]
=
C(n− 2)

Nh2n
E
[ ∫

E[∥∆W12∥2ν212|∆R′
12γ = r1hn, ξ1, U1]

× E[∥∆W13∥2ν213|∆R′
13γ = r2hn, ξ1, U1]

×K2(r1)K
2(r2)fRγ|ξ1,U1

(r1hn)fRγ|ξ1,U1
(r2hn)dr1dr2

]
= O

(
1

nh2n

)

Thus,

hnE

 1

N

∑
i<j

Q2
ij,Wν − E[Q2

12,Wν ]

2 = O

(
1

Nh2n

)
+O

(
1

nhn

)
= o(1),
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and by Markov’s inequality,

√
hn

 1

N

∑
i<j

Q2
ij,Wν − E[Q2

12,Wν ]

 = op(1).

Then,

1

v2n

N∑
t=1

(
V 2
n,t − E[V 2

n,t]
)
= O(hn)× op

(
1√
hn

)
= op(

√
hn) = op(1),

which shows the stability condition.

C.2.3.5 Step 3: Conclusion

By Steps 0-3, we have established that if c′WΣWν,1cW > 0,

√
nc′S−1

WWSWν

=
√
nLWν︸ ︷︷ ︸

→dN (0,c′WΣWν,1cW )

+

√
n√

Nhn︸ ︷︷ ︸
→0

×
√
Nhn(PWν +QWν)︸ ︷︷ ︸
→dN (0,c′WΣWν,2cW )

+op(
√
n/
√
Nhn)

→d N (0, c′WΣWν,1cW ),

as n→ ∞ by Assumption 3.9, and if c′WΣWν,1cW = 0,

√
Nhnc

′S−1
WWSWν

=
√
NhnLWν︸ ︷︷ ︸
→p0

+
√
Nhn(PWν +QWν)︸ ︷︷ ︸
→dN (0,c′WΣWν,2cW )

+op(1)

→d N (0, c′WΣWν,2cW ),

as n→ ∞. This completes the proof.
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C.2.4 Proof of Lemma C.4

Proof. By expanding K(∆R′
ij γ̂n/hn) around ∆R′

ijγ, we have

ŜWW = SWW +
1

Nh2n

∑
i<j

dij∆Wij∆W
′
ij∆R

′
ij(γ̂n − γ)k(c∗ij,n)

where c∗ij,n is in between ∆R′
ijγ and ∆R′

ij γ̂n and k is the first derivative of K.

Thus, for some constant C > 0,

∥ŜWW − SWW ∥ ≤ C

N

∑
i<j

∥∆Wij∥2∥∆Rij∥︸ ︷︷ ︸
D4,1

×h−2
n ∥γ̂n − γ∥

Notice that ∥∆Wij∥ = ∥w(Xi1, Xj1) − w(Xi2, Xj2)∥, ∥Rij∥ = ∥r(Zi1, Zj1 −

r(Zi2, Zj2)∥ are symmetric in i and j by the symmetry of w, r, and ∥ · ∥ so

that D4,1 is a second-order U-statistics. Also,

E[∥∆W12∥2∥∆Rij∥] <∞.

by Cauchy-Schwartz with Assumption 3.7. Thus, we can apply the law of large

numbers for U-statistics (Hoeffding, 1961):

D4,1 = Op(1).
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By the hypothesis and Assumption 3.10,

h−2
n ∥γ̂n − γ∥ =

∥
√
Nhn(γ̂n − γ)∥√

Nh5n

=
∥
√
Nhn(γ̂n − γ)∥√
Nh2k+3

n

×
√
h2k−2
n

= op(1),

as
√
Nh2k+3

n is either diverging or O(1),
√
h2k−2 = o(1) for k ≥ 2. Thus,

∥ŜWW − SWW ∥ = Op(1)× op(1) = op(1).

This shows that ŜWW = SWW + op(1).

C.2.5 Proof of Lemma C.5

Proof. Expanding K(∆R′
ij γ̂n/hn) around ∆R′

ijγ, for some constant C > 0, we

have

√
Nhn∥ŜWλ − SWλ∥

≤ 1

Nh2n

∑
i<j

∥∆Wij∥∥∆Rij∥|λij ||k(∆R′
ijγ/hn)|︸ ︷︷ ︸

D5,1

×
√
Nhn∥γ̂n − γ∥

+
1

Nh2n

∑
i<j

∥∆Wij∥∥∆Rij∥2|λij ||k(∆R′
ijγ/hn)|︸ ︷︷ ︸

D5,2

×
√
Nhn∥γ̂n − γ∥

2hn

+ C
1

N

∑
i<j

∥∆Wij∥∥∆Rij∥3|λij |︸ ︷︷ ︸
D5,3

×
√
Nhn∥γ̂n − γ∥3

6h4n
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We follow the following steps to bound the right hand side.

C.2.5.1 Step 1 D5,1 and D5,2

Observe that

E[D5,1] =
1

h2n

∫
E[∥∆W12∥∥∆R12∥|Λ12||∆R′

12γ = r]|r||k(r/hn)|fRγ(r)dr

=

∫
E[∥∆W12∥∥∆R12∥|Λ12||∆R′

12γ = rhn]|r||k(r)|fRγ(rhn)dr

= O(1),

where the last line holds from Assumptions 3.4, 3.6 and 3.8. Also, writing each

summand of D5,1 by D5,1,ij , we have

Var[D5,1] =
1

Nh4n
Var[D5,1,12] +

2(n− 2)

Nh4n
Cov[D5,1,12, D5,1,13]

≤ 1

Nh4n
E[D2

5,1,12] +
2(n− 2)

Nh4n
E[D5,1,12 ×D5,1,13].

The first term on the far right side is O(1/(Nh2n)) because

E[D2
5,1,12] =

∫
E[∥∆W12∥2∥∆R12∥2Λ2

12|∆R′
12γ = r]r2k(r/hn)

2fRγ(r)dr

= h2n

∫
E[∥∆W12∥2∥∆R12∥2Λ2

12|∆R′
12γ = rhn]r

2k(r)2fRγ(rhn)dr

= O(h2n),
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where the last line holds from Assumptions 3.4, 3.6, and 3.8. The second term

on the far right side is O(1/n) because

E[D5,1,12 ×D5,1,13]

= E
[ ∫

E[∥∆W12∥∥∆R12∥|Λ12||∆R′
12γ = r1, ξ1, U1]

× E[∥∆W13∥∥∆R13∥|Λ13||∆R′
13γ = r2, ξ1, U1]

× |r1||r2||k(r1/hn)||k(r2/hn)|fRγ|ξ1,U1
(r1)fRγ|ξ1,U1

(r2)dr1dr2

]
= h4nE

[ ∫
E[∥∆W12∥∥∆R12∥|Λ12||∆R′

12γ = r1hn, ξ1, U1]

× E[∥∆W13∥∥∆R13∥|Λ13||∆R′
13γ = r2hn, ξ1, U1]

× |r1||r2||k(r1)||k(r2)|fRγ|ξ1,U1
(r1hn)fRγ|ξ1,U1

(r2hn)dr1dr2

]
= O(h4n),

where the last line holds from Assumptions 3.4, 3.6, and 3.8. Thus,

Var[D5,1] = O

(
1

Nh2n

)
+O

(
1

n

)
= o(1),

since Nh2n = Nh2k+3 × h1−2k
n diverges by the hypothesis. Thus,

D5,1 = Op(1).

By a similar calculation, we have

D5,2 = Op(1).
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C.2.5.2 Step 2: D5,3

First, observe that

E[D5,3] = E[∥∆W12∥∥∆R12∥4|Λ12|] <∞

by Hölder’s inequality with Assumption 3.7. Note that by construction, Λij

is written as a function of ξi and ξj with symmetry with respect to i and j,

which implies that D5,3 is a second-order U-statistics. Since each summand is

non-negative and has a finite mean, we can apply the law of large numbers for

U-statistics (Hoeffding, 1961) to show that

D5,3 = Op(1).

C.2.5.3 Step 3: Conclusion

Finally, by Assumption 3.10 and the hypothesis,

√
Nhn∥γ̂n − γ∥ = op(1),

√
Nhn∥γ̂n − γ∥2

2hn
=

∥
√
Nhn(γ̂n − γ)∥2

2
√
Nh3n

= op(1),

√
Nhn∥γ̂n − γ∥3

6h4n
=

∥
√
Nhn(γ̂n − γ)∥3

6Nh5n
= op(1).

Thus,

√
Nhn∥ŜWλ − SWλ∥ = op(1).
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This implies that

ŜWλ = SWλ + op

(
1√
Nhn

)
.

This completes the proof.

C.2.6 Proof of Lemma C.6

Proof. By expanding K(∆R′
ij γ̂n/hn) around ∆R′

ijγ, we have

√
Nhn(ŜWν − SWν)

=
1

Nh2n

∑
i<j

dij∆Wij∆R
′
ijνijk(∆R

′
ijγ/hn)︸ ︷︷ ︸

D6,1

√
Nhn(γ̂n − γ)

+ (γ̂n − γ)′
1

Nh2n

∑
i<j

dij∆Wij∆Rij∆R
′
ijνijk(∆R

′
ijγ/hn)︸ ︷︷ ︸

D6,2

√
Nhn

(γ̂n − γ)

hn

+

√
Nhn
Nh4n

∑
i<j

dij∆Wijνijk(c
∗
ij,n/hn)

(
∆R′

ij(γ̂n − γ)
)3

︸ ︷︷ ︸
D6,3

We bound each component by the following steps.

C.2.6.1 Step 1: D6,1 and D6,2

Note that E[D6,1] = E[D6,2] = 0 by the conditional mean independence of νij .

Write D6,1,ij as each summand of D6,1. Observe that, by the similar calculation
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as above,

Var[∥D6,1∥] ≤
1

Nh4n
E[∥D6,1,12∥2] +

2(n− 2)

Nh4n
E[∥D6,1,12∥ × ∥D6,1,13∥].

The first term on the right hand side is O(1/(Nh3n)) since

E[∥D6,1,12∥2] ≤
∫

E[∥∆W12∥2∥∆R12∥2ν212|∆R′
12γ = r]k(r/hn)

2fRγ(r)dr

= hn

∫
E[∥∆W12∥2∥∆R12∥2ν212|∆R′

12γ = rhn]k(r)
2fRγ(rhn)dr

= O(hn),

where the last line holds from Assumptions 3.4, 3.6, and 3.8. The second term

on the right hand side is O(1/(nh2n)) since

E[∥D6,1,12∥ × ∥D6,1,13∥]

≤ E
[ ∫

E[∥∆W12∥∥∆R12∥|ν|12|∆R′
12γ = r1, ξ1, U1]

× E[∥∆W13∥∥∆R13∥|ν|13|∆R′
13γ = r2, ξ1, U1]

× |k(r1/hn)||k(r2/hn)|fRγ|ξ1,U1
(r1)fRγ|ξ1,U1

(r2)dr1dr2

]
= h2nE

[ ∫
E[∥∆W12∥∥∆R12∥|ν|12|∆R′

12γ = r1hn, ξ1, U1]

× E[∥∆W13∥∥∆R13∥|ν|13|∆R′
13γ = r2hn, ξ1, U1]

× |k(r1)||k(r2)|fRγ|ξ1,U1
(r1hn)fRγ|ξ1,U1

(r2hn)dr1dr2

]
= O(h2n),
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where the last line holds from Assumptions 3.4, 3.6, and 3.8. Hence,

Var[∥D6,1∥] = O

(
1

Nh3n

)
+O

(
1

nh2n

)
= o(1),

since both Nh3n = Nh2k+3
n × h−2k

n and nh2n ≈
√
Nh4n =

√
Nh2k+3

n ×
√
h−2k+1
n

diverge under the hypothesis. This shows that

D6,1 = op(1).

A similar calculation shows that

D6,2 = op(1),

as well.

C.2.6.2 Step 2: D6,3

Observe that, for some constant C > 0

∥D6,3∥ ≤ C
1

N

∑
i<j

∥∆Wij∥∥∆Rij∥3|νij |︸ ︷︷ ︸
D6,4

×
√
Nhn∥γ̂n − γ∥3

Nh4n
.

Observe that

E[D6,4] = E[∥∆W12∥∥∆R12∥3|ν12|] <∞,
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by Cauchy-Schwartz with Assumption 3.6. Also, by writing each summand of

D6,4 as D6,4,ij , we have

Var[D6,4] ≤
E[D2

6,4,12]

N
+

2(n− 2)

N
E[D6,4,12 ×D6,4,13].

Since

E[D2
6,4,12] = E[∥∆W12∥2∥∆R12∥6ν212] <∞

E[D6,4,12 ×D6,4,13] = E[∥∆W12∥∥∆W13∥∥∆R12∥3∥∆R13∥3|ν12||ν13|] <∞

by Hölder’s inequality with Assumption 3.7,

Var[D6,4] = O

(
1

N

)
+O

(
1

n

)
= o(1).

This shows that

D6,4 = Op(1).

Hence, by the previous calculation for the term involving γ̂n − γ,

∥D6,3∥ = Op(1)× op(1) = op(1).

C.2.6.3 Step 3: Conclusion

By the above steps and the hypothesis on γ̂n − γ,

√
Nhn∥ŜWν − SWν∥ = op(1).
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This implies that

ŜWν = SWν + op

(
1√
Nhn

)
.

This completes the proof.

C.2.7 Proof of Lemma C.7

Proof. Define

Sij,1 ≡ 2dijKhn(∆R
′
ijγ)∆Wijνij ,

Sij,2 ≡ 2dijKhn(∆R
′
ijγ)∆Wijλij ,

Sij,3 ≡ 2dijKhn(∆R
′
ijγ)∆Wij∆W

′
ij(β − β̂n).

Since

∆ϵ̂ij = ∆W ′
ij(β − β̂n) + λij + νij ,

we have

Sij = Sij,1 + Sij,2 + Sij,3.
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Thus,

Σ̃Wν,1

=

(
n

3

)−1 ∑
i<j<k

1

3
(Sij,1S

′
ik,1 + Sij,1S

′
jk,1 + Sik,1Sjk,1)︸ ︷︷ ︸

D7,ijk︸ ︷︷ ︸
D7

+O7,

where O7 is the remainder term.

We first show that c′D7c→p c
′ΣWν,1c. Note that

E[c′D7c]

= E[c′S12,1S13,1c]

=
4

h2n

∫
E[d12d13c′∆W12∆W

′
13cν12ν13|∆R′

12γ = s1,∆R
′
13γ = s2]

×K(s1/hn)K(s2/hn)fRγ,2(s1, s2)ds1ds2

= 4

∫
E[d12d13c′∆W12∆W

′
13cν12ν13|∆R′

12γ = s1hn,∆R
′
13γ = s2hn]

×K(s1)K(s2)fRγ,2(s1hn, s2hn)ds1ds2

→ c′ΣWν,1c,

as n→ ∞ by the dominated convergence theorem under Assumptions 3.4, 3.6,

and 3.8. Define the third order U-statistics

Un,1 =

(
n

3

)−1 ∑
i<j<k

pn(ξi, ξj , ξk),
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where ξi = (ξi, Ui) and

pn(ξi, ξj , ξk) = E[c′D7,ijkc|ξi, ξj , ξk]

By the calculation of Graham et al. (2019) in Appendix B,

E[(c′D7c− Un,1)
2]

=

(
n

3

)−1

E
[
(c′D7,123c− E[c′D7,123c|ξ1, ξ2, ξ3])2

]
+

(
n

3

)−2

× 3

(
n

2

)(
n− 2

2

)
× E

[
c′D7,123c− E[c′D7,123c|ξ1, ξ2, ξ3]

]
× E

[
c′D7,124c− E[c′D7,124c|ξ1, ξ2, ξ4]

]
= O

(
E[(c′D7,123c)

2]

n3

)
.

Observe that

E[(c′D7,123c)
2]

=
1

9

(
3E[(c′S12,1c× c′S13,1c)

2] + 6E[(c′S12,1c)2 × c′S13,1c× c′S23,1c]
)

= O

(
1

h2n

)
,
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since for some positive constant C > 0,

E[(c′S12,1c× c′S13,1c)
2]

≤ C

h4n

∫
E[∥∆W12∥2∥∆W13∥2ν212ν213|∆R′

12γ = s1,∆R
′
13γ = s2]

×K2(s1/hn)K
2(s2/hn)fRγ,2(s1, s2)ds1ds2

=
C

hn

∫
E[∥∆W12∥2∥∆W13∥2ν212ν213|∆R′

12γ = s1hn,∆R
′
13γ = s2hn]

×K2(s1)K
2(s2)fRγ,2(s1hn, s2hn)ds1ds2

= O

(
1

h2n

)
,

as n→ ∞ with the last line coming from Assumption 3.4, 3.6, and 3.8, and,

E[(c′S12,1c)2 × c′S13,1c× c′S23,1c]

= E[(c′S12,1c)2 × E[c′S13,1c|ξ1, U1]× E[c′S23,1c|ξ2, U2]]

= E[E[(c′S12,1c)2 × c′S13,1c|ξ1, U1]× E[c′S23,1|ξ2, U2]]

= E[(c′S12,1c)2 × c′S13,1c]× E[c′S12,1c]

≤ O(1)× C

h3n

∫
E[∥∆W12∥2ν212|∆R′

12γ = s1, ξ1, U1]

× E[∥∆W13∥|ν13||∆R′
13γ = s2, ξ1, U1]

×K2(s1/hn)K(s2/hn)fRγ|ξ1,U1
(s1)fRγ|ξ1,U1

(s2)ds1ds2ds3

= O(1)× C

hn

∫
E[∥∆W12∥2ν212|∆R′

12γ = s1hn, ξ1, U1]

× E[∥∆W13∥|ν13||∆R′
13γ = s2hn, ξ1, U1]

×K2(s1)K(s2)fRγ|ξ1,U1
(s1hn)fRγ|ξ1,U1

(s2hn)ds1ds2ds3

= O

(
1

hn

)
,
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where the first to third lines follow from the conditional independence of Sij,1,

the random sampling of ξi, and the conditional independence and exchange-

ability of Ui under Assumption 3.1, and the last line follows from Assumptions

3.4, 3.6, and 3.8. Observe that, by conditional independence of Sij,1 and Sik,1

given ξi, Ui and Sij,1 = Sji,1, one can show that

E[c′D7,123c× c′D7,124c]

=
1

9

{
2E[(c′S12,1c)2 × c′S13,1c× c′S14,1c]

+ 2E[(c′S12,1c)2 × c′S13,1c]× E[c′S13,1c] + 5E[c′S12,1c× c′S13,1c]
2
}

=

(
1

hn

)
,
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where the last line holds since

E[(c′S12,1c)2 × c′S13,1c× c′S14,1c]

≤ C

h4n
E
[ ∫

E[∥∆W12∥2ν212|∆R′
12γ = s1, ξ1, U1]

× E[∥∆W12∥ν12|∆R′
12γ = s2, ξ1, U1]

× E[∥∆W14∥ν14|∆R′
14γ = s3, ξ1, U1]×K2(s1/hn)K(s2/hn)K(s3/hn)

× fRγ|ξ1,U1
(s1)fRγ|ξ1,U1

(s2)fRγ|ξ1,U1
(s3)ds1ds2ds3

]
=

C

hn
E
[ ∫

E[∥∆W12∥2ν212|∆R′
12γ = s1hn, ξ1, U1]

× E[∥∆W12∥ν12|∆R′
12γ = s2hn, ξ1, U1]

× E[∥∆W14∥ν14|∆R′
14γ = s3hn, ξ1, U1]×K2(s1)K(s2)K(s3)

× fRγ|ξ1,U1
(s1hn)fRγ|ξ1,U1

(s2hn)fRγ|ξ1,U1
(s3hn)ds1ds2ds3

]
= O

(
1

hn

)
,



305

where the last line holds by Assumptions 3.4, 3.6, 3.8,

E[(c′S12,1c)2 × c′S13,1c]

≤ C

h3n
E
[ ∫

E[∥∆W12∥2ν212|∆R′
12γ = s1, ξ1, U1]

× E[∥∆W13∥|ν13||∆R′
13γ = s2, ξ1, U1]

×K2(s1/hn)K(s2/hn)fRγ|ξ1,U1
(s1)fRγ|ξ1,U1

(s2)ds1ds2

]
≤ C

hn
E
[ ∫

E[∥∆W12∥2ν212|∆R′
12γ = s1hn, ξ1, U1]

× E[∥∆W13∥|ν13||∆R′
13γ = s2hn, ξ1, U1]

×K2(s1)K(s2)fRγ|ξ1,U1
(s1hn)fRγ|ξ1,U1

(s2hn)ds1ds2

]
= O

(
1

hn

)
,

where the last equality holds from Assumptions 3.4, 3.6, and 3.8, and

E[c′S12c× c′S13c]

≤ C

h2n
E
[ ∫

E[∥∆W12∥|ν12||∆R′
12γ = s1, ξ1, U1]

× E[∥∆W13∥|ν13||∆R′
13γ = s2, ξ1, U1]

×K(s1/hn)K(s2/hn)fRγ|ξ1,U1
(s1)fRγ|ξ1,U1

(s2)ds1ds2

]
≤ CE

[ ∫
E[∥∆W12∥|ν12||∆R′

12γ = s1hn, ξ1, U1]

× E[∥∆W13∥|ν13||∆R′
13γ = s2hn, ξ1, U1]

×K(s1)K(s2)fRγ|ξ1,U1
(s1hn)fRγ|ξ1,U1

(s2hn)ds1ds2

]
= O(1),
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where the last equality holds from Assumptions 3.4, 3.6, and 3.8. Thus,

E
[
(c′D7c− Un,1)

2
]
= O

(
1

n3h2n

)
= o(1).

Thus, c′D1 is well approximated by Un. Also, since nh2n → ∞ with the stated

assumption on hn,

E
[(
pn(ξi, ξj , ξk)

)2]
= O

(
E[(c′D7,123c)

2]
)
= O

(
n

nh2n

)
= o(1)×O(n),

and by Lemma A.3 of Ahn and Powell (1993), we have

Un = E[Un,1] + op(1).

This shows that

c′D7c = E[Un,1] + c′D7c− Un,1︸ ︷︷ ︸
=op(1)

+Un,1 − E[Un,1]︸ ︷︷ ︸
=op(1)

= E[c′D7c] + op(1)

= c′ΣWν,1c+ op(1).

This completes c′D7c→p c
′ΣWν,1c as n→ ∞.

The remainder term O7 with each term involving either Sij,2 or (and) Sij,3

is of smaller order than D7 since Sij,2 and Sij,3 involve ∥β̂n − β∥ = Op(1/
√
n)

and λij ≈ hn for large n; By computing in a similar way as before, we can

establish that E[|c′O7c|] = o(1) and Var[c′O7c] = o(1) so that |c′O7c| →p 0.
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Hence,

|c′Σ̃ν,1c− c′ΣWν,1c| ≤ |c′D1c− c′ΣWν,1c|+ |c′O7c| = op(1),

which completes the proof for Lemma C.7.

C.2.8 Proof of Lemma C.8

Proof. Define

Ŝij,1 =
2

h2n
dijk

(
c∗ij,n
hn

)
∆Wij∆R

′
ij∆ϵ̂ij

where c∗ij,n is in between ∆R′
ijγ and ∆R′

ij γ̂n. In the following argument, we

treat ∆ϵ̂ij in Ŝij,1 as νij because only the existence of higher moments is

important and bounding the terms involving νij suffices. By the expression for

∆ϵ̂ij , we have

Ŝij = Sij,1 + Sij,2 + Sij,3 + Ŝij,1(γ̂n − γ).

By the proof of C.7, we know that

(
n

3

)−1 ∑
i<j<k

1

3
(Sij,pS

′
ik,p + Sij,pS

′
jk,p + Sik,pS

′
jk,p) = op(1),
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for p = 2, 3.

∥Σ̂Wν,1 − Σ̃Wν,1∥

≤
3∑

p=1

(
n

3

)−1 ∑
i<j<k

Dp
8,1,ijk︸ ︷︷ ︸

Dp
8,1

∥γ̂n − γ∥
h2n

+

3∑
p=1

(
n

3

)−1 ∑
i<j<k

Dp
8,2,ijk︸ ︷︷ ︸

D8,2

∥γ̂n − γ∥
h2n

+

(
n

3

)−1 ∑
i<j<k

Dp
8,3,ijk︸ ︷︷ ︸

D8,3

∥γ̂n − γ∥2

h4n
,

where

Dp
8,1,ijk =

h2n
3
(∥Sij,p∥∥Ŝik,1∥+ ∥Sij,p∥∥Ŝjk,1∥+ ∥Sik,p∥∥Ŝjk,1∥),

Dp
8,2,ijk =

h2n
3
(∥Ŝij,1∥∥Sik,p∥+ ∥Ŝij,1∥∥Sjk,p∥+ ∥Ŝik,1∥∥Sjk,p∥),

Dp
8,3,ijk =

h4n
3
(∥Ŝij,1∥∥Ŝik,1∥+ ∥Ŝij,1∥∥Ŝjk,1∥+ ∥Ŝik,1∥∥Ŝjk,1∥),

for each p = 1, 2, 3 and i < j < k.

For Dp
8,1, it suffices to bound D1

8,1 as the similar calculation applies to the

other terms. By Assumption 3.8, for some constant C > 0,

∥Sij,1∥ ≤ 2

hn
∥∆Wij∥|νij ||K(∆R′

ijγ/hn)|︸ ︷︷ ︸
gij,1

,

∥Ŝij,1∥ ≤ C

h2n
∥∆Wij∥∥∆Rij∥|νij |︸ ︷︷ ︸

gij,2

.



309

Thus,

D1
8,1 ≤ C

(
n

3

)−1 ∑
i<j<k

(gij,1gik,2 + gij,1gjk,2 + gik,1gjk,2)︸ ︷︷ ︸
gijk,12

.

Observe that

E[D1
8,1] ≤

1

hn
E[g12,1g13,2]

=
1

hn
E
[ ∫

E[∥∆W12∥|ν12||∆R′
12γ = r, ξ1, U1]K(r/hn)fRγ|ξ1,U1

(r)dr

× E[∥∆W13∥∥∆R13∥|ν13||ξ1, U1]
]

= E
[ ∫

E[∥∆W12∥|ν12||∆R′
12γ = rhn, ξ1, U1]K(r)fRγ|ξ1,U1

(rhn)dr

× E[∥∆W13∥∥∆R13∥|ν13||ξ1, U1]
]

= O(1),

where the last equality follows from Assumptions 3.4, 3.6, 3.7, and 3.8. For

variance, the leading term involves covariances between variables with one

common node, which has n×
(
n−1
4

)
elements (up to some constant scale):

Var[D1
8,1]

= O

(
1

h2n
×
(
n

3

)−2

× n×
(
n− 1

4

)
× E[D1

8,1,123 ×D1
8,1,145]

)

= Op

(
1

nh2n

)
= o(1),



310

since nh2n ≈ n(2k−1)/(2k+3) diverges for k ≥ 2 and

E[D1
8,1,123 ×D1

8,1,145] ≤ E[g123,12 × g145,12]

≤ E[g2123,12]

≤ CE[∥∆W12∥2∥∆W13∥2∥∆R13∥2ν212ν213]

= O(1),

by Cauchy-Schwartz under Assumption 3.7. Thus, D8,1 = Op(1). Similarly,

D8,2 = Op(1) and D8,3 = Op(1) hold.

Notice that

∥γ̂n − γ∥
h2n

=

√
Nhn∥γ̂n − γ∥√

Nh5n
= op(1),

since 1/
√
Nh5n diverges by the hypothesis, and similarly,

∥γ̂n − γ∥2

h4n
=

(
√
Nhn∥γ̂n − γ∥)2

Nh5n
= op(1).

Hence,

∥Σ̂Wν,1 − Σ̃Wν,1∥ ≤ Op(1)× op(1) + op(1) = op(1),

which completes the proof for Lemma C.8.

C.2.9 Proof of Lemma C.9

Proof. We only show nhnc
′
W Σ̂ = op(1) as the other case follows by taking

transpose. We also write cW as c for short. The statement is proved by showing
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that Lemmas C.7 and C.8 hold even after re-scaled by n1−α/2hn. First, we

show that c′ΣWν,1c = 0 implies that c′ΣWν,1 = 0.

C.2.9.1 Step 1: The implication of c′ΣWν,1c = 0

Note that

ΣWν,1 = fRγ,2(0, 0)Pr(d12d13 = 1|∆R′
12γ = ∆R′

13γ = 0)

× E[∆W12∆W
′
13ν12ν13|∆R′

12γ = ∆R′
13γ = 0].

By Assumption 3.4, fRγ,2(0, 0) > 0. Also, by the conditional independence of

(d12,∆R
′
12γ) and (d13,∆R

′
13γ) given ξ1, U1 under Assumption 3.1,

Pr(d12d13 = 1|∆R′
12γ = ∆R′

13γ = 0)

= E
[(
Pr(d12 = 1|∆R′

12γ = 0, ξ1, U1)
)2 |∆R′

12γ = 0
]
.

Since Pr(d12 = 1|∆R′
12γ = 0) > 0 is implied by Assumption 3.3, it must be

that

Pr(d12d13 = 1|∆R′
12γ = ∆R′

13γ = 0) > 0,

as otherwise Pr(d12 = 1|∆R′
12γ = 0, ξ1, U1) is constant at 0, which contradicts

with the locally positive probability of d12 = 1. Thus, c′ΣWν,1c = 0 is equivalent
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to

E[∆c′W12∆W
′
13cν12ν13|∆R′

12γ = ∆R′
13γ = 0]

= E
[(
E[c′∆W12ν12|∆R′

12γ = 0, ξ1, U1]
)2 |∆R′

12γ = 0
]

= 0,

which, in turn, is equivalent to (by the mean independence of ν12),

E[c′∆W12ν12|∆R′
12γ = 0, ξ1, U1] = 0,

almost surely. Thus, c′ΣWν,1c = 0 implies that

c′ΣWν,1

= fRγ,2(0, 0)Pr(d12d13 = 1|∆R′
12γ = ∆R′

13γ = 0)

× E
[
E[c′∆W12ν12|∆R′

12γ = 0, ξ1, U1]

× E[∆W ′
13ν13|∆R′

13γ, ξ1, U1]
∣∣∆R′

12γ = ∆R′
13γ = 0

]
= 0.

C.2.9.2 Step 2: nhnc′Σ̃Wν,1 = op(1)

Remember that

Σ̃Wν,1 = D7 +O7.
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For D7, from the calculation in the proof of Lemma C.3, we have that

E[c′D7] = E[c′S12,1S′
13,1] = O(hkn).

, which shows nhnE[c′D7] = O(nhk+1
n ) = o(1) under the hypothesis. For any

non-zero vector a ∈ Rqw , redefining Un and Un,1 with the kernel pn(ξi, ξj , ξk) =

E[c′D7,ijka|ξi, ξj , ξk], we can repeat the calculation in the proof of Lemma C.7

to get

E[(nhnc′D7a− nhnUn,1)
2] = n2h2n ×O

(
1

n3h2n

)
= o(1).

Also, E[nhnpn(ξi, ξj , ξk)] = E[nhnc′D7] = o(1) and

E[(nhnpn(ξi, ξj , ξl))2] = O(n),

so that by Lemma A.3 of Ahn and Powell (1993),

nhnUn = nhnE[Un,1] + op(1) = op(1).

This shows that, since a is arbitrary,

nhnc
′D7 = op(1).

For the remainder term O7, this should again be of smaller order than

nhnc
′D7 since β − β̂n = Op(1/

√
n) and λij = ∆R′

ijγΛij is locally O(hk+1
n )

under the smoothing kernel and smoothness conditions on the density. For
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example, one of the elements in O7 is given by

nhn

(
n

3

) ∑
i<j<k

1

3
(Sij,2S

′
ik,2 + Sij,2S

′
jk,2 + Sik,2Sjk,2)

≤
(
n

3

) ∑
i<j<k

4

3h2n

(
|∆Wij∥2∥∆Wik∥2|K(∆R′

ijγ/hn)||K(∆R′
ikγ/hn)|

+ ∥∆Wij∥2∥∆Wjk∥2|K(∆R′
ijγ/hn)||K(∆Rjk/hn)|

+ ∥∆W ′
ik∥2∥∆Wjk∥2|K(∆Rik/hn)||K(∆Rjk/hn)|

)
nhn∥β − β̂n∥2

= Op(hn) = op(1),

where the last line can be shown by the same calculation as before to show

Op(1) for the summation part and ∥β − β̂n∥2 = Op(1/n) from Theorem 3.1.

Similarly, we can show the negligibility of the elements in O7. This finishes the

step 2.

C.2.9.3 Step 3: n1−α/2hn∥Σ̂Wν,1 − Σ̃Wν,1∥ = op(1)

By the proof of Lemma C.8, we have

n1−α/2hn∥Σ̂Wν,1 − Σ̃Wν,1∥ ≤ Op(1)

(
n1−α/2∥γ̂n − γ∥

hn
+
n1−α/2∥γ̂n − γ∥2

h3n

)
.

Observe that

n1−α/2∥γ̂n − γ∥
hn

= O

(√
Nhn∥γ̂n − γ∥√

nαh3n

)
= op(1),

n1−α/2∥γ̂n − γ∥2

h3n
= O

(
∥
√
Nhn(γ̂n − γ)∥2√

n2+αh7n

)
= op(1),
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by Assumption 3.10 and

nαh3n ≈ n(α(2k+3)−6)/(2k+3) → ∞,

n2+αh7n ≈ n((2k+3)α+4k−8)/(2k+3) → ∞,

for α ∈ [6/(2k + 3), 1). Hence,

n1−α/2hn∥Σ̂Wν,1 − Σ̃Wν,1∥ = op(1).

Steps 1-3 complete the proof of Lemma C.9.

C.2.10 Proof of Lemma C.10

Proof. Write cW as c for short. It suffices to show that nhn∥c′Σ̂Wν,1c −

c′Σ̃Wν,1c∥ = op(1) as we already show, in the proof of Lemma C.9, that

nhnc
′Σ̃Wν,1 = op(1), which implies nhnc′Σ̃Wν,1c = op(1). To save the space,

in the following argument, we treat ∆ϵ̂ij as νij ; The other terms are similarly

bounded using the properties of β − β̂n and λij .

Re-define

Sij =
2

hn
dijK

(
∆R′

ijγ

hn

)
c′∆Wijνij

Ŝij =
2

hn
dijK

(
∆R′

ij γ̂n

hn

)
c′∆Wijνij ,

Ŝij,1 =
2

h2n
dijk

(
∆R′

ijγ

hn

)
c′∆Wij∆R

′
ijνij

Ŝij,2 =
1

h3n
dijk

(
c∗ij,n
hn

)
∆Rijc

′∆Wij∆R
′
ijνij ,
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where c∗ij,n is in between ∆R′
ijγ and ∆R′

ij γ̂n. We have that

Ŝij = Sij + Ŝij,1(γ̂n − γ) + (γ̂n − γ)′Ŝij,2(γ̂n − γ).

Note that, for some constant C > 0, ∥Ŝij,1∥ ≤ Ch−2
n gij,2 as before and

∥Ŝij,2∥ ≤ C

h3n
∥∆Wij∥∥∆Rij∥2|νij |︸ ︷︷ ︸

gij,3

.
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Observe that

c′Σ̂Wν,1c− c′Σ̃Wν,1c

≤ (γ̂n − γ)′√
hn

(
n

3

)−1 ∑
i<j<k

√
hn
3

(SijŜ
′
ik,1 + SijŜ

′
jk,1 + SikŜ

′
jk,1)︸ ︷︷ ︸

D10,1,ijk︸ ︷︷ ︸
D10,1

+

(
n

3

)−1 ∑
i<j<k

√
hn
3

(Ŝij,1Sik + Ŝij,1Sjk + Ŝik,1Sjk)︸ ︷︷ ︸
D10,2

(γ̂n − γ)√
hn

+
(γ̂n − γ)′

h
3/2
n

(
n

3

)−1 ∑
i<j<k

h3n
3
(SijŜ

′
ik,2 + SijŜ

′
jk,2 + SikŜ

′
jk,2)︸ ︷︷ ︸

D10,3

(γ̂n − γ)

h
3/2
n

+
(γ̂n − γ)′

h
3/2
n

(
n

3

)−1 ∑
i<j<k

h3n
3
(Ŝij,2Sik + Ŝij,2Sjk + Ŝik,2Sjk)︸ ︷︷ ︸

D10,4

(γ̂n − γ)

h
3/2
n

+ C2

(
n

3

)−1 ∑
i<j<k

1

3
(gij,2gik,3 + gij,2gjk,3 + gik,2gjk,3)︸ ︷︷ ︸

D10,5

∥γ̂n − γ∥3

h5n

+ C2

(
n

3

)−1 ∑
i<j<k

1

3
(gij,3gik,2 + gij,3gjk,2 + gjk,3gik,2)︸ ︷︷ ︸

D10,6

∥γ̂n − γ∥3

h5n

+

(
n

3

)−1 ∑
i<j<k

D10,7,ijk︸ ︷︷ ︸
D10,7

∥γ̂n − γ∥2

h2n

+ C2

(
n

3

)−1 ∑
i<j<k

1

3
(gij,3gik,3 + gij,3gjk,3 + gjk,3gik,3)︸ ︷︷ ︸

D10,8

∥γ̂n − γ∥4

h6n
,
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where

D10,7,ijk =
h2n
3
(∥Ŝij,1∥∥Ŝik,1∥+ ∥Ŝij,1∥∥Ŝjk,1∥+ ∥Ŝjk,1∥∥Ŝik,1∥)

for i < j < k.

First we stochastically bound D10,1 and D10,2. For any vector a ∈ Rqr and

some constant C > 0,

E[a′D10,1]

=

√
hn
h3n

E
[
E[c′S12|ξ1, U1]E[a′Ŝ13c|ξ1, U1]

]
≤ 1

h
3/2
n

{
E
[ ∫

E[d12c′∆Wν12|∆R12 = s1hn, ξ1, U1]
2

×K(s1)fRγ|ξ1,U1
(s1hn)ds1

]}1/2

× CE[∥∆W12∥2∥∆R13∥2ν213]1/2

= O(h(2k−1)/2
n ) = o(1),

where the first line hold from the conditional independence, the inequality

follows from Cauchy-Schwartz and Assumption 3.8, and the final line holds

from the implication from c′ΣWν,1c = 0 and Assumptions 3.4, 3.6, 3.7, and

3.8. Repeating the calculation in the proof for Lemma C.7 and adjusting for

covariances with one index in common,

Var[a′D10,1] = O

(
1

n2h3n

)
+O

(
hnE[S12a′Ŝ′

13,1S14a
′Ŝ′

15,1]

n

)

= O

(
1

nhn

)
= o(1),
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where the last equality holds from the stated assumption on hn for k ≥ 1 and

E[S12a′Ŝ′
13,1S14a

′Ŝ′
15,1]

=
16

h2n
E
[
E[d12c′∆W12ν12|∆R′

12γ = hns1, ξ1]

× E[d13c′∆W13a
′∆R13ν13|∆R′

13γ = hns2, ξ1]

× E[d14c′∆W14ν14|∆R′
14γ = hns3, ξ1]

× E[d15c′∆W15a
′∆R15ν15|∆R′

15γ = hns4, ξ1]

×K(s1)k(s2)K(s3)k(s4)Π
4
i=1fRγ|ξ1,U1

(sihn)

]
= O

(
1

h2n

)

by Assumptions 3.4, 3.6, and 3.8. Thus, D1,1 = Op(h
(2k−1)/2
n + (nhn)

−1/2).

Similarly, we have D1,2 = Op(h
(2k−1)/2
n + (nhn)

−1/2).

Next, we stochastically bound D10,3 and D10,4. For any finite a, b ∈ Rqr ,

for some C > 0,

E[a′D10,3b]

≤ C

hn
E[|S12|g13,3]

= CE
[ ∫

E[d12|c′∆W12||ν12||∆R′
12γ = hns1, ξ1]

× E[g13|ξ1]

×K(s1)fRγ|ξ1,U1
(s1h1)fRγ|ξ1,U1

(s2)

]
= O(1),

where the last equality holds from Assumptions 3.4, 3.6, 3.7 and 3.8. The
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variance is calculated similarly as before:

Var[a′D10,3b] = O

(
1

n2hn

)
+O

(
hn
n

)
= o(1).

Thus, D10,3 = Op(1). Similarly, D10,4 = Op(1).

D10,5, D10,6, andD10,8 are all Op(1) by the similar computation as in Lemma

C.7.

D10.7 is stochastically bounded as follows. Let s10,7,c(·, ·) be defined as

s10,7,c(s1, s2)

= E[|c′∆W12||c′∆W13|∥∆R12∥∆R13∥|ν12||ν13||∆R′
12γ = s1,∆R

′
13γ = s2]

Observe that

E[D10,7]

= h2nE[∥Ŝ12,1∥∥Ŝ13,1∥]

≤ 4

∫
s10,7,c(hns1, hns2)k(s1)k(s2)fRγ,2(hns1, hns2)ds1ds2

= O(1),

where the last line holds from Assumption 3.4, 3.6, and 3.8. The variance is

calculated similarly as before:

Var[D10,7] = O

(
1

n2h2n

)
+O

(
1

n

)
= o(1).

Thus, D10,7 = Op(1).
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Finally, the above implies

nhn|c′Σ̂Wν,1c− c′Σ̃Wν,1c|

≤ Op(h
(2k−1)/2
n + (nhn)

−1/2)× nhn∥γ̂n − γ∥√
hn

+Op(1)×
(
nhn∥γ̂n − γ∥2

h3n
+
nhn∥γ̂n − γ∥3

h5n
+
nhn∥γ̂n − γ∥4

h6n

)
= op(1).

To see this, first note that

Op(h
(2k−1)/2
n + (nhn)

−1/2)× nhn∥γ̂n − γ∥√
hn

= O
(
(h(2k−2)/2

n + (nh2n)
−1/2)

√
Nhn∥γ̂n − γ∥

)
= op(1),

by Assumption 3.10 and nh2n = O(n(2k−1)/(2k+3)) diverging for k ≥ 2. Also,

nhn∥γ̂n − γ∥2

h3n
= O

(
(
√
Nhn∥γ̂n − γ∥)2

nh3n

)
= op(1),

nhn∥γ̂n − γ∥3

h5n
= O

(
(
√
Nhn∥γ̂n − γ∥)3

n2h
11/2
n

)
= op(1),

nhn∥γ̂n − γ∥4

h6n
= O

(
(
√
Nhn∥γ̂n − γ∥)4

n3h7n

)
= op(1),

since

nh3n = O(n(2k−3)/(2k+3)),

n2h11/2n = O(n(4k−5)/(2k+3)),

n3h7n = O(n(6k−5)/(2K+3)),
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all diverging for k ≥ 2. This completes the proof for Lemma C.10.
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